Chapter 4

Cartesi an and spherical nultipol e expansions

Let's say we have:

Xk

p(x) __\\)
ff

(continuous)
The potential is given by

p(x")

x=-x"|

d(x) = [d3x’ (4.1)

Choose origin w/i charge distribution. If r=|x| is large

compared to the characteristic dimensions of the distribution, we
get

[0¢] ;l.%l 1)
e =;( b () [ (4.2)
|x-x"'|  £=0 ] |x-x" |
Notice
v = (4.3)
|x-x"| |x-x"|

so that
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Work these out:
. . 1 ' 1 Xixi ;('.;(
XI.V = = X.V'7=_ = -
= = 1 [ [ 1 [ [ X
x'V)2 = = X.x.VsVy ————— = - x.x.V; 3
( )" r 123 173 0 Vx24y24z2 123 i%3 Tt 3
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- = 1 v (3xixy - G34r?)
VY2 & =
(x'V) r E X; X, 5 .
173
Therefore
11 XXl ow K%
S . T + T3t ), s (3xixy - di5r2) +
|x-x"| 1]
Last term:
X, X, 3xix]. XiXy - r'2r?
r5: (3Xin - Iflijrz) = 5
l,j llj
_ XiXy "o v2s
lzj 5 (3xixj r'2d;y).
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(4.4)

(4.7)

(4.8)

(4.9)

(4.10)

=> (I)(;;) =fd3x'p(§'){% + 22X 2 %1 (3xi'xjj - r'245) +...},

r3 .
i73



(4.11)

¢(§)=§+?'39+;lzjgij%i+... , (4.12)
where
# conponents
1 q = fa3x'p(§') charge (scalar)

# conponents

3 5 = ja3x'§'p(§') el. dipole (vector)

_% .? ’ §=q X'
— >

5 Qi 5 = [d3x" (3Xl'xjI - Euijr'z)p(}_;') quadrupole (tensor)

Tincreases like 20 + 1

Notice ("traceless")

Y Qui = J&x'(3r'2 - 3r'Y)p(x') = 0, (4.13)

1

=> Q17 + Q22 + Q33 = 0. (4.14)

Fields: (r=0)

= &g _gar : 1
E = —V(r) = 2 (point charge ~ r2), (4.15)
o 5B 3GB)sepe

E = -V 3 ) = (point dipole ~ ﬁ? )+ (4.16)

r5



1 XXk
E;j = -Vi (5 zi Qjk ;5 )r OT
3

52( QjkX4X5X; — 212 2 Q.. X,

J k
E; = % { 7 } (point quadrupole ~ ﬁj).
(4.17)
Charge & dipole fields:
4— o —b- Vi,
=0
I )
/*\\ gj *\}
Two types of quadrupole distributions are: (rot. invariant about

z-axis)

Z V4
f;
_J {
"prolate"”, Q;;>0 "oblate", Q ;<0

Obviously, both the location and orientation of our axes (in
general) affect the moments.

The problem with the above is that the number of indices
increases with increasing !. Possible to avoid this by expanding

in spherical harmonics. Of course

1 _ r't An Y0 ATt o (0 6 .18
|§_§.| - gzm b+l 2041 tm(6,0) 2041 Fm( 0 )y (4. )
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=y _ 1 47]: ' ' 431: * ' ' —'i-'
®(x) = ; | Vzm Yin(0,0)Jd3x ¢ ’;;zm Yn(0' /0" )p(x").

(4.19)

Introduce

__ 4m * 0 >,
Pim = Jd3x'r 20l Y50, 0 )p(x'), (4.20)

= 1 V%1
= ®(x') = Y g Vzaﬂ ¥4m(0,0) Pom- (4.21)
§,m

Mul ti pol e energy expansi ons

Energy of interaction. Point charge, qi:

—_— -

- 1q X ql XX
W= q®(x) = 0+ e S ) Qi g5 ee. o (4.22)
l,j
.ql

ik
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Introduce



- (0)
=(0) _ dixX _ an _ 3XiX-‘I - Ifli-'l]’.‘2

(4.23)

