8.1

Chapter 8

Pl ane waves in dielectric nedi a

VW will now consider plane waves in a non-conducting
(dielectric) nedium W will assume ¢, u to be independent of w

for right now W have (no sources)

V- E =0, (8.1)
s . 1 0B
Vx E+Z — =0, 8.2
x C ot (8.2)
e.gzo, (8.3)
\V/ . — = _ \V4 H- = —=20 8.4
<B-C (VxH- ¢ "=0) (8.4)
W now have t hat
V x(V E+l£ -0 8.5
x<(VxE+ g °) =0, (8.5)
> V(V-E -V E+65VxB:O, (8.6)
——
ue OB
C ot
2 me 92 =
3(V _CzatZE_o' (8.7)
Li kewi se
2 _ue 0% o
( “c2 2B =0 (8.8)

The sol utions are pl ane waves,
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- s jkXx-iot
E=Re (& “9 (8. 9)
—B*:Re(ﬁ‘?) |k~x-|wt)

(There can be arbitrary phases also in é, ﬁi) These waves
travel in the kK direction, the magni t ude of which ("wave
nunber") is given by

2
)
k? = he 2. (a "dispersion relation") (8.10)

k can turn conpl ex in phenonenol ogi cal descriptions. If kis
real, we can ride on the crest of a wave,

kK-X - ot =const.,

-

= . (8.11)

Q.‘Q_
—

3 k-

Set ﬁrz K/ k (can possibly be conplex also). Again for k real, in

. . = = N
the direction of k, X =vphasent, we have

v == _C (8.12)
phase = |k ~ . -
“ Ve
V-E = 0 demands (k conpl ex agai n)
VE=Re (idk e ' =, (8.13)
> Re(i&-k) = Imi&Kk) =0, (8. 14)
T AY
3 & n =0. (8. 15)
. 1 9B
FromV x E = - = we then get

C ot '



= A
> p-m =0 al so.

8.3

(8. 16)

(8.17)

GCscillating notion of E &Bis transverse to the direction of

notion. Since there are 2 directions L to a given Q, there can

-

be two linearly indep. states of E or B.

Set up:

A
N .. . n 22 -1
(€1,2 pointing in . A 1,2 ~
sone fixed € 2
spati al

di recti ons)

So, in general we have

i k-x-i ot

Ei= Re(& & e ),
Tstill possi bl y conpl ex
(i =1,2) with

Then, the nost general plane waves can be witten

E(%,t) = 2 E(X,1),
i=1,2

B(%,t) = 2 B (X,1).
i=1,2

Let us choose &, , real for the noment. Then Eis given

I nstant aneously at a single point in space by:

N N N
€1 X €2 = M,

(8. 18)

(8.19)

(8. 20)

(8.21)
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A E(X,t)
Ez ﬁ out of page
> (E1,E, oscillate
El together in tinme)

A conpl ex phase difference in the 812 translates into a tine

phase difference in tine between the two conponents and the

resulting E can change in both magnitude & direction at a given

-

X.

To understand what else it can do, |let us introduce
anot her basis set:

%izvlz(%”i%z). (8.22)

They are orthonormal in a conplex sense:

'+ %, =0, (8.23)
T4 Ee = 1. (8. 24)

Most gener al E can also be witten:

B+ = Re(&+ 24+ el KX -ioty (8. 25)

E(x,t) = E+ + E.. (8. 26)

Let's say &, are real again. What do E+ descri be?

E, = ?; (%1 cos (KX-ot) - %, sin (Kx-wt)), (8.27)
E. = 72(81 cos (kx-wt) + € sin (kx-ot)). (8.28)

Pi ctures: (Q fixed; ﬂ out of page)
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N AN
) 82__
E
/ F\+ / \
l ,l A I ! A
&4 &
\ // \\ /
left cifcul ar right}rcularly
\ polaT zati on ~ pol arf’zed
" (+ helicity) — - helicity)

The fact that only two i ndependent pol arizations of the electric

(and magnetic) fields are possible is due to the photon natuLe of
l'ight. Photon spin can only point parallel/anti-parallel to n.

Refl ection and refraction of plane waves fromdielectric
interfaces |I: E; polarization

This next section is adapted froma treatnment in Schwi nger's
book, Chapter 41. W wi sh now to study the reflection and
refraction of plane waves at a plane interface between
dielectrics. (W will use parts of this nodel again to find the
fields inside an inperfect conductor in the next Chapter.) First,
a big picture and sonme vector al gebra.

X
N +z
N N n
k,x n = i nei
L kJ_ /pl ane of incidence
\> \l/ ’ Yy
E) (deti ned by/ﬁ
and QJ_)
1\

[

interface pl ane

k = incom ng wavevect or
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Take the dielectric constant

(2, 0) = {82(‘”) 'z >0, (8. 29)

’ e1(w) ,z < 0. '
Thus, we are assuming |inear, honbgeneous but possibly
di spersive nedia. (Mre on the physical consequences of
di spersion later.) For any vector field, we may use ﬁ, Ql,
le nto deconpose it. For exanple

= A N A A
E = En+ E kJ_+EJ_(kJ_Xn). (830)

(However, remenber k-E = 0, so only 2 indep. conponents.) The
notation here is tricky, but logical. E, is the conponent of E

per pendi cul ar to the plane of incidence (defined by K and ﬁ),

and %I is the conmponent parallel to the sanme plane. The

rel event Maxwel | equations are:

VXH:ER*—?J’ (8.31)
-V x E=2 . 8.32
X C ot ( )

W will concentrate on exam ning the behavior of emwaves of a
definate frequency near the interface. (WII assune a steady
state situation). Fourier transformthe above equations using

J_oooodt elot F(%,t)= F(X, o), (8. 33)

— — a -
(F(X,-0) = F(X,w)), wreal.) Then the above becone (5F —- iw)

N T
VxH=- "D+ 3 (8. 34)
VxE= . B (8. 35)

c
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where H, E, etc. have arguments (X, ®). Also, assune p=1
(removed in HWproblem 2), so that (assune g(z,w) is real)

D(X, ) = &(z, w)E(X, 0), (8. 36)
A(X, ®) = B(X, o). (8.37)

W now Fourier transformin coordi nate space (use translational
indep. in x and y directions)

-

KX ER w) = F(z, KL o). (8. 38)

deXJ_ e

In the Maxwel | eqﬂs, this nmeans effectively

= L= AN a
V—sik, +n —, (8. 39)
0z

and the eg”s becone

L= AN | N AN A\ A\
(lkJ_ + N G?)X(BZ n + B”kJ_ + BJ_(kJ_ X n))

-1 we A A N A A7 A A A A
= C (Ezn+E|| kL+EL(kl><n)) +?(Jzn+\]” kJ_+JJ_(kLX n)),
(8.40)
and
.= AN A\ A\ AN A
-(|kL+na*Z)x(Ezn+E||kl+El(klxn))
_iu) N N A N
= (B + By ky + By(ky x n)). (8. 41)
Mat ch conponents. Curl H one becones:
A e Ami
n:. kB = e E, + o Js, (8.42)
AR e 4
K,: 872 B, = - c E” + ?J”, (8.43)



8.8
€ 4n
= —— E - ? Jl. (8. 44)

Again, for the curl E eqn:

A 0

n: kL E, = - E B, (8 45)

k. SE ='op 8. 46

BB (8.46)

