6.1

CHAPTER SI X: Generalization to Three Di nensions

First step: generalize some obvious results to 3-D

Starting point: "grab bag" of results.

X|X' > = X" |x' >, pIp >=7p |p > (1)

The Cartesian bases (we will also encounter a spherical

basi s) |§' > and |5' > are direct products of the basis states

in the three orthogonal directions: (One sonetimes wites

[X'>=[|x}>® [X,> ® [x5>))
| X" > = [ X2 x5 X5>, | p'> = [p'>]| pL>| ps> (2)
= | X7, X5, X5> = | P}, P, P3>

(I will try to consistently |abel the three orthogonal space
directions as 1, 2 and 3 rather than as x, y and z from now

on.) W also have (see (158) of Ch. 2)

<X'|p' >:(2mlil)?”eii"5"ﬁ, (3)
<x'|x"> = 8%(x" - X"), <p'|p">=38(p - p"), (4)
wher e
(X' - X") = 8(xy - XXy - X)Xy - xy), (5)
(P - P") = 8(py - PP, - PPy - PY).
Al so

1= [d% X ><X'|, 1= [d|p ><p'|, (6)
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with
d®' = dxidxydxy,  d’p’ = dpydp,dpy. (7)
The formal energy eigneval ue problemis still stated as
Ha >=E,|a >, (8)

where the |a' > are a conplete, orthogonal set of states:

2|a'><a'|:1, <a'la" > =06, .. . (9)

a a
a

(EqP (9) assunes the energy eigenval ues are discrete and
nondegenerate. Wat woul d the anal ogous equations in the
nore general situation | ook Iike?) Wavefunctions are given

by the projections (see (174) of Ch. 2)

ug (X') = <x'|a >, (10)

whi ch satisfy (using (6))
3 % - - _
Jd’x u (X)uy (X) = L. (11)
EqM (11) tells us the engineering dinensions of the ua.(f) are

[u.(X)] ~ [length] %2 . (12)

For continuous spectra, we usually use a nonentumrat her
than an energy basis to conpletely specify the state of the

particle. Then defining”

*

Many books use UK(;) = K32 uﬁ(f) as the nonentum ei genfunction, in
whi ch case it is dinmensionless.
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X) = <x'|p >, (13)

we have (again from(6))

Jox uy(u (X)) = %P - p') (14)
W will limt ourselves to consideration of Ham | toni ans
of the form
p? -
H = 2m+\/(x). (15)

The form of the potential, \Kf), will determne the nature of
the spatial basis to be used. For exanple, for

V(X) = F(xy) + F(x,) + F(xg) (as for the 3-D harnonic
oscillator) we would use a Cartesian basis; for VK?) = Vr),
where r = |§|, one woul d use a spherical basis. W nust use
a basis in which the tinme independent Schr6di nger equation
separates; for exanple ua.(f) = Uy(X7) Uy(X,) Uug(x3) in Cartesian
coordinates or ug(X) = u(r)uy(8)us(¢) in spherical
coordinates. The tine independent Schrddi nger equation is,
of course, just EgP (8) projected into an explicit basis.

VW will continue to assune that
[x,p] =i% (16)

for each i =1,2,3, where x; and p; are operators. However

what about [xi,xj] for i =]? In the Cartesian basis

[ X, Xo] [ X' > = (XX, = XoXq) [ X, X5, x53> =0 (17)
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Since (17) is true for any |X' >,
= [X,X,] =0. (18)
Simlarly [X, Xg] =[x;,X3] = 0. Therefore
[xi,xj] =0. (19)

for all i,j. W learned before in Ch.4 that [AB] is a
nmeasure of the "conpatibility" of the operators A and B. EqR

(19) above tells us that neasurenents of x; do not limt the
preci sion of measurenments of X; (i =j) for a particle. Thus

the x; are sinultaneously neasurable for all states.

Let us generalize the unitary displacenent operator we

had before, also in Ch.4:

1 iX" /ﬁ — 1 n
<xy| e P = axy + xy| . (20)
Now we have

<X|1’X|2,X|3|eixlip1/’ﬁ = <X|1 + XI:IL,XI2,XI3| , (21)

and simlarly for displacenents in the 2 and 3 directions.
Now consi der the follow ng displacenents:

X1 + X1, Xy + X5, X3

t
path@_’_
4 4

»_ Path®
>

X1 Xy X3 Xq + Xy, Xy, X3



6.5

W may get from (x', x5, x%5) to (x} + xi,x, + x5, x3) along

paths 1 or 2. Along path 1

1 1 1 i X"p /'ﬁ i X" p //ﬂ- — 1 n 1 n 1
<X, X5, x5l e T e R T = <t + XY, X, XL, x| . (22)
Al ong path 2:
1 1 1 i X"p /'ﬁ i X" p //ﬂ- — 1 n 1 n 1
<X, X5, X5l e T e 2R T o= <t + XY, xS, XL, x| . (23)

The equi val ence of these two operators tells us that
[Py, Po] = 0. (24)

This can obviously be done for the sets (p,, p;) and (p;, ps)

al so. The conclusion is
[pppj] = 0. (25)

for all i,j. Thus the p, are sinultaneously neasurable in

all states. Notice that since (25) is true, we have

ol Xi1P/ B Qi Xopy/ i Gixpy/ B €§'~mﬁ (26)

so that a general displacenent can be witten as

<)'Z||eix"'p/’ﬁ = <)'€| + )'an. (27)

What about m xed objects |ike [x,,p,]? Consider the

i nfinitesimal change

<X'"|(1 +idXx" -p/H) = <X' + dx"| . (28)

Mul ti plying both sides by the operator X, we have
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<X'"|(1 +idX" -p/H)X

<X' 4+ dX"| (X' + dx").

Now do these two operations in the opposite order:

<X'|X(1 + idX" -p/h)

Theref ore, we have that

<X"|[(1 + idX" -p/#®),X]

-

= <X'| g [dX" P, ]

|
2|
‘o
Xk
=
Xk
I

dx" .