(field of g; charge at origin). Then

W=aq¢-pE  + ¢ E oi5 [ 75 71, (4.24)
ij

e e ) 9. ()
6 L X
ij 1
(Notice difference in sign from book. Here, x; is a distance
from the origin to the source.) Can now imagine integrating over
many d;'s: this gives us the energy of interaction of two
arbitrary charge distributions. From this, we can read off

various types of interaction:

D pol e - dipol e:

~ ag _ =3(X°P1) (X°P2)*(P1*P2)r?
de = —pz'El = r5 (4.26)
ﬂ(;%—; in previous expression which had the
dipole at the origin)
D pol e - quadrupol e:
- = 1 2r?pixy - 5x-x-(5 -§)
WdQ = _pZ.EQ = - 5 E Ql] { =1 r7l J }. (4.27)
i,3
T (x2-x)
Same as quadrupole - dipole?
Wee = L E 0 T _1 E 0 J {3(§'5)X1’ - Pﬁrz}
“ 6 & T axg 6 & 7 ax; L ’

1 2r2pix: - 5x-x-(§-§)
Woa =5 ) Q3 U } = Wy (4.28)
7]



Difference in sign occurs because in the first case we have

L

while in the second

-—

p
i

What we find in the dipole - dipole case is:

P, p B, P,

2

repulsive attractive
5 P
b, 1
= —
P2 EE
attractive repulsive

Explains a wealth of data having to do with forces between atoms
in solids.

Above becomes more complicated for higher order
interactions. Expansion in spherical harmonics helps here also.
In the case of non-overlapping charge densities, as in



we have
p_(X)p_(X")
W= Jddxddx' . (4.29)
|x-x"|
But
1 43‘5 r<EF * ] 1
P 2 a1 rtm YR(07,0T) Yon(6,0),  (4.30)
Xx-x"' ,m >

(Above picture: r>=r' r<=r)

L
—_ r —_
=> W = ; Ja3x" d%x p<(x) Yin(0,9) igmr YE(0', 01 )p>(x ).
, M

a7
20+1
(4.31)
Define

47 L -
p(S)en = Ja¥x Vzaﬂ r(-2-1) Yem(0,0)p5(x). (4.32)

Then very simply:

*
W= ; Pin Pobn - (4.33)
,m

Can establish relationships between the different sets of
expansion coefficients. For example (see p.99 of J. for Y;i,

Yi-1,Y10 )

5 =_ﬁPx'p(§')r'[sin8'cos¢i + sinf'sing'J + cosﬂ'ﬁ], (4.34)



- 81 = 1 »
p = Q 3 Jasx'px")r' [ o [-Y11 + Y14]3
i A 1 A
+OZ [Yy +f Y1113 + = Yok ], 4.35
5 [Yn1 1-113 7, Y10 ] ( )
= _ 1 < < 2 i < < 2 <
= - + _ + + _ + k. 4.36
p 72 (=p~11 P T1-1)1 72 (P11 tP71-1)3 P10 ( )

Can also see that if g=0, 5 is independent of origin. (True for
higher moments as well as if all the lower ones vanish.)

Set up prob. 4.5(b) of Jackson by doing 4.5(a):

o) o (%)
(external)
dF (x) = dg E(0) (X), (4.37)
=> F = Jdg E(O(X) = Jd3xp(xX) E(O (k) (4.38)

Trick: introduce two independent sets of coordinates x; and

xi,neasured from the same origin. Look at each component:

BO) =E©)(0) + (x-VHEO G| +% (x-V)ZEO Gy |

(4.39)
3rd term really means:

(x°V")2 E(O)(X')|Xv=o = 2 xir x5+ EO) (%

. . x'=0
& X3 0% 5



2 EO0) (X"
= E XXy . (4.40)
1,]

9% 0% x'=0
A useful vector identity is (front of book)

-— -—

V'(a‘b) = (a-V')b + (b-V')a + ax(V'xb) + bx(V'Xa). (4.41)
Therefore

use electrostatics:

. = 4.42
V'K EO =0 (4.42)

V' (%x-EO(x')) = (x-VHEO (x'), (
= V' (X (X VHEO (X)) = (XV')(X-VHEO (Xx"). (4.43)
[In the above we have to use:

Vix [(x-VHEO(x')] = V'x[V' (x-E®O(x'))] = 0. ]

Thus
E(0)(X) = E()(0) + V' (x-EO (x| .
N % V{E [(ZVHEOE)1) |x,=0 +oeu. . (4.44)
More explicity on the last term:
E(0)(x) = E(0(0) + V' (Xx-EO@ (k")) |X-=o
+ % v E Xixjai'- E(Q) (x') |X,=0 + oee. . (4.45)

V'-E(0) = 0 for the external field in the region of interest, so

we may add

1 = - [
- = r2y'-g(0) = - 2
r2V'-E0)(x ) e ZS r :
1

6 0 6



1 aE(g)
== 7 r? i ' e (4.46)
We now find that
E(O)(x) = B(O(0) + V' (x-EO(x'))|_,_
JE ()
1 = i
BV % 28. .
eV 12 (3x;%5 - r28;5) "y grsg T oeee - (4.47)
r]
Thus, for the force, E, from (4.38):
F = Ja3x p(x) [E©(0) + V' (x-EO &) |
EVA e T
eV 2 (3x3x5 - r20;4) o |X,=O+ ... ] (4.48)

i,j

Using our defis of q, 5 and Qij, this then shows that (Q'%g now)

7 = q E(O)(o) + {%(};'E(O)(;)} |x=0

] aEiW)
+ Vg Y oo b+ e o (499
i ]
An alternate form is given by
F=qE©0) + (pV)EO &) |
1 92 E(0)
+ = Qis —— |+ ... . (4.50)
6 123 * axian x=0

Introduction of the "electric polarization" and "di spl acenent
field"

We can think of the above as applying to an atom. We want
to deal with a macroscopic description instead of dealing with

individual atoms. Let us therefore integrate over the density,

n(g), of such atoms. (g = 0 for neutral atoms)



Fpulk = Z Fi= Y (pi'V) EO| (4.51)
i=4Toms T 1
Fpaix ~ Jd3x n(x) (p(x) -V )E© (X). (4.52)
Trpossible space dependence
Let us define
- = dipole strength qt
B(x) = n(x)p(x ) [Units: volume ~ E] (4.53)

(same units as E) as the "electric polarization". Clear that P

-—
can have x dependence either from the density or some intrinsic

change in P from atom to atom. Now, integrate by parts (original

integral over entire sample):

Fruik =~ Jd3x(-V-B(x) )E()(X) + [da(P-n)E(®) (X). (4.54)
v S

"V" and "S" now refer to the idealized sample volume, surface.

(In this form the surface, S, is not in the volume, V.) Compare

with Jd3x pers(X)E(9) (X) to identify

d — — —

X) = =V-P,

Peff (X) A (4.55)
P-

0'e(fif(x) -
[Can also show (prob.)

- a di5 (X)
pefe(x) = ¢ E axljaxj (4.56)

where qﬁ(g) =1ﬁ§)QU(§), which can also be written as a

contribution to P. ]
What is the meaning of pess?

density contributed by all charges bound in the atoms.

It is the effective charge

Effectively, for bulk material



V*E = 47 [Pfree * Pbound]- (4.57)

If we identify

Pbound = pecflf = -V-p, (4.58)
then
%'E = 47 [Pfree - %uf]- (4.59)

Define ("displacement field")

D=E + 4n D, (4.60)
=> %-B = 47 Pfree- (4.61)

Will usually asume ("linear & isotropic")

P = %(x) E, (4.62)

=> D = e(x) E, e(x) = 1 + 41 %(X)- (4.63)

1Tdie1ectric constant

If ¢ = constant in the material, then

[ 47
Vg = —WPfree (4.64)
€

One expects that electric fields are reduced so that € > 1. This

is understandable in that dipoles shield charge.

Mechanism 1

more C)

moves in

than C)

goes
out.

before



Mechanism 2 (W= - p*Eext)

before after

This mechanism is temperature dependent (see section 4.6).