A A 9 . i

kJ_ X N: — E” - |Esz_ = - — Bj. (8. 47)
0z C

(These give Bif Eis known.) Get 2nd order eq®s for E;, By:

2 e
9z2 L~ c gz
o . oe _ 4n
= (iBk, + c Bl - ¢ J),
2g 4nw o) c
= - o2 E, - o2 Ji - c k(- ;kJ_EJ_). (8.48)
D fferenti al eqﬂ is therefore
@2, ek 4w
822- kJ_+ CZ EJ__-I CZ JL. (849)
Li kewi se (renenber £= ¢(z, w))
L R TN T S RE R
9z ¢ 0z C 9z 1 C 9z "¢ I'
= O k-0 OBy + Ay
c 2 o c T e gz te I
2
0 47 9,1 k,c A
=- 5B+ —(-3)+_k, [“BL- ) (8
CZ L C aZ( ‘]") c L((DE il JZ) (8 50)
2
9 1 0 ki @2 A An 9 1
P - S+ SBL=- Kk <~ - (-3). (8.51
0z ¢ 0z € c2 -+ ce ¢ C 9z (s ||) ( )
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Notice that both reduce to the wave eq® (with sources) if &=
const. G ven the sources JL,J" and J,, we can solve these eqfs

for E;,, B,. Can then get the expressions for EW %F E; and B,

fromthe previous set.

Let's construct and solve the reduced G een function for
t hese equations for a plane interface. The Gf. for E, is of
t he usual (reduced) wave eqg? form

] ( 02 w?e(z, o)

972 T c2 - ki) 9(z,z") =96(z-2"). (8.52)

Let's put this in perspective. The spacetine field El(;,t) S

gi ven by
N d2k d o v ; -
B0 = [ [, e B KL ), (8.53)
with (infinite space)
e )
- 4mi w . ' .o
Ei(z, k;,w) = o2 fdz' g9(z,z')Jd, (z', k., w). (8.54)
- 0

Wen z #£z', the solutions to g(z,z') are of the formused
before (see (7.179); only the ¢(w) here is new

( (1)28 (1)28

exp(i ;; k> - 2 Z), k? - 2 >0

9(z,z")~ < (8.55)
2

exp(i iSs\/ =2 - kK’ z), %;; - K2 > 0.

"~

(Top part describes a quasi-static solution and the bottom part
static and traveling waves; see prob. 15 of Ch.7. W can assune
that >0 without |oss of generality fromprob.19, Ch.7.) W

: : - w?e( ) 2 :
wll work with the branch for which 2 ki >0; if we need
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to reconstruct the full Geen function, the other branch
follows by analytic continuation. Let us cal

w2e
ki, 2 E(Tzl 2 . ki)”z > 0. (8. 56)

Then, putting the exponential behavior of el KuXy-iot t oget her
with the e*'kK1L,2Z pehavior in g(z,z'), we see that E (X, t) is

just a superposition of waves of the form

el K "X oxiky 2z griot (8.57)
or
eil?lyz')_z- i(ut’ (8.58)
wher e
effective z - conponent
i___ notation: not the nagnitude of Ql,z
Ki,2 = (ki = k1,2), (8.59)

represents the direction of propagation. That is, we are
assum ng a di spersion relation
2
k%2 = P 0r (8.60)

where, however, g1, are unknown (but positive) functions of w.
If we take the + sign above, this represents plane waves with a
posi tive conponent of propagation along z (or ﬁ),and simlarly
for the - sign. Let us inmagine that the sources are in region
2, that is z' > 0. (This is a choice of B.C. on g(z,z'); there
is also a Gf. solution to describe waves originating in region
1.) Gven this choice, the solution for g(z,z') nmust be of the
form

Belkz + Celikz 2z >7z >0, (8.61)

Aeikz 7z >z
g = .
De"klz, z < 0.

The other BC s on g are
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a9(z,z")| :8+ =0, (E, is continuous across interface) (8.62)
09(z,2"), o+ oE i
Tl o =0. (fromTZJ' = I?w B|) (8.63)

(Bjis continuous across interface for zero free surface
current; renenber u=1 on both sides.) At z = z', the usual

conditions (fromthe differential equation) are

o(z.z)| " =0, (8. 64)
< N =1 8. 65
- Wz L=t (8. 65)
What ' s happening is :
D B N
|, C \}A
< 7
R \
X 7
2 z
z =0
These equations give
B+ C=D (8.62)
k1
B- C=- Ky D, (8.63)
pe' Koz = Bel K2 4 ce- k2 (8.64)

i ko(- Ae'K2? + Bel Ko . cemiko?) = 1. (8. 65)
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Wn't bore you with the details. Solutionis (4 eqfs in 4
unknowns)

A:lmzikzeikzz- +2‘k2e-”<zz', (8. 66)
B = tz;ii 2L2 el kpZ' (8.67)
C = 2lk2 el k2 (8.68)
D = kitﬁl ZLZ ol kyZ' (8.69)

2

. . e )
This nmeans (strictly only for 2 ki > 0; can conbine the

forms for z >z and z7 >z >0 into one for z > 0)

k2- k]_ I ; ! [ i !
7e|k2(z+z)+—elk2|2'z|,Z>0,
= 1 % o

b a-ik i koz'
Kotk 2Ko e- 1K1z elkKpz 7z < Q.

Notice, if & , =1, then (k, = kz = 0)
' i ig|z - z'|
2,2')— e Yz, 8.71
9(z,2') = (8.71)

which is the sane formas the g(z, z') found in Ch. 7 for
W2
travel i ng waves when c2 > ki, w > 0. Also note that for g =»»

or ki — oo (conductors)

eikalz - 2| . giky(z + 2))
0, z <O,

, 2 >0,

i
9(z,z')—> {Zkz( (8.72)

which is the sane formfor the reduced Gf. for the conducting
2

()]
plane for 5 > k? (e2 = 1, say) when o> 0. The ratios



8.13

D _ 2ko

C = kg + Ky (8.73)
B _ k2 - kg

C ™k, + k' (8.74)

are the transm ssion and reflection coefficient, respectively.
What is their significance in ternms of fields? Connect up with
book's notation (diagramslightly different from book):

N 7
N —
sour ce " (k,, k,), E<>B
() 4N E refl ect ed
\‘.kJ- N
/ 7y
® r [ (k, -ky) . E,<->D
. refracted
K i o
(Kb -k2) , E,<->C
i nci dent

In the above figure, the E conponents are neasured wth
N N
respect to the x axis (k;x n direction).