<X'|(1 +idXx" -p/H) X'

<x' + dx"| X" .

- <)'z| + d)?llld)'zll,

<)?I |d)?ll’

Thi s statenment becones nore transparent

| anguage:

i n n
F 2 dX' [ Py Xj] = de,

= [pk,Xj]

-4
T

Fromthe 1-D statenent,

<x'|e

i X"p /4

BkJ .

<X| +X"|,

| derived the result (Ch. 4, EqR (153))

<x'|py =

Li kewi se in our 3-D Cartesian basis given EqR (27) above,

is easy to show t hat

gy

0
0X

<x'].

i n conponent

(29)

(30)

(31)

(32)

(33)

(34)

(35)

(36)

(37)

it
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<K p =T VeR, (38)

wher e %’ is the usual gradient (differential) operator:

= 0
V' = e . 39
;S ' oox; (39)
Li kewi se one can show t hat
-‘I - lﬁ _\l -‘l
<p'lx =- 7 V,<p'[, (40)
wher e
= d
A e . (41)
P ;S ' op;

Let us apply our Cartesian basis to a sinple problemin

3-D. Consider the infinite 3-D square well:

3

. 2
(Oigin at 0
center)

1///
(a, a,-a)
V =0 inside -a =X, =a
V = 400 outside -a =X, =a
-a = X3 = a

The B.C. are

u(#a, X,, X3) = 0,
u(xy, xa, x5) = 0, (42)
u(xy, X,, xa) = 0.
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(I'n other words u| = 0). Projected into the Cartesian

surface

basis, the energy eigenvalue condition Ha' > = E,.|a' > becones

2 2 2

K2 (0 d 5] - -

- o + + u,.(x) = E,.u,(x). (43)
2m | axi x5 axg) 2 Sarla

This is obviously separable in x;, x, and x;. Let

Ug (X) = ug(Xq) Uy(Xy) Ug( Xg) - (44)
9%u
Then (43) may be put into the form(u"1 =, , etc.
e
u'; u’, u' 2nE..
e 2y 8oL (45)
uy u, Uz H

whi ch neans we nmay set

-

- om U1 T Eu,(X,),
52

- om U2 = BuUy(Xy), s (46)
A

- om Uz = Eus(Xy),

wher e
E + B+ B = Ey (47)

Egis (46) and the B.C. (42) insure that the solution in each
direction is identical to the one-di nensi onal case solved in

Ch. 3. Let nme remnd you of these sol utions:

U (x) = <x|n-> = Vla sin(k,.x), (48)
uL(x) = <x|n+> = Vla cos(k,,X), (49)

wher e
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nw
K. = a (50)
n=1,2,3,
(n- 1/2)n
kne =2 (51)
£°K?
and E = om Thus in 3-D, the solutions are

Uy (X) = <x'la > = <xg| E;><X,| E,><Xx4| E5>

= Un,p,(X1) Up,p,(X2) Upp,(X3) s (52)

where each of the u,p are given in (48) and (49) with Py 23 =

+ giving the parities of the state. EQD (47) says that the
total energy is given by the sumof the E;, E, and E;
ei genenergies. This neans that there are energy

degeneraci es. For exanple, consider energy |levels for which
P, =P, =P; = -,

J'Ez'flz 2

2 2
E = —5 (n7 + n5 + n3). 53
L= 2 (N Nz + g (53)

Al though the | owest energy above is specified by n, = n, = n,4
=1, the first excited state can be given as (n; = 2, n, =1,
n =1, (n, =1, n, =2, ng=1) or (n, =1, n, =1, n; =2).

Can you find a conplete set of conmuting operators that
uni quely specify the i ndependent states?

A much nore useful coordinate basis in physics is a
spherical basis in which the position of a particle is
specified by the three nunbers r, 6, ¢

<X, X5, X5 = <r,0,¢|. (54)



6.10

Based on what we have seen before, we expect that

1= [d|r,0,¢><r,0,0, (55)

wher e

d® =r? sin 0 drdodg. (56)

The range of these variables is as usual

r- 0 — oo
0: 0 — m, (57)
¢: 0 — 2m,

whi ch picks out all points in coordi nate space.

Just as the 3-D Cartesi an basi s,
<X, XYy, X5 = <Xy <xL| <Xy, (58)

is a direct product of three H | bert spaces, we expect that

t he spherical basis,

<r,0,¢| = <r|<0|<¢|, (59)

is also a direct product of separate H | bert spaces. And

just as we have conpl eteness in each Cartesi an subspace,

1, = rdx'l| x| >< x4,
1,, = [ dxyl x, > < x|, (60)

1, = J axixy > <xyl,

we denmand t hat
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1r:fmwﬂr><ﬂ, )
0
16:j:d6 sino|6><0], & (61)
T
1, = [[" dolo><al, J
so that
1= 1,141, = fd|r,0,0><r,0,9| . (62)
W will label the angul ar position as
[A> =106, ¢>. (63)
3
r
0
N
n
2

S

where i is a unit vector pointing in the r direction. O
course, there are many ot her bases possible, corresponding to
cylindrical coordinates, elliptical coordinates, etc. |It's
clear that we have to be consistent in a given problemto
stick wwth an initial choice, but other than this one is free
to swtch between various bases in order to sinplify
derivations and expressions. | wll generally use |§'> to

denote a Cartesian basis and |F‘> to denote a spherical one.
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Let us now i ntroduce the quantum nechani cal operat or

representing orbital angular nonmentuni :

-

Conponent - wi se, we have

Ly = X5P3 - X3Py

—
N
|

= X3Py - X4P3 (65)

Ly = X3P, - X,P;.

Notice that since [x;,p;] =0 (i =j), the order of the

operators in (65) does not matter. Also notice that
C* =L, (66)

i.e., it is Hermtian and therefore has real eigenval ues.