Mechanism 1: induced polarization
Mechanism 2: orientation polarization ("polar" substances)

Geen functions in the presence of |inear dielectrics

Go back to how we derived Green functions. Now have that

Vele(X)VO(X) ] = -4m p(X). (4.65)
(p understood to be free charge.) Now let us assume the Green
function solves
Vele(X)V G(X',X) ] = -4n d(X-x"). (4.66)

Still represents the electric field of a + unit charge. Go

through old song and dance:

-— —

Jadx' {G(x,x")V'- [e(X")V'&(x')]-D(X")V' - [e(x")V'G(X,x')]1}
= —an Ja3x' {G(X,x")p(x') - O(x')d(x-x")}. (4.67)
RHS = 47 ®(X) - 4n Jd3x'G(X,%X')p(X'). (4.68)

LHS = Ja3x'V'-[G(X,x")e(Xx")V'®d(x') - V'G(X,x " )e(x")D(x") ]



' _'l.' -— _'l.I a@ _'l.' _'l.I -— _'l.'
= fda’' [e(x")G(x,x") —— - e(x")P(x") . (x,x')]. (4.69)
on on

Choice of BC on G(Q,Q') now. Choose
Gp(x,x") |x'ons =0,

3 d(x) = [ ax'c (X,2)p(R)- + § da'e(§')®(§')% (4.70)

P 4m on' )

Can show that

GD(XIX') = GD (X',X), (4'71)

as before.

G een function for the dielectric slab

Now apply our knowlege to:

Yo%
7/
7
z=0 —® + z

Get Gp(x,x') for z' >0. Must solve

(vacuum)

z > 0: V2G(X,x') = 4w d(X-X'), (4.72)



z < 0: V2G(X,x') = 0.

As usual, use

- - d2k i - = - -
4w §(x - x') = 4x J- Tke(x=x') §(z - 2"),
(2m)2
o o d2k =
1 = 1k (xX=-x") 1
G(x,x") Sy g(z,2'),
V2aG % %! 4 fdzk ik (;—;')[kz 92 ] ( v)
- X, X = 4n e " - z,z2').
(x,%") (22 2 19tz
So we get (z' > 0)
02 ' '
z>0: [-——+Kk]g(z,z2) =d8(z-2z ),
0z2
02 '
z < 0: [- — + kx2]g(z,z") = 0.
0z2
Our B.C.'s are
glgt =0, (® is continuous 9-EH is cont.)
d d .
€ g|0_ = — g|o+ - (D, 1s cont.)
0z 0z

The solutions in the various regions are:
z < 0: g = Aekz, (finite as z # — )

0<z<z: g=Bekz+ Ceks,

z' < z: g = De-kz, (finite as z # + x)

The above BC's now require that

(4.79) => A = B+C,

(4.73)

(4.74)

(4.75)

(4.76)

(4.77)

(4.78)

(4.79)

(4.80)

(4.81)

(4.82)

(4.83)

(4.84)



(4.80) => ¢k A = k(B-C), (4.85)

from which we find

_ el _ 1=
B= , A C= . A. (4.86)
As z approaches z', we have
=T o=, (4.87)
J z'+
- Py g . = 1, (4.88)
which imply
De-kz' = Bekz' + Cce-kz', (4.89)
kDe-kz' + k(Bekz' - Ce-kz') = 1. (4.90)

Just give the solution. (Can check it for yourselves):

A - 3 + 1 ﬁ e—kz ’ (4.91)
B=21*ke'kz', (4.92)
g - 1 ]
C=- zlfke-kz , (4.93)
D = e - 1 1k + 1 e 4.94
=- ., x° e € (4.94)

Putting these back, we find that

2 1 ! 2 1 '
< 0: = — e-k(z - 2) = — @ -klz'-zl 4.95
i I T 41 2 (= e+ 12 )t )
[] € - 1 1
0<z<z': g-= 217k [e—k(z -z) _ 1 e-k(z+ z )], (4.96)
l 1 € - 1 1
z' <z: g = ok [e—k(z—z ) _ e-k(z+ z )]. (4.97)

e + 1



Notice the last two combine as

1 e -1
z > 0: = = [eklz-z'| —
g 2k e + 1

ek(z+tz')]. (4.98)

0ld result:

2 - = A
4n'J:£ijif elk-(x-x")1 1 eklz-z'| = 1 (4.99)
(23-5)2 2k |}—‘<=_}—‘<='|
Therefore (z'> 0)
- = 1 2¢ 1
z < 0: G(x,x') =~ (4.100)
e e+ 1 |§ _ §'|
< o 1 e -1 1
z>0: G(x,x") = N - N N . (4.101)
[x - x| T k- x|
where x'' = (x',vy',-2"). Also gives z'<0, z>0 solution from

-—

symmetry of G: G(§,§')=G(§',x'). Interpretation: (z < 0)




o
7|
1) 4 Jj\

Put them both together for final solution.