Poi nt s:
1. 1 have shown angl e incidence = angle reflection because
(ki —kg) = (K, ko). (8.75)

2. W also have Snell's law since |k,|= const.:

VIE + (ka)° sini =4/k2 + (k))® sinr

and
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2 w2
(k) = iz (Z=e ) (870

= N, sini =n, sinr. (8.77)
2 1

Fromthe picture we identify

EI
D 1
C~E; (8.78)
EII
B L
C E - (8.79)
L
Thus, since
k1:Vkl + k2 cos r :gnl cos r, (8. 80)
Ko ::VIQL + k,2 cos i = %?nz cos i, (8.81)
we have
E 2 ;
= N,Ccos i
E, ~ njcos r + nycos i’ (8.82)
Ei,_ Nn,Cos i - niCoOS r 3 83
E, ~ nicos r + n,cos i (8.83)
(n = n, np = n" in book.) For normal incidence (i =r = 0)
t hese becone
EI
oL, 2np L
E, g+ n2%-pure reflection if ny/ny—ea, (8.84)
E" -
. D;4——n—1'*=}'phase reversal if np>n,. (8.85)

_-— —
E. ng + ny

Refl ection and refraction of plane waves fromdiel ectric
interfaces Il: B, polarization

Now | et's do the other polarization. The reduced G een
function for B, is
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2 2
9 1 0 K :
] [1-L+wz]g(z,z)=6(2-z'), (8.86)
Jdz ¢ 0z € c

or

9 1 9 z - -
_ |: l — kill g(z’ Z ) = 6(2 - 7 ) (8 87)
JdZ € 0z €

wth ki o as before. Gven the plane at z = 0, the traveling
wave sol utions in the various regions when the source is at z >
0 are (source as before)

Aeikaz |z > 7",
g =4 Beikz + Celikz, 722 >z >0, (8. 88)
Deikiz, 0>z

However, the BC s are now

o] 8:, =0, (B, continuous) (8.89)
1 99, o icl ¢
(.Tzl o+ =0. % e 9z BLTH ) (8.90)

(E|| = continuous.) In addition

;. =0, (8.91)
L0 gat e (8.92)
g, 0Z z
These becone
B+ C=D, (8. 89)
B-C:-SZE;D, (8. 90)
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Sol ve t hem

k
Same as before except ki » - L2

of the exponents.

ar e:

or (ki

16

c

Aei kK,Z' = Beik,z' + Ce-ik,z"

ikz(-A el kzzl + Bel kzzl - C‘E'ikzzl = .

Lk
A = g1 K2 iep 'k'+iﬁ-'k'
6 kl 2k2 el 22 2el 22’
1+ .-
81k2
Lk
- o
B = €1 "2 1g ei k2
1+3£ﬁ2k2
81k2
C= ;Ez eikyz'
2 I €2 :
D = i k,z
. QQZKZ z
81k2

€1,2

BJ_ _ 2k2/ €2

Bl ky/eg + kol

Bl koler - kileg

Bl ky/el + kol

) () .
= - npcosr, ky = npcos i)

c

(8.91)

(8.92)

(8.93)

(8.94)

(8.95)

(8.96)

everywhere in the coefficients

The transm ssion and refl ection coefficients

(8.97)

(8.98)



8.17

P 2Nn1 NCOS | (8. 99)
Bl © niny cos i + nZ cos r’ '

Bl nfcosi - ngnycosr

Lo L . . (8. 100)
B. ny cos i + ng np cos r

Note: The B, results are equivalent to Jackson's results
(Section 7.4) for Eg for the "E parall el to plane of incidence

. - N -
case" since (B = ;ﬁzk x E)
—Jackson quantity

|
Ei = (E‘)’) 2; (8.101)
2} = (Eg) (8.102)

Fromthe E, and B, results, we can find results for the other

conponents of E and B. Also, for normal incidence

B 2n E 2n

L 1 L 2

B, = n, +n (El =, + ”2) (8.103)
S, Sy (8. 104)
B, n, +n, E, n, +n, .

These results suggest that for conductors (at |ow frequencies,

), Wwhich are described phenonenol ogically by e(w) ~ 4m o(0)/ w
where o(0) is the static conductivity, the transmtted fields

i nsi de the conductor are nmainly magnetic.

Brewster's angle and total internal reflection

It is interesting to ask when the reflection coefficient
vani shes. In the E, case, this happens only when k; = ky or g =

go (no interface). For B, we have
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k k
=1 =2 (8. 105)
€1 €2
However
ki _ o® 1 k2
55 = 2 T o (8. 106)
8,2 C %12  F5
(&2 - €1) (uz (g1 + €2)
32— [2 k2 ~ 21 = (8.107)
€281 c L ee
Can vani sh when
+
?:;; LRk (8.108)
€182
> Q) o
But |ki|=_ nzsini, so

. . €
S|n|3:;;+1
&g T8

n
or tan ig = Vsl/ez = ni. ("Brewster's angle") (8.109)

At this angle B, is conpletely transmtted, so the
reflected wave is conpletely polarized with EL tothe pl ane of

i ncidence. There is also the phenonmenon of total internal

reflection if n, >n,. Snell's | aw says

n,sinr =n,sini, (8.110)
n, _
n*>1=>r>|.

1

Thus, there are values of i such that
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sinr = =sini > 1. (8.111)

sini =~ =171 = 90° (8.112)

the light ray grazes along the interface:

[
(} A refl ected

7,
P,

For angles i greater than this

(,l)Z
_ 2 -
kl—\/cz e, - kI = k, =ik, «real.

Then the formof the wave in region 1 becones

e iEL')_ZJ_e-KZ e-iwt,

whi ch neans the wave penetrates a distance ~ 1/x but is danped
out exponentially and there is no net flow of energy into
region 1 (under steady state conditions). This is the *“quasi-
static solution” possibility nentioned above.

O course, we don't have to use the above G een function
formalismto get reflection and transm ssion coefficients. Can
sinmply enforce the correct BC s (nornal 5, nor nal §, t angenti al

-

E, tangenti al ﬁ) at the interface on a given plane wave.
However, this treatnent exhibits nore closely the connection
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with the previous Geen functions for free space and the
conducti ng pl ane, and enphasi zes that all the rel evant
information is in these functions.

Si npl e nodel for constitutive relations

Let us now di scuss sone sinple nodels for constitutive
relations in netals, dielectrics and plasnas. These nodel s | ead
to a qualitative understanding of the el ectronmagnetic
properties, especially the response to external fields, in
these materials. There is a |lot of physics here, but we nust
keep in the back of our mnds that the following is only a
phenonenol ogi cal descri ption.

I n our devel opnent of the macroscopi ¢ Maxwel | equati ons,
we nmade a distinction between bound and free charges and
currents. O course in real materials, these charges and
currents are al nost al ways el ectrons. Consider such an
el ectron, either bound or free, noving under the influence at
an external electric field, but being slowed by a resistive -
like force. W wite

M X +yX + wdX] = e E(t). (8. 113)

This equation, and it's solution, should be famliar to you (at
| east in one spatial dinension) fromclassical dynamcs. wgis a
natural frequency of the electron (due to energy |levels), and
u% X represents a restoring force for a bound el ectron (wg = 0)
for a free or conductive (val ence) electron). y is a danping
constant primarily due to radiation for bound el ectrons,
whereas for free electrons the originis in collisions with
other electrons, lattice inperfections, inpurities, etc. [For
bound el ectrons usually y < < wg.] You will study the G een
function solutions to this equation in a HWproblem | wll not
stop here to discuss the well-known aspects of this |inear
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differential equation, but will point out the rel event

properties of it's solutions that we wll need.

First, let us discuss the nodel for conductors. W take
wp= 0 and wite

M X +yX) = e E(t). (8. 114)

W define V(t) = X and write this as

dit(eYt V(1)) = et E(t). (8.115)
Integrate fromt' = - (or fromwhere the initial conditions
are given):
t d . e t A
fdt g (e V(t'))=  Jfdt' et E(t'),
- 00 - 00
t
=y e ' - -t = '
> V(t) = o [dt eV (t-17) E(t'), (8. 116)
- 0

Notice in this nodel the response is non-local in tine. That

is, V(t) depends upon E(t') at earlier tines. The nmain
contribution to the integral comes fromtine differences of
order y-1.