The various L; do not cormute. To see this, consider

[Li Lol = [XoP3 - XgPo X3Py - X4Pgl
[szga X3p1] + [X3p2, leg]

= szl[ P3; X3] + ple[ X3, p3]

= i (x4p, - X,p;) = il (67)

Li kewi se
[L, L] = -i4L,, (68)
[L,, Lg] = i4L,. (69)

* This is surely the classical formof the angul ar nonentum but an

equi val ent classical formis L =- 5 xX. Luckily, both of these
produce the same quantum nmechani cal operator since only orthogona

conponent s of Q, 5 are nultiplied together. This is not always the
case, however, and sonetines gives rise to "operator-ordering
anbiguities".
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It can be confirned that

(L. 4] :i/ﬁ; &k Ly (70)

is the general statenent. ( &k is the usual pernutation

synbol which is conpletely antisymetric). This shows that

the three conponents, L;, are nutually inconpatible

observabl es. A quantum nechani cal state can not, for

exanple, be in an eigenstate of both L, and L,. (There is one

exception to this satement that we will discuss.) This is

distinctly different fromlinear nonmentum for which we have

seen

[p|’pj] :0’ (71)

for all i,j.

W will nowtry to find the effect of the L, on a state

|§' >, Consi der

(1 - < 2? ) L3>|§' > = (1 - ( 2? >(p2x1 - p1x§)>|§' > (72)

where dp is a positive, infinetismal quantity. Renmenber that
e X PIB IS S = X 4 X" (73)

Let's choose X" = (-0x",0,0) where 0x" is also a positive,

infinitesimal quantity. Then (73) inplies that

(1 + i A p1)|§' > =[x - X", X%, X5 > (74)

Li kewi se for X" = (0, 8x",0) we get
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. ox" S, L W
(1 -z p9|x > = | X', x5, + X", x> (75)

Since we may wite

e ()= et (Y xm) o

(because 8¢ is infinetismal) we get that

(1 - <i?> L3> |§' > = | Xy - 0dxh, X + X', X5 > (77)

The right hand side of (77) reveals that a rotation
about the 3-axis has been perforned. (See the follow ng
figure.) W are adopting the convention that this represents
an active rotation of the physical systemitself (rather than
a passive rotation of the coordinate systemin the opposite

direction.) The rotation shown is defined to have & > O.
2

(X3 - 30X, X5 + 8pXy, X3)

(X1, X5, X3)

¢

| have used the Cartesian basis to nmake these
conclusions. In terns of a spherical basis, the effect of

this operator is clearly

(1 - (2?) L3> [r,0,0>=1]r,0,¢ + 06¢>. (78)
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Since o6¢pis infinitesimal, we have

11, 6,0 + 80> = [r,0,¢> +a¢;)n,a¢>. (79)

Mat ching the coefficient of don both sides of (78), we

concl ude t hat

Lyl r,6,¢> :iﬁ$1|r,&¢>, (80)

or sincer and 6 play no role here, that

) d
Ll o> = 16 10> (81)
Equi val ent |l y,
. d
<ML3:-|ﬁ5$<¢L (82)

Finite relations can al so be produced using L;. Any

finite rotation, ¢, can always be imagined to consist of N

¢

identical partial rotations by an anount N - But inthe limt

N — o each of these partial rotations becones infinitesimal

Thus, a finite rotation is acconplished by

- NN
im0 () L)
Appl ying the formul a

im(1e ) = e (83)

to the above gives
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e (5 ) e (o0

as the operator which perforns finite rotations about the

third axis. That is

e LB g 6> = 1,00 + ¢ > (85)

+i Lygl &

Since Ly is Hermtian, we recognize e as a unitary

operator. L, is called the generator of rotations about the

third axis.

Ve will now find the effect of L, and L, on the <r|

basis by a nore cookbook-type approach. W have that

<FIC=<i|X xp=<i|T xp

_.‘&

:Fx(<F|5):F‘x< v <F|). (86)

r

Now since our basis is spherical, the gradient operator nust
be stated in spherical variables (which is synbolized by ?ﬁ:
d A 1 d A 109

V. =8 —+8 — 48y, 87
r T oor ®r sin 8 a9 o1 96 (87)

where €., €, and €, are unit vectors pointing in the

¢
i nstantaneous r, ¢ and 6 directions.
3 .
er
o
€
O~ 7
2




The picture infornms us that

X
=)

@™> D> D>
@
X

o> D> >
<
]

<
X

so t hat

<r|L =45 € 20
The &, &, and

e2,

N . N . . N A
e =sin6cos ¢ €, +sinOsing¢e, +cos 0 e,

N _ . A A
e¢—-S|n¢e1+cos¢e2.

D
@
I

cos 0 cos ¢ &, + cos O.sin ¢ €, - sin 0 &,
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N
<3
& (88)
N
€y
d -
ée _1 — | <r]. (89)
sin 0 dp

o can be related to unit vectors al ong

and €, in the above figure by

(90)

(91)

(92)

SO when the basis in (89) is expressed in terns of the éi, we

find
<r| L, = ?‘(-sin(bgz- cos ¢ cot 6‘;J <?|, (93)
<r|L2:?ﬁ(cos¢je-sin¢cot6;)) <F|, (94)
<i| Ly :’i“*aaq)«ﬂ. (95)
Egh (95) is, of course, consistent with (82) above. W can

al so show fromthe above that



<] L? = <1 (Lf+L§+L§)
2

9 9 9 .
=.xy L L ne L) | <P, (9)
sin® 0 dp sin 6 00 00

= Lop <. (97)

where we have defined the differential operator (as opposed

to the H | bert space operator, fz)

2
d 0
Z_ﬁz 1 1 (

. > + —
sin® 0 dp sin 0 40

S
S|neae)]. (98)

Apart froman overall factor of - rz%ﬁz this is just seen to

be the angul ar part of the %rz operator. Egfhs (93) - (95)

coul d al so have been stated in terns of the angular basis <f]
since the purely radial part of the basis plays no role in

t hese considerations. These results will be useful in a
nonent .