Charge on the interface?

-V*P = 0 bounds (4.102)
=> - (P, - P1)*Ny1 = Obound- (4.103)
= =1 = -
P, = — E;, Py = 0, (4.104)
am

-1 e-1 z'
2n e+l (p2+z'2)3/2

=> Opound = . (4.47 of J. with g=1, &;=1)

(4.105)

(p2=x2+y2, as measured from 7

.) For what it's worth,
there is a surface delta function here, as we have seen before

for a conductor (see p.54).

lim —ZZI = - ,
z'+07" [p2 + 2'2]3/2 —4md (x,-x, "), (4.106)
5 e-1 = =,
=> Opoung ¥ - . O(x, - x]). (4.107)

e+l

Look at special cases: ¢*o (perfect conductor)



z < 0: G(x,x') =0. (no E field in conductor) (4.108)

z>0: G(X,x') = 1 - L (4.109)

= _.lll = "
|x - x'| |x - x"|

Neumann B.C. given (for one side) as €*0.

Trivial case, &* 1:

all z: G(x,%') = - .

-—

X - x|

(Can do all this also by method of images, as in the book.)

Geen function for the dielectric sphere

Next problem: (dielectric sphere)

o +1
Need to solve:
r>a: - V2G(X,x') = 4nd(X - X'), (4.110)
r<a: -V [¢Vax,x)] =o. (4.111)
Assume
G(X,x') = 4Ty Yin(0',0')Yen(6,9) gu(r,r'). (4.112)

L,m

As usual, get



(4.113)

d dgi
- — (rz2—) + & + 1)gp =8(r - ') , r > a
Jr Jr
d dge
el - ar (rZgy tEE+ yge] =0, r <a. (4.114)
BC are
gg|2t = 0. (®is cont. => E ¥ cont.) (4.115)
dgy. Lef) _ _
€ |a_ = | a+ (D, 1s continuous) (4.116)
Jor 0
The solutions are
r<a: g = A r!, (4.117)
a<r <r't g =B r*+t¢g rt1, (4.118)
r' <r: gy =Dy rt-i, (4.119)
The above BC requires
(4.115) => BAja =By a * Cga-t-1, (4.120)
(4.116) => eAy Lal-1 = By al-1 - (d+1)cpa-t-2. (4.121)

from which we find (leave it to you again)

L(1+e)+1
By = — . ,
L Jir1 Ay (4.122)
L(1-g)+1 o
Ch = — + . 4.123
) 2041 a Ay ( )
Other conditions at r = r' are:
=0, (4.124)

=T



r'?2 — q = 1. (4.125)

which give
Bpr't + ¢ r'-4-1 = p r'-t-1, (4.126)

—r'?[-(+1)Dy r't-2 - (EBprii-l - @+1) qr't2) | = 1. (4.127)

Again, I'll just give the solution:

1 1
e = D(1+e)+1 r'bH1’ (4-128)
1 1
BE, = 2E+1 r'E'+1, (4.129)
-(e=1)L 1 a2b+1
Cp = 4.130
YT ob(1bey+1 2041 B (4-130)
r't
Dy = Cp + R (4.131)
The Green function is now given by: (r' > a)
< = _\.I — * ev [ e 475 rE’
r<ar G(x,x') = ¥ Yin(0',0") Yn(0,0) o pa
L,m
(4.132)
> _\.I * 1 [ 47[ r<£L
r>a: G(x,x') = ¥ Yin(0',0") Yan(8,9) Sy 1 im
L,m
4 L(e-1) a2t+l

—E Yfm(e',(l)') Yin(0,9)

e 2041 L(1+e)+1 (rr')HtT

(4.133)

Yikm(e' 7O ) Yin(0,0) )