Assum ng a constant density of conduction el ectrons, ng,

the current J is given by

> . ne?t by o=

J=nee v =" pt eVt Etr). (8.117)
- 00

For the specific case of a constant electric field, this

becones

J = E=oE (8.118)
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giving Chms lawwith o being the static conductivity. Noti ce:
inversely proportional to y (rmakes sense).

A nore general situation is where the electric field
exhibits harnmonic tine variation, as in the case of em waves.

Take (é(w) can in general be conplex to describe different

pol ari zat i ons)

E(t) = Re(&(w)e-iot). (8.119)
Then, the current density becones

- nez—\ t 1 . 1
J(t) = Re [ in &(w) [dt- e V(t-t") a-i ot }

- 00

2 =
= Re (”Ce -1 G(w)e'iwt),

m y-iw

Re (o(w) &(w)eiot), (8. 120)

This gives us a generalized Chms law with

2
nee 1

m v.jw

o(w) = (8.121)

and whi ch coincides with the static value above for w = 0.
Notice that the real and imaginary parts of o(w),

Re O(OJ) = m 2 2 (8 122)
Yy to
ne2 w
Imo(w) = °m 5 5 (8.123)
Yy to

are even & odd functions of w, respectively. In addition, we
get the anplitude and phase of o(w) as

o(w) = |o(w)| ei?d, (8. 124)
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2
lo(w)| = "c€ —— (8.125)

w
tan 6 = —. (8.126)
Y

What is the neaning of a conplex conductivity?

J(t) = Re (o(w)&(w)eiot),
_ nC82 1

m §7fr:_m

> Qurrent and field out of phase. For copper, o is essentially

| Re (8(w)eiot+) (8.127)

real well beyond the mcrowave region ( < 1011 sec’?). Finally
if the conductivity is integrated over all frequencies, we find

” n e2 ” Yy + 1w Nce Cxde 1 n e2
do o(w) = —¢ dw = ¢ — % = <~ (8.128)
{o " {o Yore o Mo ]y peefyy o m
- 00

whi ch is real independent of y and can be used to determ ne nc.

If we are dealing with bound el ectrons, we nust include

the w§ X termin the differential eq. Let us exanine again the

situation of harnmonic tine dependence. Consi der
M%x +yX + 03 %X] =e R [B(w)eiot], (8. 129)
The steady state solution to this is given by assum ng

X(t) = Re [X(w)e-iot], (8. 130)

fromwhich we find

(8.131)

2
0o + o

. e é((n)e-iuﬁ
x(t) = m Re [_ g iym}
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Wthin this nodel we are trying to calculate the effective
nmacroscopi ¢ properties (constitutive relations). If the

electrons are in their "equilibrium positions", then we assune

-

that the polarization, P, of the sanple vani shes. However,
an el ectron displaced to f, we assune

P(t) =5 3 Xi(1). (8.
I =at ons
If xij = x Vi, then
P(t) = nee X(t) = Re [x(w)&(w)eriot], (8.

1 "bound" el ectrons

where the w-dependent suseptibility is given by

2
Npe 1

w) = . 8.
KO = T 2w (
In the static case
2
Npe
0) = > 0, 8.
W0 = (

=> ¢(0)

1 + 4ax(0) > 1 as expect ed.

For arbitrary o, we can define a frequency dependent
di el ectric constant by

D(t) = Re (e(w)&(w)eiot), (8.

so t hat

4n:nbe2 1

g(w) =1 +4ny(w) =1 + 2 (8.

m o ~0? -ioy

for

132)

133)

134)

135)

136)

137)
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Re e(w) = 1 + 4rnve”  (of -o) (8.138)
= Elw) = ’ '
Npe? o y
I'm = 4xn : 8.139
e( ) M (2 -0d)? +o? ( )
The dependence of gon w is called dispersion, which we'll study
in nore detail later.
There is an integral rule for ¢(w) as well. Consider
00 2 2
n ®
fdwu) Ime(w) = 4 Mb® fd(D 5 2;( 2 2
m (0f -0%)° +0° vy
- 00 - 00
4 2
_ Aanpe
= T (8.140)

Thi s makes sense fromthe total current involved. W have

v I_:| = Aﬂ 3 1 @ 8.141
VixH= 3 +0 (8.141)
"conduction current"? 1" di spl acenent current”
wher e
D = Re(e( o) Be-iot), (8.142)
J = Re(o(w) Be-iot), (8. 143)
SO
At & 1 oD 4t i 2 .
?J +Eg = Re[(c o(w) - CS((D))GG"U)t]. (8. 144)
Wite

Ogff = o(w) - |4:: e( ). (8. 145)

Then
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o 0]

fdw Oeff = fdm[Re o ) +i th o(w)]

o0
1 .20 ]
+ 4 _’dem[l me(w)-i R ¢(w)
2
= 0 (N + ). (8. 146)
conduction? 1di spl acement

W can al so take the opposite point of view and define an
effective dielectric constant:

4
eorr = c(w) + i ol0) (8. 147)
Can then wite
002 4no( w)
kzzuz(e(w) ¢ RO (8. 148)
Cc w
K =o+i (8. 149)

One can solve explicitly for a and p; see Prob. 17 at the end
of the chapter for noranally incident waves on a surface. The p

coefficient causes danping and energy loss to the nmedium The
next chapter will deal with the forns induced for f§ when the

waves we are dealing with propagate in a netallic wavegui de.

Model applications to plasnmas, netals and dielectrics

Now | et us di scuss various applications of these fornul as
in matter. Using our nodel for ¢(w) (which we applied to bound

el ectrons), we nay replace our forner ¢(w) by
2 .
Ame nh
(o) =1+ =%

. i
1 w -0 -1 wy

(8. 150)
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if we have many resonances. W define

> np = N, (8.151)

whi ch gives the total density of all bound el ectrons. Inmagine

there is a resonance at w, = Ointhis naterial. Then we

my wite
4n ( €%n0
f(0) = ew) +i ( = b ?). (8.152)
o m v-iw
all other resonances ! Two = 0 part

But the quantity (---) is just of the formof o(w) for a
conductor (if we recognize that n% — n¢) and we have

. 4no( w)
e(w) = go(w) + i T, (8. 153)

again, showing that we may just think of conductors as
materials with a resonance frequency wp = 0. Assum ng we have a

conductor, at low (w << vy ) frequencies (g(w) ~ const.), we get

. 4no( 0)
e(w) = ¢ +1 — . < free electron piece (8. 154)
)
)
usual static piece

Notice e(w)— +» as w— O%. In our earlier discussions of

dielectric Geen functions, we recovered perfect conductor
G een functions by taking the —+cw [imt. Now we know why this
wor ks, although we see it is nore appropriate to take this
limt through positive imagi nary nunbers.

If we are working with a very good conductor, then from
(1 ow frequenci es)



8. 28

2
4 0
2= e = molOe (8.155)

V 2nwuo( 0)

= k= (1+1i) .