| will now prove a useful identity for L2 Ve know t hat

L = 2 & j kXj Pk (99)
i

where the order of the operators X Py does not matter since
[xj,pk] =0 for j = k. Therefore,

[? = 2 L = 2 (12 & j k) Pk 2 EiD,n?(apm)

A (.E Siik8i2n> X; PXy Py (100)
], K, &,m

One has
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D Eijkciom = (e = ad ), (101)

so that we may wite
PrXy

—

0=y (51' 20t (XgPy = T A0y,) Py - dyady X PPy, + idﬁénﬂ)) (102)
, %, M

ik, L

Xy Pm
or
L2 = X%p% - 2i8Xp - (X-p)(p-X). (103)
But (can you show it?)
pX =X-p - 3i#, (104)
SO
L2 = X%p% - (X-p)2 +iHXp. (105)

Notice that if X and 5 were regarded as nunbers, the | ast
termin (105) would not be present.

Now we can try to construct the differential equation

i mpl i ed by
Ha >=E,|a >, (106)
=2
in a problemw th spherical symetry, H = gﬁi+ V(r). Project

both sides of (106) into the spherical basis <r|:

<r|Ha>= E,<r|a' > (107)
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=2

= <] b_la >+ Vr)<fla>=E.<f|a >, (108)

wher e ua.(F) = <F|a' > W now have from (105) that

(X -p)?la >

I

<r|x*p?la > = <r|L%a >+ <
i f

<r| % -pla > (109)

W have t hat

— = — f = — — ' — 'ﬁ
<PIX-pla>=7 - (<FIpla>) =7 - (79,

V < fla >>. (110)

with %r given by (87) above. Therefore

-4 -4

<r|x-pla > r u, (7). (111)
Li kew se

<rl(x-p)ila>=<r|(Xx-p)(Xp)la>

= - 42 r28—+riu(r*) (112)
- ( or 2 ar) a ’

and
<P |x%p%la > =r%<r|pia>. (113)

Using (111), (112) and (113) in (109), we find that (dividing
by r2)

2
- a
<f|p’a > = -4&2(2+ 1

) u, (7) + 5 <F|C3a > (114)

—1“\)

0
ar ar

Now using (97), we get
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2 2
<r|p‘a > =|- 2 O ar) + r%1 u, (r). (115)
Si nce
<FIpYa > = -4% V. u,(F), (116)

all we have really acconplished in (115) is to find an

explicit expression for the Vf operator in spherical

coordinates (in an especially interesting way, however.) So,

using (98):

2

= d ] ] ] ]
Vb D20 e b S b S in g ) (117)
r= or or r-sin® 0 ap r-.sin 06 90 00

Therefore, returning to (108), we have the explicit radial

Schr 6di nger equati on:
”ﬁz 0 2 0 (gQ)Z

- PR L + V(r
2m2(m ( aJ g (r)

We coul d now proceed in a standard way to separate vari abl es

ug (r) = Epu, (7). (118)

in (118) and find the eigenval ues and ei genvectors of the
angul ar part of the problemusing purely differenti al
operator techni ques (See, for exanple, Merzbacher, p.178 and
on). Instead, |let us proceed by considering what the set of

guantum nunbers {a'} above consists of. Notice

<r'|Vr)L
<r'|LV(r)

V(r') <P L = Wr )L, <r
LOpV(r') <r'| = VKr')LOp <

(119)

|
3

Ther ef ore
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[C,V(r)] = 0. (120)

Al so we have that

[ P’ Lj] = [ E pi21 kEa & ko XkPy

= _zga[ p?,xdh] & - (121)
i K,

Now

[ pizi X Pl = P[P X Pl + [P, Xy Pyl P

= P (X [P, Pl + [P X dPg) + (X [Py ppl + [0y, Xl py) Py (122)

A A
0 i O k 0 i O k

so t hat

2 vl
[Pi, X Pyl = 2 i P PO, - (123)

Using this in (121) gives
A

= 4
[ p21 LJ ] = . Ekggj k& 2 T plpﬂ,6| K =2 | kza Ej Kb, pkpp‘ ( 124)
I 1 4 l

Notice in (124) we have an object which is symmetric in two
sumed indices (k,%) multiplied into an object which is

antisymmetric in the sanme two indices. The result is zero.

We can see this in general as follows. Let's say we have the

2 index objects A and B and t hat
Ajp = A
and (125)
B. = B

Then we have
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D ARG = ) AB (126)
But since we are free to renane our indices, this neans

i§§ AiBy = - ;% AiB; - (127)

Anything which is equal to mnus itself is zero, and so it is

for the right hand side of (124):
[p, L] = 0. (128)

-

so since H= 5+ \(r), (120) and (128) inply

[H L] =o0. (129)

Thus the L gives rise to good quantum nunbers (See di scussion

in Ch.4). EqgM (129) inplies of course that

[H L3 =o. (130)

[C2 L] = [jg Lf,Li] = ¥ (LIL. L]+ [L LIL), (131)
] J
and using (70) above we get

[C% L] = i&i_}% gLl + LL). (132)
/N

This is again a situation in which a sumover two indices

(j,k) is being performed on a symetric obj ect

[(LjLk + LkH)] and an anti synmetric one (%ik)- Therefore

[C3 ] = 0. (133)
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Now one of the theorens | tal ked about, and partially
+

proved in Ch.4, said essentially that: (A= A", B = BW
A, B possess a common
conpl ete set of < [AB =0
ort honor mal ei genkets
Therefore from (129), (130) and (133) | nmay choose to
characterize the set of quantum nunbers {a'} in (118) (which

is just an explicit version of (106) in a spherical basis) as

ei genval ues of the set,
B2
{HL%Ly .

| could not, for exanple, add L, or L, to this list since

[Ly L3l = 0. | did not have to choose L; in the above set;
L, or L, would have done just as well. However, the choice of
L, is sinpler and conventional. The above represent a

conplete set for a spinless particle subjected to a
spherically symmetric potential. (This is very nearly the
case for an electron in the hydrogen atom)

Thus, given the above choi ce of commuting observabl es,

we take
|a" > =1]n,a, b>, (134)

where n is a radial quantum nunber whi ch depends on the

nature of the potential (nore about this later), and "a" and

"b" are eigenval ues of L and Ly

[2la,b> = #%ala, b>, (135)
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L, a b> = #b|a,b>, (136)

where factors of i have been inserted for conveni ence.