4
Can write as (Pg = 25 i+1

- o & 20+1 rt
r <a: G(x,x') = ;S i+1 PL(cosy), (also gives r'<a,
~ L(l+e)+1 '

r>a form)



(4.134)

L. 1 ® (e-1)L a2l+
r > a: G(x,x') = ]:—:—T—_ b(1+e)+1 (rr')bH Py (cosy). (4.135)
x-x' =1

No more image charge interpretation (that I know of) except when

gr0,
Look at r>a solution when r'>> a. We have

= _1... 1 8—1 a3
G(x,x") = " etz rzr.2cosy, (4.136)
|x-x"|
(cosy = ")
' 1 _1..'_1.. . 8_1 }_\.{'
= G(x,xX )=|""||+?’E’ p=$a3 (—r.3). (4.137)
X-X
T
E'(0)

5 is the induced dipole moment of the sphere due to the positive
charge. Says that the dipole moment induced in a sphere of
radius a by a uniform electric field is

e-1 -

p = ;;5'a3 Econst - (4.138)
Other case (r < a):
G(X,x') ~ ;. + sz rfz cosy, (4.139)
G(X,x') = ;1 + ;f; %;%', (4.140)
G(X,x') = ;. _aiZ X-E'(0). (4.141)

'Trpoint charge's electric
field at origin



Says, for the positive charge very far away, the electric field
in the sphere is approximately
= o o 3

E = - VG(X,X' = E'(0), 4.142
( ) e (0) ( )

which is less than E'(O) (e > 1).

Field energy and dielectrics

In the absence of any constitutive relation between D and E,

all we know for a given material is

D = 4nmp, (4.143)

]

x E = 0. (4.144)

<k

The second eq? implies we may still take
E = - VO. (4.145)

We continue to require F = qE so that ® as usual has the meaning

of potential energy. Energy to move an infinitismal charge:

B B

Wy = [ (-Fp)+dl = -8q; [E-di, (4.146)
A A

Trwork on the charge
=>6W1 = 6q1(<I)B - ®yp). (4.147)

Take A to be our reference point (can be at ® or any other point)
Dr = 0, Bp+ @ (X1). (4.148)
Move another charge from A to B':
6W2 = 6q2(I)(x2) + @(6q1 6q2). (4.149)

Add them up:



ow="S ow; =Y dq; ®(Xi), (4.150)
2= 2
d0g; + d3x 6p(§), (4.151)
ow = [d3x 6p(§)d)(§) always true. (4.152)
(W = %’fd3xFK§)q)(§) is not, however, necessarily implied by
this.) Now since
1 = A
p= VD, (4.153)
4w
1 - -
=>9dp =~ V-0D, (4.154)
4w
1 - - -
=> OW = :fd3x V-8D @ (x), (4.155)
T
—> oW = 41fd3x[%-(65c1>) - 8D-VO], (4.156)
T
1 - - 1 - A
=> 0W = — Jd3x E-8D + — [(PdD)-nda. (4.157)
4w 4wt s
Surface term vanishes for localized charge distribution:
L [(oD-h)dda =2, Y [ 8D-nda = Vdq (4.158)
4t s R 2% 4 s !
. Qtot
But at large distances V -~ R +# 0 as R » o,
> W = 1+ [d3x B-oD. (4.159)
4w
As far as we can go unless we can write this as a perfect
differential. Assuming relations of the form
(4.160)

Dy = 2 €op Eps
p



we have (g, are assumed independent of variations in the charge

density)
8D, = E eap OEp, (4.161)
B
= E E,0D, = E €ap OEREq - (4.162)
o .y
Also
E DoOEq = E eap EpOEq, (4.163)
o} a,B
=> D+OE = BE-0D if eop = pas (4.164)
= = 1 & o
=> E-OD = , d(E-D). (4.165)

[ The above certainly includes the case where D = ¢E, & = g(x).