(8. 156)

Thus, a plane wave solution inside the conductor is danped,

eikx — @-kx/d gikx/d (8.157)
where o, the "skin depth", is given by
5= — 2> (8. 158)

V 2nuwao( 0)

Notice that at high frequencies for either dielectrics (w

> > mb, all i) or conductors (w > > y), we have
"plasma frequency”

i
2 2
4ne N w
fo) ~1- S 21 B (8. 159)
mo o

N = np + n¢

(Actually, we also need w >> wp to apply this to dielectrics.)
Then, using the above relation between k and ¢ gi ves

wp - o, (uz < wp (danping) (8.160)

or

k = %Qm —_— 002 > wp (oscillating). (8.161)

Such rel ations can be used to describe the response of plasnas,
netals or dielectrics to emwaves. For plasmas, y = 0 and np =

0, and the response is danped, alnost down to w = 0. For
dielectrics the above, as | said, only applies for w >> wp. For

netals, this leads to "ultraviol et transparency” as one
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i ncreases o through wp. The sanme thing happens for plasnas

(except at m crowave frequencies.)

W can get a different point of view on this by |ooking at
the tine behavior of fields rather than the space behavi or
(i.e., k values) discussed above. First, let us consider the
notion of free charges in the sinpliest possible case; a nedi um
for which Chmis | aw hol ds but where we can ignore the frequency
dependence of the conductivity (highly resistive materials or
possi bl y sem conductors):

= - O -
J = o(0)E = o0 5 (8.162)
€0
)
const.

Conbining this with charge conservation

Ip(x,t)y ==

o + V-J(X,t) = 0, (8.163)
we get
) . /0(0) a
% 5 ‘%(0() D) - 0. (8. 164)
ot €0
But because
V ‘D = 4np, (8. 165)

we find

p(X,t) = 0. (8. 166)

Kl N 4no( 0)
ot €0

Then, given an initial charge density, p(;,O), the solution to
this is
4no

p(X,t) = p(X,0) exp(- — t). (8.167)
€0
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The physical picture is: the free charges (and thus the fields
associated with them are all expelled fromthe interior to the
surface. This is certainly the general picture also for
conductors, but we will not be able to ignore the frequency

dependence there.
In the case of conductors o(w) becones conpl ex when w ~ y

(Assune g still slowy changing in w.) Introducing the Fourier
transformof p(X,t) through

o0
- do . R
p(x,t) = Je"wt p(X, w), (8.168)
2n
- 0
t he above equati on becones
l now replace o(0)— o(w)
oo
do . ) 4no( 0) -
J eiot]|jg + 2| (% w) = 0. (8. 169)
2n €0
- 0

Al so, take another derivative w.r.t. tine:

e )
2
J d . 4nince =
— 4y ﬂe-'wt-ioo+ e 1 p(Xx,m) = 0,
ot 2n neg Y-1
-
0

] p(X, ) =0, (8.170)

which is equivalent to the differential equation

2ty o+ p(X,t) =0, (8.171)

2 2
o9, o
ot ot €o
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where wp now appears as a resonance frequency (y << wp) and y as
the tine underdanped tine constant. Thus, the picture in
resistors, (8.167), or netals or plasmas, (8.171), is: at |ow

frequencies, the fields are danped in space and expelled from
the interior™; at higher frequencies (o >> y) the time behavior

becones oscillating. Thus, even though the fields nay be danped
in space for w < wp, they are not necessarily expelled fromthe

interior, but continue to oscillate at the plasna frequency.
Then, as w~ wp the systemresonates = ultraviol et

t ranspar ency.

Kraners-Kroni g rel ati ons

Kraners Kronig relations now Let's go back to the
eval uation of G by considering the w-integral first:

Pol e structure:

*

The tinme behavior is given by p(t) ~ e (V2t for the

under danped case, corresponding to conductors, by (8.171). The
interpretation is that the charge is noving to the surface. The
time dependence in (8.167) for highly resistive materials in

fact just corresponds to the severely overdanped case (y2 >>
wgl eg = 4no(0)/eg) for large enough tines (t >> 2/y).
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NV

\/

N/
A\
o

et _ o d’k 1 B Ren : e
el = amc H(t-t )J(z)gke (X-X') sin [ke(t-t')].(8.173)
T

This causal formfollowed fromthe absence of poles in the
upper half w-plane. Switching gears back to di spersion

rel ati ons, we have

00

D(X,t) = 2n fdo e ot D(X, w). (8. 174)

- 00

Assume D(X, w) = e(w)E(X,®). Go backwards on E(X, w):
o0

E(X,0) = [dt'elot'E(X, t"). (8.175)

- 00

Put it together (do dw integral before dt'):

rm
><b

D(%,t) = [d Je Fo(t-t") g ). (8.176)

-

Let t=t-t', then can wite this as
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D(X.t) = E(X,t) + [dv E(X,t-1Q0), (8.177)
wher e
do . * ot .
qr) = J el 0T [e(w)-1]. fdr Gre'” = gw) - 1| "response function"
2n '

(8.178)

Anal yticity & absence of poles in the u.h.p. for gw) wll now
guarantee Gt) =0, Tt <0, just like cet, Al ternatively, given:

1. gt) =0, t <O 3. 1) — 0 as t— o (nonconductors)
2. v finite ¥ = (4. Gcecont. at T = 0)
T(excl udes static conductor
at all w)

then ¢(w) has no poles in the u.h.p. (#1) including the real o-
axis (this is the reason for condition #3 above) and &(w)-1
behaves at nost |ike w2 at high frequencies (this is a result

of #4). In this nodel, the relation between D and E i s nonl ocal

intinme, |ike our sinple nodel connecting J and E.
Conpl ete the argunent:

e(z)-1
0=2L gaz 2L (8.179)
2n Z- ot €
wher e
lz
7 7%
To-ie
XX fromg(z), say (symetrically |ocated since

e(-2) = ¢*(z* )from(8.178))
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VW have t hat

(Iui_m (e(w)-1) ~ w2, as follows:

\L__ use w—w+ie rule.
e(w) =1 + der Q1) et oT, (8.180)
1) = GO0 + 1t G (0 + ..., (8.181)
= e(w) =1+ G(gﬂ Gfu(;) + ... (8.182)
Know G(0-) =0 => 0% = 0. (8.183)

continuity (#4)

=> lim (g(w)-1) ~ w2 (Sawthis in our sinple nodel) (8.184)
w—>0c0
Integral around the sem -circular part of C now vani shes.
o0
do' ')-1
—> 0 = Jw fo)-1 (8. 185)
2n o' -otie
- 00
But
1 _ . .
=P — - i o -w), (8.186)
W -t e w -w
or
oo
i . do' e(w')-1
-5 (s(w')-1) + P JZn St (8.187)
- 00
o0
i ')-1
= g(0)-1=- " P [do (o) (8.188)
T R w0 -
Take real and inaginary parts:
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Ime(w')

Re e(w) =1+ =P [do — o (8.189)
T s W -m
[0 0]
Re ¢(w')-1
Ime(w) =- ZP [do Re elo’)-1 (8. 190)
T _% W -m

The "P" only rem nds us what principle val ue neans:

N\ ° N\ = N N
7 7 / /

w

= P .1 = — 1 — + imd(o-w), (8.191)

o -0 o -+l e
or
wl

> ° > — = > gj > + \.J

w

Pt = 1 L in(e-w. (8. 192)

-0 o-o-it
So, for exanple, assune f(z) is nonsingular on C

lz

pp HAZ = 0 4 iat (a)

Z-Q

or

= 2mi f () - i nf ()
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The relation ¢(-w) = ¢ (w") inplies Re ¢(w) is even and I m ¢(w)
isodd in o for w on the real axis. This neans