(a and b are real since L2 and L, are Hermtian.)

Let us find the eigenval ues and ei genvectors of L? and

L;. Let us i nt roduce

L, =L, £ilL,, (137)
LT =L . (not Hernitian) (138)
W can now show t hat
[L,, L] = 2%L,, (139)
[Ls L] = +AL,. (140)
Al so
[C%L] =0 (141)

i's obvious. Now consider

Ly(LJa b>) = L,(L, + f)|ab>
= £i(b + 1)(L, |a b>), (142)

and
[’(LJa b>) = LM%|a b> = fi%a(L,/a, b>). (143)

Therefore, the L, are | adder operators in the "b" space; they

rai se or |ower the value of this quantum nunber by one unit
(simlar to the operators A and A" in the harnonic oscillator

problem). The conclusion is that
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L.l a b>

Cla b = 1>

or

<a,blL_=C<ab * 1],

where the C, are unknown constants.

Now we have t hat
LL,= (L - iL)(L +ilLy,)

+

L] + L5 +i[Ly, L]

[2. L5 - 4L,

so that
— 2 2.2
LLab> = (4% - 4£°° - H(4b))|a b>
= 4%a- b(b + 1)]|ab>
But since
<a,blLLJab>=]Cl%
we have

|CI?% = &%[a - b(b + 1)].

W choose the arbitrary phase to be such that

C, = fiva - b(b + 1)

Li kew se

LL =L[%2- L5+ 4L,

so t hat

(144)

(145)

(146)

(147)

(148)

(149)

(150)

(151)
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L.L|ab>=4%a- b(b- 1)]]ab>, (152)
and since

|C|% =<ab|LL|ab> (153)
we have

|C|? = ®%%a - b(b - 1)], (154)
SO

C =e'®va - b(b - 1), (155)

where ¢ i s an unknown phase. Actually ¢ is fixed from our

previous choice for C_in (150). To see this consider

LIL|ab>=e®Va- b(b- 1) |ab-1>] , (156)

-~ Ll|ab>=¢e®*%a- bb- 1) Va- (b- )b |ab>

= e®?a- b(b- 1)]|ab>. (157)

Conparing (157) with (152) inplies that el = 1. Ther ef or e,

we have found that

Ljab>=#4vVa- b(b 1) [abz+1>. (158)

Now, what are the allowed val ues of a and b? W can
easily show that the expectation value of the square of a
Herm tian operator is always nonnegative. Therefore since

L7 + L5 =[2%2- L3 (159)

we have
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(L2 + L) |ab> = £%a - b)|a,b>, (160)

and since, when multiplying on the left by <a,b|, the left
hand side of (160) is guaranteed to be nonnegative, we have
t hat

a- b%=0. (161)
Now we know that the L, raise or |ower the value of "b" in

|a,b> by 1 unit while keeping the value of "a" unchanged.

Hence, for a fixed "a" val ue, we have
-va = b = Va. (162)

Therefore, for a given "a" value there is a | argest val ue of

"b"; let us call this b, (b, does not necessarily equal Va

since there may exist nore restrictive conditions. (162)

only shows b is bounded.) Thus by definition we nust have
L.la, b, > =0. (163)

Li kewi se call the mninmumvalue of b, for a given "a", b .

Ther ef ore

L.]a, b, > =0. (164)

From (146) and (151) we have
L.L, = L% - Ly(Ly £ 4). (165)

F

Thus, applying (165) to (163) and (164), we find
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LL,Jab >=4%Ta- b_(b_ + 1]lab_ >=0,
(166)
L,Lla b, >=4%4a- b, (b. - 1]lab., >=0.
The equations (166) together inply that
brax(Prex + 1) = by (b, - 1), (167)
or
(brrax+brTin)(brrax' brrin+1) = 0. (168)
But since b, = b, we get that
Brax = - B (169)
Let us say it takes 2L steps (2L is a positive or zero
integer) to go fromb =b, to b =Db_ in steps of one:
bmax = bm'n + 21]_,, (170)
where the possible L val ues are
X X
1.3
D.,ZOE,].,E,... (171)
(The reason for the "X' above & = %;%;... wi |l be discussed
shortly). Then because b, = -b,,. we have
brmx :D_,, (172)
and fromeither of Egis (166), we get
a=4L+1). (173)

So, for a given L value, we have the possible "b" val ues:
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mex 1, bnrax

or (174)
b=-4-L+1,...,0- 1L

It is nore conventional to relabel "b" as "nml', called the
"magneti ¢ quantum nunber." As an exanple, |let us choose £=3.

Then mcan take on 2L + 1 = 7 val ues:

3
w

WNFRORFRDN I

I L

P L

+

There is a subtlety involved in the |abeling of the

ei genstates of L” and L, Since L? and L, conmute (and

therefore are simultaneously neasurable), we may regard the
state |L, m> as a type of direct product, which would seemto

i mply that

[L,m> 2 |L> ® | m>.

However, because L2 does not project entirely into 6 space

(see (93) and (94) above), the value of menters the

ei genval ue equation for L2 (see Egn (188) below). Therefore,

we will define*

projects into projects into
0 space ¢ space
[&,m>= |[&m > ® | m>,

* Technically speaking, these states are separable but not true
di rect products.
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|£, m>is just a way of labelling the nore proper object on
the right hand side. The &(n) notation is supposed to
indicate that "L" is the quantum nunber associated with the 6
ei genval ue equation, but that "m' enters this equation as a
paranmeter. The sanme sort of subtlety affects the | abeling of

the H | bert space description of the radial eigenstates; that

is, the value of L enters the radial eigenval ue equation (see

Egh (253) below), and we shall define

[n, &, m>=|n(l) >® |L m>

These Hi | bert spaces are such that

<rln() > <6[&(m > <¢| m>
= Upyp(r)ug (0)u(d).

<r,0,¢|n L m>

The ei genval ue equations for u(¢), u,(06) and u,(r) are given

by (180), (188) and (253) bel ow, respectively.

Let us rel abel our states as

|la,b> — | &, m>. (175)

Ve have therefore found the eigenval ues of L® and L, as

L8, m> = AL + 1)L, m>, (176)

Lyl &, m> = finf &, m>, (177)

and

LIe&m> =8/ (L s MLt m+1) [&mt 1> (178)
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Actually, "hal f-integer" values of &(L :%% % veed)

are not allowed. One way to see this is as follows. The

ei genval ue equation for Lj is
Lyl m> = mti| m>. (179)

Projecting both sides of (179) into <¢| and calling
Uf9) = <¢lm> we get

i d _

i aq)um(q))--rm&um(q)). (180)
The solution to (180) is

u(g) = = ™ (181)

V2

which is normali zed so that

027“ dpluf? =1 . (182)

Now consi der hal f-integer values of & From(181) it would

seem t hat

<glm> = 2 ™ (183)

27

where mis also required, by (174), to take on hal f-integer

val ues. Therefore given (183) we have

<o + 2xm>=- — ¢Mm (184)

But <¢| and <¢ + 2xn| pick out the sane point in coordinate

space. Therefore, the spatial wavefunctions of half-integer
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L are not single valued, a condition we nust require for the

transformati on between the | ¢> and | m> bases.

There are other argunents as to why hal f-integer &

values are not allowed. The end result is tolinmt L to the
val ues

£=0123
and mto

e I e e o

3
1

(2L + 1 values) for each &

Now we know t he ei genval ues of L2 and L;. Ve would like

to find the explicit eigenvectors also. W wite (the Y, are
cal l ed "spherical harnonics")

Yo 6, 0) <0, ¢l L, m>

<6/ L(m > <g¢| m>
Ug { 0) U {9). (185)

The ei genval ue equation for u(¢) is witten dow in (180),

and it's normalized solution is (181). The eigenval ue
equation for u, (6) comes from

L8, m> = B2%(L + 1)L, m>. (186)

W have to start out with |[£m> in (186) (and not |£&(m)>)
since we don't know the effect of L? on <@ but only on <
0,9 from(97) and (98).

Projected into <6, ¢| space (using (97) and (98) above

gi ves
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a(sin(9;2 )] Uy 6) Unf )

T 0 +
s n“0 J¢ sin 0 40

= LL + Dug(B)u 9, (187)

2
d
or, nmaking the repl acenent @ — -nf from (180), and then

dividing both sides by u/¢), we get

si n0 sin 06 96

a0

-nf L1 J (sin 6 6) ] up {6 = &L + 1)uy (6). (188)

The solution to this equation determ nes the ei gnevectors
U (0).
Rat her than trying to solve (188) directly, we wll

generate the sol utions by operator techniques, using the
| adder operators L,. W can construct all of the |& m> by

considering |L 4> and then applying L. (£ - m tines:

(L)¥Mee> = m/20 (L)E™ e - 1>

15H/20 (20 - D2 (L) qp - 25

15/20 /(2L - 1)2 /(2L - 2)3(L) ™3 p, 8 - 3>, (189)

or, in general, after (L - n) applications of L_:

(LY Mg 8>

= ()2 (28- )2 4/(28- (L-m-1))(L-m) |2 m>.

(190)

SN~ -
Y

(L - mfactors)
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Let's | ook at sone of the individual pieces that rmake up the

overall factor in (190). W recognize the conbi nation,

(28) (28 -1) ... (28 - (L - m- 1))

\F_/

(L+ m+ 1)

in (190), which we can wite as

(28) (28 -1) ... (2)(1) (2!
(L+m+m-1) .. (2(1) (L+m!

We al so have the conbination
(D(2)..(L-m =(L- m!

Therefore, we may wite (190) as

) m (28) I (L-m!
(L)y¥ Mo, o> = (w)t \/ (Lrm 18, m>,

or, solving for |£& m>:

1 (L+m)!
(r)tm (28)1(L- m!

[L, m> =

LHy¥mMe, &>,

(191)

(192)

(193)

(194)

| remnd you of the effect of L, and L, (conpare with (93) and

(94); here | amusing the <fif = <8, ¢| notation):

d d
<’r‘1|L1 /iﬁ(-sinq)ae- cos ¢ cot Gacp) <f,

N

<Al L, n

n| .

_.‘&.

Jd 0
cosS — - 8in cot 6 | <
(05 ¢ 4 - sinecot 0|

(195)

(196)
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So therefore

<fL, =
ie? el
1 (-sin ¢ + i cos )i -(cos ¢ + i sin ¢)cot o <fi|, (197)
i ( o 0 o o aq)) ,
or
AL = omald (0L 9\ _a
<n| L, = fe ( + i cot 6 )<n|. (198)
26 3
Al so
<f|L. =
ﬁ(-sin - i cos ¢) 9 (cos ¢ - i sin ¢)cot o <fi] . (199)
i( o ) o o aq)) .
or

s 0 . 0
<AL = -%e'®(— - i cot 6 —| <f. (200)
90 )

Now consi der
A _ -id J . J N
<n|L & m> = -fie — - i cot 0 —| <n|& m>. (201)
90 a0
where <f| & m> =Y, (). W know that

Y, (0.0) = u(0) = ™ (202)