Re ¢(w)-1 = i p de' w (8.193)
I'm e( o) :—PJd w (8. 194)

Let's now go back and | ook at an aspect of the K-K

di spersion rel ations we have already seen in our sinple nodel:
+
W saw that g(w) = 1 - G (09 +

sum r ul es. )
()]
lime(w)= 1 - S0 (8. 195)
w—>00 (1)2
Ther ef ore defi ne
wp2 =1im w?(1 - e(w)). (8.196)
w—>00

Can then show fromthe K-K dispersion relations that this gives

[o.¢]
-2 Jdoooo I'me( ). (8.197)
T
In our sinple nodel with
4ne? nh
g(w) =1 + - (8.198)

either one of the above statenents give

4ne? . 4n2e2
op2 = o S b= TN, (8.199)
|
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whi ch recovers the nodel formof the square of the plasm
frequency.
There is another sumrule for the real part of gw). G

back to our nodel (one resonance)

N = 4nn,e? (wZ- w?) 8 200

Let's integrate this:

o.9]
w? TT _ _
Jd(” (02 02) 2422 = 27{ (Did this before) (8.201)
0
o)
dw . =7 (8.202)
(f (02- 02) 2+w2y2 2\{0)%' :
o)
so model => fio [Re e(w)-1] =0 (8. 203)

In fact, sinply using the K-K dispersion relations (not the
nodel ), we can show

N

Jdm'[Re (o' )-1] =(”i+&<N°,>. (8. 204)

How do these statenments about Re, Imsuns change if there is a
pole at w = 0? Can then show t hat

I 4
teff(0) = g(w) + 4415&;31’ (8.205)
0]
Isatisties usual K-K relations
wher e

0
o(w) = 190 (8. 206)

y-1 o

gi ve
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o' Imeers(w)

Re(eerf (w)-1) = i P fdo

2.2 (8.207)
[0 0]
47o( 0 2 Re ')-1
M egr () = MO0 20, Jhuf Seﬁz(”;) . (8.208)
w T w -w
and
wpeff = wp® + 4myo(0), (8. 209)
N (1)2 1
Jhuf [Re eepf(w )-1] = Aiﬁgi - 2n%0(0) + ®;<R?) (8.210)
HWprobs. 6, 7, and 8 fill in sonme of the gaps in the above

derivations.
Di spersion in one-dinmension: theory and exanpl e

Let's di scuss sonme nore consequences of dispersion
relations. Limt the discussion to sone background and an
exanpl e whi ch, however, exhibits the dispersive character of

mat eri al s.
First, let's notice sonething. Wave eg? for ¢ = const. was

9%\ =
(VZ i “8) E =0. (8.211)

Phase vel ocity was

w

- C
k qu

vp = (8.212)

I n regi ons where ¢> 1,vp < c, but for ¢e< 1, for exanple in

2
ew) =1 - P (8.213)

€
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we have v, > c. Special relativity says that energy transport
nmust take place with a speed < c. Is this a contradiction?

Sone background on the equations we will try to
under st and:

a = l Y

VxH=2 D+ 7, (8. 214)
= 2 1'_;
VxE=- 1B (8. 215)

Drop J (we thereby negl ect conductors)

0¢]
0¢]

D(X, 1) = E(%,t) + [dv E(X,t-7) Ji;:e'im“c[e(m')-l], (8.216)
0_

- 0
1\includes poi nt \\\\5________\V/_____,,////
at T=0
(i mportant later) d )
so (u=1)
f 0
- P 1 0 s
V x B = c E + c dt E(x,t-t){ 1),
3 o- dt (8.217)
VxE=- 1B
- 0
2 2
a = 1 OE 1 0 =~ .
=> =% 5+t 5 ) - : :
VPE = 3 0z e O!ar o E(X,t-1) 1) (8.218)

This is our new, non local (in tinme) wave equation. Let E s u
(1 dinmension) for sinplicity. W want to sol ve

© 0

+éﬂt£2MKLﬂqﬂ. (8.219)
0_

c

2u(x,t) 1 @
ax? c? ot

N
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Try solution (we will rmake sure it's real later)

00

L fdo elot [A(o)etik0X + B(w)e ik@X]. (8.220)

CV2r L

Wiy include 2 terns? WAve with a given w can go in + or -

u(x,t)

directions. Conpute:

aziu . i W 2

o n_{odwe t(-k% [--], (8.221)

1 90U 1 iy y - 2

¢z g, 49 2 ol (8.222)
1 T > o2
zofdtatzu(x,t-r)e(t) fdr G(r)ﬁc-idwelw(t 7) ( )[.._]_

(8.223)

ee}

By defn fdr Gt)el ot = g(w)-1. Therefore
0_

[o.¢] [o.¢]
1 62 1 62U 1 . (;32
— |dt —5 u(x,t-t) ) = - H5 — + dw e-!ot (-s(m))["'].
2 2 2
0_f ot 2 c* ot V2n {o c
1 cancels with above (8.224)
Therefore, this is a solution if
w2
k? = &) o2 (8. 225)
w
k = + n(w) c (k = k(w)). (8.226)

(Choose + sign in (8.226), thus defining n(w).) Then need A B

internms of initial conditions on u(x,t):
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u(0,t) = 1 fdm eiot [A(w) + B(w)],
21 .o
(8. 227)
GU(a(z(,t) = V:;__TC -idw(ik)e'iwt [A(w) - B(w)]. (8. 228)

Can invert and solve for A B:

o)

1 ot | 1 0u(0,1)]

Alw) = 72 > _{Slt etl ot _u(O, t) + k(o) x| (8.229)
—_— $ w +| ) [ _ 1 aU(O, t)-

Blw) = T _{Slt etl ot _u(O, t) k(o) x| (8.230)

(8.229), (8.230) showthat A'(-w) = Alw), B(-w) = Blw) if k'(-w)
= - k(w), which renders u(x,t) real. One can show that this makes

u(x,t) real and restricts the integration in (8.220) to positive
o val ues. There are therefore only two i ndependent real

functions. Then, from (8. 226)
n“(-m) = n(w). (8.231)

(Sanme property as for g(w).)
On the other hand, assune (real part understood)

1

fdk etio(k)t [ A(K)e-ikx], (8.232)
21T - o0

u(x,t) =

Now (| eave off c.c. term again)

92 * . _
TV -1 gk eiot (-k?) A(K)erikx, (8.233)

x> VETC o




1o };k e-i ot ( (”2) A(K) e- i kx (8. 234)
Cogt2 V‘n e c? ' '
®© 0
1 9? _ Laiu i ot ? - i kx
o2 Ofdr ot 2 u(x,t-t)gt) = - o2 at2 V_n _{:}jk e- (-s 02) A(k) e .
(8.235)
A solution if
2
k
k? = g(k) ( ) (8.236)

Pick one root & stick with it. Then (now put in the c.c. term

u(x,0) = 2715 fdk [Aetikx + Afe-ikx]  (8.237)
T -0
a”(a’i’ 0 271_ fdKk(-i w) [Aetikx - A*e-ikx].  (8.238)
2T -
Invert and solve for A(k), A"(-k):
> i kx i au( x, 0)
A(k) = V_n _{?x ek [u(x 0) + oK) I ] (8.239)
. 1 i du(x,0)
A (-k) = V_n _{Sx e-ik [u(x 0) - oK) ” l (8. 240)
Thi s shows we nmust pick our root consistent with
o (k) = o(-k). (8.241)

Now we know sonet hi ng about the equation we are solving, let's
take a speci al case.