V2

where m= 0,#1,+2,...,+L (2L + 1 values). Therefore
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<AIL|8m>=- B ei(ml)q’(;e *mcot 0) uyf6).  (209)

27

Consider the identity:

. 1-m d . m
(sin 06) 7{1 cos 0 [(sin 6)  F(0)]
= (sin e)l'mdi6 94 risin 0)™F(0)]
dcos 0 de
- Sir11 o (sin o)™ dz(;)) + n(sinB) "lcos 6 F(0)
- . G’e + mcot 6) F(0). (204)

But the right hand side of (204) is the sane as the structure

in (203), so we may nake the repl acenent

<Al L] m> =

go! i(ml)¢ 1-m d ; m
—___ e sin(o — — [(sin 06) " u (9)]. 205
T (0) dcosG[( ) U {(0)] (205)
Now consi der
N _ -ig J . J N
<n/LL|&m>=-4e"%——-i cot 8 | <nlL|Lm>
90 I

2
= ()7 e'““”¢<(j+ (m- 1)cot 6)

V2n de
[(sin e)l'mdcgs8 ( (sin e)”ham(e)) ] (206)

Enpl oyi ng (204) again in (206) (wwth m— m- 1) gives
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<fl(L)? L, m>

| 2
= %LZ e (M2e(gjn e)z-mdcgsez [ (sin 6)nham(e)] - (207)
T

Seeing the pattern that seens to have devel oped, we may now

prove by induction that

<Al (L)% L, m>

k
= %L e (MKe(gjn e)k-m<dcdcr58>k [ (sin e)"hgm(e)] - (208)
T

Let's set m= L and k =& - min (208):

<A (L) ML,

A £-m . £-m

But from (194)

A m (L+m! A )
<AL, m> = (%) Q\/(za)!(a-m)! <Ayt mMe, bs, (210

and so we find (Y, {N) = <A|L m>)

e (T+m! _ m d *m
Yol 0, 9) _VEJ'IZ (28) 1 (L- m! (sin ) <m>

[ (sin e)auaa(e)] . (211)
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Therefore, we wll have a general expression for all the

Yh%ﬁ) if we can find the explicit expression for uy,(0). Now

r emenber that

L2 L> =0, (212)

so t hat

<AL, L8> = ﬁé¢(a + i cot ea)<ﬁ|&a>, (213)
a0 R0
\r./
ol Lo
Uy (0)

V2x

whi ch gives us the first order differential equation:

40 L cot 6] uy(B) = 0. (214)

It's easy to check that the solution to (214) is
uy(6) = G(sin 0)" . (215)

(Do it.) G is an unknown constant which is determned by

the nornalization condition

ol |2

V2

fdszﬁ Uy, (6) = 1. (216)

(EqP (216) can be viewed as saying the probability of seeing
the particle sonewhere in angular space is unity.)

Explicitly, this gives
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|g|2ﬁ do sin 6 sin®e = 1, (217)
or
1GI? [, d(cos @)sin?e =1, . (218)
Setting
X = cos 6 (219)
we then get
1 2
1GIZ [L(dx) (1 - xH)* = 1. (220)

The integral in (220) can be done by parts (this will be a
honmewor k problem to yield

E'E, 2
(z%) ): 1 (221)

2
|Gl (2 (20 + 1)!

It is conventional to choose the phase such that

(-1)"*Vm_ﬂ+ !
G =y, > : (222)

and so

-1 ¢ + !
Uy (0) = (2%)! Vr 5 ) sin* @ . (223)

Using (223) in (211) now gives the general result

(-1)te'™ (2L + DT+ ! _ m
Yk 000 =, \/ an(l - m! (sin 6)
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d L-m . 20
X <d cos e) [(sin 0)°7]. (224)

Because of the nornalization of the spherical basis, EqR(62),

we have

<E',n1|[ fdg%|ﬁ ><fh| = 1] | &, m>, (225)

whi ch neans t hat

fd2pY,. (R) Yy R) = 8y 8y - (226)

Egh (226) is conpl eteness for spherical harnonics in angul ar

space. W al so have

N

;|&,m><a,rﬂ = 1]| A >, (227)
,m

<A

or

; Vol MY, (A1) = <Al >, (228)

whi ch expresses conpl eteness of the | m> basis states. The

<f|A'> is a spherical Dirac delta function. W can get an

explicit formfor it by requiring that
1, :fd9ﬁ|ﬁ><ﬁ|f dQu | A ><h' |,
:fdgﬁdgﬁ.|ﬁ><ﬁ|ﬁ'><ﬁ'|,

= f d(cos 68)d(cos 6 )dgde' | 6, p><0, 9| 6, ¢ ><0,¢ |.(229)
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Conparing this with the original expression

14 = f d(cos 0)d¢| 6, p><06, ¢| , (230)

nmeans that we nmay take

<f|A'> = 8(cos 6 - cos 0')8(¢ - ¢'). (231)
[Using the delta function rule (see Jackson, p.30)

() =3 o

(X - Xi),
| dx Xi)|

where the sumis over the sinple zeros of f(x), |located at

X =X, Wwe my wite

d(cos 6 - cos 0') = —; 1 —5(6 - 0'),
sin 06

where both 6 and 6 are assuned to be in the range fromO to

n.] Therefore

w L
; % Yol 0. 0)Y, (6, ¢') = 8(cos 0 - cos 6)d(¢ - ¢'). (232)
=0

[ Notice we haven't really proven either (226) or (232); the
proofs require nore sophisticated analysis.] A useful
connection is

(-1)* T g
244 4 <d cos 0O

Yool 6, 4) = )‘”‘ (sin 6)2
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= 4‘4‘4‘4l P, 233
= cos 9),

4 o ( ) ( )
wher e P\‘l( X) is called a " Legendre poI ynoni al . " ([\btl ce that

when m= 0, there is no ¢ dependence in Y,,(0,¢).) By

definition then

I}
P,(X) :2”*1!;' (Cﬂ() (2 - 1t (234)

| amnot going to go through all of the explicit steps,

but in the sane way that | showed (194) to be true by
operating (£ - nm) tinmes with L. on |L,L>to give | m> we

can also start at the other end and operate (L + n) tines

with L, on |4 -L>to give | m> The result is

|18, m> = (x) (4 (2!;()% (_a?!n)! (L)Y ™ML, -L>  (235)
W can al so show t hat
<AL 0s = T gyt i
Van
. (sin e)"‘(dc‘isefw[ (sin 0)* ua_a(e)] . (236)

Fromour earlier Y, (0,¢) expression, (224), we can show that

e'ii(b + 1)! ) 0
Yy 0(6,¢9) = Ny An (sin 6)" , (237)

fromwhich we can identify
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)|
Uy o(0) = ij V{ . : (sin )% . (238)

(Notice that unlike (223) there is no factor of (—1)a here.)