Take the exanple (used in Jackson, Section 7.9):
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21,2
o(k) = v (1 + a2k> (8. 242)
2c2 1 1
> == (T - 7 8. 243
() a’o (v w) ( )
Not i ce:
o >v, kreal, oscill. in space,
o < v, kimg., danped in space.
Qur eqn is
2 2 © 2
9°u 1 907U 1 d
ou _ L + L L ) _
X2 2 92 o2 Ofdr ot 2 u(x,t-t) g, (8. 244)
o0
1) = = [dofe(w) - e iom (8. 245)
2n
- 00
Can transfer derivatives,
d d
u— - — u, (8. 246)
ot Jt

and integrate by parts (G t) is supposed to vani sh at t=0-, x)

00]

°u 1 0u 1
= 5, + 5 |dt u(x,t-

ox? " ¢ at?  c? O!'T ( R

) |

o2

(8. 247)

Problem ¢ -1 for large w. Strictly speaking, our nodel does
w

not apply. Inplies a discontinuous response function. However,
let's just plow ahead and see what we get.
Need 2nd derivative of response function:

e/0]
02 1 .
P ) = E fdw el ot

- 00

2¢?

(1i00) b o2
2C” 1w w2 |,
a’ i v
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2 ' n
:2;2[5(1;) +ilva(r) -8 ().

Plug in above. GCet

o0
02U

ox?2

? u_ 2 u- o
ax2 ~ a? v oot |
Let y(x,t) = u(x,t)eivt. Then
alv oy _ . dy
2 9x%2 0 at’

= 012 O_fdr u(x, t-1) [2;22 (8(1) - N 8§ (7)) - 8 (1)

(8. 248)

(o5}

1 ¢
+7272,
C t

QO

(8. 249)

(8. 250)

(8. 251)

So, we are essentially solving the SchrBdinger equation. The em
wave packet in this case is behaving like a nonrelativistic

particle of nass

_h
My ¢ a2y’
CGeneral sol ution:
o0
y(x, 1) = == fdk e(ike-ut) g(k),
21 - o0
wher e
o0
_ 1 Sk
g(k) = Jdx e 1KXy(x, 0).
271: - 00

Let

(8. 252)

(8. 253)

(8. 254)
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y(x,0) = —° exp (ikx - Xz). (8. 255)

Vox 25x?

where dx, k are constants. Notice, <k> =k (<---> usual QM
nmeani ng). Real part |ooks I|ike:

y (0, 0)

e_ly(0,0 2n
7k
\
7 A%
V2 8x

Plug in and conplete the squares. Result is:

u(x,t) = y(x,t)eiv
¢enve|ope

- (x-a?vkt)? o
— exp (2(6X2+iazyt))eXp(lkX-I(D(k)t)' (8. 256)

4\/%x +
Ox

phase speed =

— C

! phase

(8. 257)

' <

envel ope speed = a’v k (-

_ m)_dw(k).
Myt f
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. dw(k) : . :
The quantity ‘7ﬂ(‘1k:k is called the group velocity and is
(for materials that are weakly di spersive) the approximte
speed of energy transm ssion. This corresponds to making the
"stationary phase approximation",

akz - (] k[)t)

0,
ok

in the argunent of the exponent in (8.232).
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Pr obl ens

1. Fromthe results derived in class for the reflecti on and
transm ssion coefficients for E;, and B, find simlar

expressions for E, and B,. For exanple, show that

= , (transm ssion)

E, 2n,C0S 1
E, ~ nicos i + npcos r

E| _ npcos r - njcos i
E, ~ nicos i + npcos r

(reflection)

(Don't forget to present results for B, as well.)

2. Consider again the situation of plane waves incident on a
flat interface. This tine however, don't set w = 1. Derive the

equations satisfied by E;, and H, and show that their G een
functions are interchanged under g(z) < u(z). Use this fact to
wite down the transm ssion and reflection coefficients for E,.

(You may check against Eq.(7.39) of Jackson.)

3. Jackson, problem7.8. On the (c) part wite out the transfer
matri ces needed to descri be the | ayers:

~— \\\\\
~—_ \\\\\
~—
vacuum \\‘\\\ vacuum
ny na
s
1> 2>
\\
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4. The Geen function for the |linear DE
dz d 27 = _ez
sati sfies

d? d 2 . .
P+YdT+wO] qt,t') = §(t-t").

Causal ity requires
gt,t') =0, t <t'.
(a) Show that in general
qt',t") = g-t",-t").
(b) Show that the particular solution is (>'<“,>"<x =0at t =-x)

t+

R(t) = o [dt Gt t') E(t'),

where tt =t + e, €>0.

(c) Show explicitly that (H(t-t') is the step function.)

AL 1) gvi2t - 0) sin(Voo? - 4t -t')], o> 5

U)02- 'Y2/4
qt,t') = :
I;I(t-t ) 2 e V2t - ) g nh[mz(t-t')], wg < %
Vy/4- o

(d) Set wg = 0 and show that we recover the result

|

t
v(t) = o [t et E(t').
-
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5. Gven the tine equation for a field y(t'),

d2

d . \
(goz * Tge * oD w(t') =f(t),
and it's Green function,
d2 d , \
(gt 2z * Ygr * @At . 1) =38(t-t"),

where t',t)=F-t,-t') (tinme reversal) and Gt,t"')=0 for t<t'
(causality), show that the conplete solution (particular plus
honogeneous) for y(t) is given by (G= {t,t') everywhere; t;
Is the given initial tinme)

[ee]

ot
W) = farer) + (i) 6 - 6 TG - e e

6. Show that (conplex integration or otherw se)

® 2
fd(” 2 (Dzyz 22 — T
e (0" - ")~ + w7y

7.(a) Using the definition

w%E (%'%To ? (1- &(w))

and the K K dispersion relations, show that

0¢]

w%Zinw'w'lms(m').

(b) Likew se, show that
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N 2
[ dor[Re e(w)-1] = P+ 0.

8.(a) Assune an effective (dynamc) dielectric constant

whi ch
nodel s a conductor, given by
4ni o w)
Eeff () = &(w) +
w

wher e

vo(0)

() = :
Y - o

and where ¢(w) satisfies the usual

K. K. dispersion rel ations.
Show that €e¢(w) satisfies the nodified relations

Re geff(w) - 1 = PJd mlmgeff(szw) ,
I m gerr (o) :4’“’(0) 20 Jd (e SEffz(_O’w)z 2

(b) I'nthis situation, show that the nodified forns of the
results in 7(a) and (b) are

weff = (?;2 ®? (1- €erf(w))

= m% + 4myo(0)
and

N 2
[ 4o [Re e (0)-1] = R - 2n0(0) + (),

9. Use the constraint
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T EEY >0

o0

[dt

-
wher e E(i',t') is an arbitrary electric field to show that Im
e(w)>0 for real w>0. Assune that

E(X,0) = Jdt eiot E(X,t), e(w) = [dt eiot g(t),
P(X, ®) = (e(0)-1) E(X, 0).
47

Conmment: Note that (u=l)

... (R
J = ¢ VxM +“‘5;“i

so the above is just a statenment that the total work done by
the field on the bound charges is positive.