The above steps then lead in the same nmanner as before to the

al ternate expression

ml
(-1) T FOE - M m
Yon( 0, 0) :ng\/ an(L + )] (sin 6)

. sin 06 . 239
(d cos 9) [ ( ) ( )
You shoul d now go back to Egh (224) and carefully conpare it
to (239) above.) By using the expression (224) when m= 0
and the expression (239) when m=< 0, one may also wite, for
exanpl e

(m|m)/2 L

(-1 (‘1) i JCEF DT
Yor 6. 0) = 2%y © \/ da(L - |m)!

% (sin )M (dcdosef-lm [ (sin 9)2"*] . (240)

We can read off from (240) the symetry property
(1) o(6,-0) = Y6, 9) . (241)
but since

Y, (0,0) = Yy(6,-9) | (242)

we may wite (241) as



(-1)™, (6,0) = Y, {6, )

W can tie this discussion into the parity operator

(introduced in Chapter 3) for which, by definition

where we nmay take

<’r\1| _ <m - 6,¢ + @, ?f¢<n
<m - 0,0 - xw, if ¢=mx

Now we have t hat

cos(m - 0)
sin(mt - 0)

-C0oSs 0,
sin 6,

whi ch hel ps us to see from (240) that

Y, (m - 6,0 +m =Y, (6 ¢e ™14

\r_/

(-*

Ther ef ore

<AIP|Lm> = <-A8 m> = (-1) <AL, m>.

Since (248) is true for all <f|, we have that

Pl&m> = (-1)%8 m>.
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(243)

(244)

(245)

(246)

(247)

(248)

(249)

The words that go with Egh (249) say "the parity of the state

18, m>is (-1



6. 46

W now return to the Schrédi nger equation in spherical

coordi nates, Egh (118). W now know t hat

Ug (T) = Uy (1) Yy, (6, 9),

and al so t hat

Lop <AL, m> = <AL L, m> = KL + 1) <Rl L, m>,

or

L2 Yy 6,0) = B2(L + 1)Y,(6,9),

so that (118) is equivalent to

2m2 ar

[_ 52 ((jr (rz 6) T 1)) + V(r)]un&(r) = Egup(r).

( 250)

(251)

(252)

(253)

Noti ce that the magneti c quantum nunber, m does not enter in

(253). This equation determ nes the energy |levels of the

system therefore, the energies are independent of mfor a

probl emw th spherical symetry and we have a 2L + 1 fold

degeneracy (at |east) of each energy |level |abeled by (n).

Also note that, as stated earlier, L enters this equation

sinply as a paraneter; the quantum nunber determned by this

equation is "n". In the next chapter we will exam ne

solutions to (253) for various forns for the potential

V(r).
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Pr obl ens

1. Answer the question in the notes, bottom of page 6.9.

2. Using expressions (93)-(95) of the notes, show that (96)
is true.

3.(a) Gven an operator Uwith the properties
[L2,U =0
[L3, U = -LAU,
show t hat

UL &> = const.|L, 0>

(b) Gven an operator V with the properties
[Ls, V] =0
[Ls, V] = &V,
show t hat

VI L &> = const. | L+1, L+1>,

(c) Gven an operator Wwith the properties,

[L..W =0,
[Ls, W = - AW
find:
WL -L> =2

4. Show Eq. (139) and Eqg. (140) of the text (Ch.6).

5. Do the integral in Eq.(220) of Ch.6 of the notes.

6. Using Eq.(224) of Ch.6, wite out the explicit forns for

t he spherical harnonics:

Yoo, Y11, Yio. Yi-1.



6. 48

7. Prove: The expectation value of the square of a
Herm tian operator is nonnegative. (I used this on p.6.27
of the notes. This is essentially a one-line proof.)

8. Prove EQ.(208) of Ch.6 by induction. (That is, assune it
is true for k, and use this to showit then holds for the
k+1 case.)

Ot her Probl ens

9. The wavefunction of a bound particle is given by

W(r,0) = xzW¥(r),
where r = |F|.
(a) |If L2 is measured at t = 0, what value is found?
(b) What possible values of L, will neasurenment find at
t =0, and with what probability will they occur? [H nt:
See Table 9.1, p.369, of Liboff.]

10. (a) Eval uate:
[L3, 9] =7

(¢ is an operator whose eigenvalue is the spherica

azi mut hal angl e:
ol "> = 9" [¢'>)
(b) Apply (a) to evaluate the quantity:

e ilst /B ¢ oilsd /B — o
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(¢'" is anunber.) [If you can't figure out part (a), | wll
gi ve you the answer, but you will then get no credit for

(a).]

Ot her probl ens

11. Assune a particle has an orbital angular nmonentumw th

Ly = imand (L2)' = %20(L + 1). Showthat in this state:

(a) <Ly> = <Ly> = 0,

(b) <> = <> = pR2AYL + 1) - ).

12. Can one neasure a particle's monmentum p, and angul ar
nonent um f, al ong the sane coordi nate axi s simultaneously?
What quantity nust | conpute in order to answer this
guestion? Conpute it!