10. W briefly discussed the behavior of the dielectric

constant at high frequencies in netals or plasnmas where it was
gi ven approximately by (u=1)

g(w) =1 - Zs

where wp is the plasma frequency.

(a) Derive the explicit formof the response function, ), for
this ¢(w). Find the group, vg, and phase, v, velocities inplied
by this dielectric relation, and denonstrate that v, > ¢ > vy.

(b) I'n one dinension, showthat the electric field (E(i,t) -
u(x,t)) satisfies the nodified wave equati on,



8. 52

2u 1 U wh
gx2 ~ C% st2

(c) Solve this equation (called the Klein equation) for a "box"
of length "a" and boundary conditions u|x=0,a = 0. Show that the

resonant frequencies are given by

cnw
of = of +H 5 f n=1,2,3, ...

11. (Modified Jackson prob.7.28.) (a) Show that a wave
traveling in the z-direction which has a finite extent in the
transverse directions (large conpared to it's wavel ength) has
an electric field given approximtely by (real part understood)

\@
w

E()?,t) = <EO()—(;T) +I % EO()—(XT) >ei(kZ-(1)t)1

=~

where X1t = (Xx,y). Notice, the "transverse" wave has devel oped a
Z- conponent !

(b) Show that the associated magnetic field (to the sane order)
is given by

VAN
B(X kc(@sxgo(?T) +L§§ V'(ésxgo(?T))>fﬂ(kZ”M)-

Not i ce agai n, §(?,t) devel ops a snmall z-conponent. Al so notice
a dispersion relation between k and o has not been specified so

t hat the above can be used in vacuum or nonvacuum regi ons.

12. (Modi fied Jackson prob.7.29.) (a) As an extension of the
| ast problem consider circularly polarized pl ane waves where

Eo(X7) = Eo(81 * i 8y),



8. 53

hol ds exactly (Ep is a conplex constant in space). Show that all
conponents of the tine-averaged angul ar nmonentum (real part
under st ood)

_ 1

= d3x X x(ExB"),
8ncf x( ExB")

L
vani sh.

(b) Now, using the space dependent fields fromproblem 11 with

eo(X7) = Eo(X7) (81 + i 8y),

(assune Ep(X7) is an even function of x and y) show that L; and
L, still vanish, but that Lz is given by

Lg = & [d3x| Eg| 2.

1
4w
Al so show to lowest order in slowy varying Eg(X7),

1 - -
U= —— fd3x E| 2+| B| 2
Lo JOX (1E2+ Bl 2)

= U= L g3 |Egl?
47

so t hat

Li:-+

U :

g =

wher e t hroughout the upper sign is for positive helicity, the
| ower sign is for negative helicity.

(c) Explain the physics behind the result that the wave in (a)
has L3 = 0, while the (b) wave has L3 = O.

G her Probl ens

13.(a) Gven the representation ((7.115) of Jackson in cgs
units) for ¢(z) in the upper half conplex plane,
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e(2)

I
[ERN
+
)
4. =
[}
~—
e
N

show t hat

2 | - z| 2

e(z)) = T [ gy M)

(b) Using (a) or any other nethod, for
e(-2) = ¢&°(z"),
and

Ime(w)) >0, for >0

show that Im(e(z)) > 0 everywhere in the first quarter conpl ex
pl ane (this nmeans In(z), Re(z) > 0).

14. W nmay wite the causal connection between D and E,
Eq. (8.177) of the notes, as

o)

ait):ﬁﬁj)+fdrmﬂMﬂaijwy (1)
0_
where H(t) is the Heaviside step function,

w .
d\/ e—l VT

M =0 [ e (2)

(Ht) =1, ©v0; Hrt) =0, t<0; ¢ > 0) g(t) has the Fourier
transf orm
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o(v) = fz(” eio™ §w), (3)

and is a real function (t>0).
(a) Using (2) and (3) in (1), and given that D(w) = &()E(w),
show t hat one has that

. oodoo' g(w')
go)-1 =1 2 21 ® - o +ie (4)

(b) Gven that g(-t) = -g(t) (allowed from (1)), show that g(w')
is odd in o and purely inmaginary. Then, show that (4) results

in
1 ” Ime(w')
Re ¢(w)-1 =+ = P fdw' — (5)
TT _ % W -w

15. Gven (as derived for exanple in the | ast problen)

oo
I m '
Res(oo)-1:+led0)' &, (1)
T R W -m
show that the other K-K rel ati on,
Re 1
Ime(w) = Pfd & (2)

can be obtained from (1) by an appropriate contour integration.
(The K-Krelations are really the K-K relation.)

16. A one-dinensional interface has a discontinuity in
di el ectric constant as shown.
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€1 €

+X

X

I n other words,

g2, X >0,
€ =
€1, X < 0.

The origin of coordinates is taken at the interface and the
source point has x' > 0. Solve the one-di nensi onal wave
equati on,

02 g 02 Do : .
(axZ' Czatz)e(x,t;x 1) = 8(t-t1)d(x-x"),

subj ect to the usual boundary conditions for tangentia

electric field conponents. G ve an inmage source interpretation
of your results, if possible. Be sure to solve for both the x >
0 and x < O regions. (This problemis very close to the reduced
G een function problemsolved in the notes, except the final
step, which is the reconstruction of G x,t;x",t") itself. See
if you can give an i mage and new wave velocity interpretation
to g x,t;x",t") inthe regions x >0 and x < 0.)

17.(a) G ven Eq.(8.148) of the notes,
2
K> = uﬁ;(s + i4ﬂxj,
C w

wite k = a +ip and solve explicitly for o, B, (Consider g o
real and frequency i ndependent.)
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(b) A plane polarized el ectromagneti c wave of frequency o in

free space is incident normally on a flat surface with
dielectric constant ¢ permttivity u and conductivity o. Qotain
an exact expression in terns of a and g for the phase, ¢(w), of
the reflected wave relative to the incident wave. Find the high
(ol << 1) and low (o/w >> 1) frequency limts of ¢(w) in terns
of ¢ and o. Show that the phase is close to m in either the high

and low frequency limts, increasing in one case, decreasing in
the other, if ¢/u>1

(c) Find a sinple formula for the critical frequency, wc, at

whi ch this phase is nmaximzed. In addition, get an expression
for this maxi num phase, ¢mx. (I'mnot sure how realistic this

I's since we have assuned ¢ and o frequency i ndependent.)

18. Consi der a plane el ectromagneti c wave of angul ar frequency
o incident normally on a planar nonconducting nmaterial of depth

D and index of refraction, n, fromvacuum The backing materi al
is a perfect conductor. Assume the incom ng wave has the

initial forn1Re(E0é(kX*M)), where Eq is linearly polarized.

dielectric
vacuum -~
~ perfect
conduct or
—>
i ncom ng

L

Wite down the boundary conditions on the electric, magnetic
field conponents at the two interfaces. Solve for the fields
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everywhere and show that the phase, ¢, of the reflected wave

relative to the incomng is given by

2
n cot (ksD)- (ﬁ) tan(kiD)

(’p:

wn
where ki = e
19. (a) Consider a material with purely bound charge within the
di spersi on nodel considered in the notes. Using the nodel

formul a for displacenents for a harnonic electric field, show
that for a systemwith a single resonance, wp, and a danpi ng

constant, vy, one obtains

9° 9 Ame2n .
eyt e+ ep(Rt) =0,

where ny is the density of bound charges.