It excludes, however, for example, a situation where
D = &(E?)E
for then
E-8D = D-OE + ¢(E2)E2. ]

So, for a certain class of constitutive relations, we get

W= b [@Bx BED = - [d¥x e(X)E2(X). (4.166)
8m 8n

T

isotropic

Other expressions for W can be developed. In particular since we
know all static properties are in G(x,x'), should be able to
relate it to W. Since E = -V ®, above says of course

(localized dist. again)



W=%fd3x 0(X)D(X). (4.167)

1 tip off that self-energies included

Now remember (Dirichlet)
O(x) = Jd3x'p(x')Cp(x,x') - ;L'?da'¢(x')£(x') —=2, (4.168)
4w s on'

The surface, S, being referred to in (4.168) are surfaces of the

entire volume where fields are defined, not the surfaces of
dilectircs. Let's say that d)ls = 0 (Certainly true for free

space). Then another expression for the energy is
1 - - ]_ , - - _1..' _1..'
W= 5 Jddxp(x)®(x) = 5 JaPx dx'p(X)Gp(X,X")p(x'). (4.169)

This is just a generalization of: (Ch.1l)

p(X)p(X')

W = %fd3xd3x' (4.170)

|x-% " |

Now instead of introducing charge, think of introducing a

dielectric. Amount of energy to do this?
AW = W-W,, (4.171)
1 , = = _1..' 0 = _1..' _1..'
= AW = Efd3xd3x p(x) [Gp(x,x') - Gp(x,x')1p(x'), (4.172)

AW

1 - - -
5 J&3xp(x) [P(x) - Do(x)]

1 I = -y
= _ Qﬁﬁx D-V[®P(x) - Py(x)]

= L [ax B (B-E,). (4.173)
8w

Now consider

fd3x E'B =fd3X EBO +fd3X E(S—Bo) (by parts). (4.174)



\\//

Jd3x @ V- (D-Dy)=0

Therefore
AW = - Ja3x [E-Dy-D-Eq]. (4.175)
If
some dielectrics already
.l present
D = e¢(xX)E, Dg = gp Ep (4.176)
(integration effectively
| over volume of dielectric)
1 =
=> AW = - gfd3x (¢g-¢) E-Eg, (4.177)
or if g =1
(4.178)

AW = [d3x (- % D-Ey).

Tnot a perma. dipole

Bul k forces on dielectrics: theory

By using (4.178) or other means of finding an appropriate

energy expression, we may find the total force from

F-0X = —oW, (4.179)
T £ixed charges
. oW
9% g (4.180)

consider the movement of a dielectric in

On the other hand,
(Assume all

the presence of conductors kept at fixed voltage.
Now we expect

free charges are on surface of conductors.)



)
Fy = - 7__‘ (W‘I‘Wb)v. (4.181)
ox

T 1 battery energy
field energy

But
W = % 2 Jdao; (%)V; (4.182)
=;2 0:Vsi, (4.183)
=> §W = % 2 80;V; . (4.184)

1

On the other hand, the battery's change in energy is

OoyWp, = 2 0Q;V;. (4.185)
But
0Q; = -00Qi, (4.186)
=> §yWp, =-28\W, (4.187)
= Fy = + a—"j . (4.188)
0x |V

It is important to realize that in a given static situation that

we must have ﬁv = FQ in spite of the minus sign differences in
(4.180) and (4.188).

Energy methods as discussed above are helpful, but they give
you no idea of where the forces originate (although they are

usually simpler). Go back to our ﬁmuk (from (4.54):

Foulk = é@a(ﬁ'ﬁ)ﬁ(m(§). (4.189)

Consider a small surface element da:



[interface

e>1 da

/ s =g
// E E (vacuum)

>

E° + E°, (4.190)

where E° is the self-field (Es = i'Zrcoﬁ), E* is from the rest of

=(0)

the surface and E is external. Therefore the average field at

the interface is

=80+ ET. (4.191)

From (4.189) and (4.191)

= N E +E2 = -
Fpax = [da(P-n)I ot - EX(X)]. (4.192)

Let's consider:




Newton's third law tells us that dﬁlz = - d§21. This implies that
the second term in (4.210) is zero when the integration is over

. . =(0) E,+E,
the entire surface. This means we can always use E or T,

such expressions. However, this is not to say that there are not

in

self-forces or stresses w/i a given material; one only has to
recall the outward pressure on the surfaces of a conductor, 2mo?,

we found in Chs.1l,2. to realize this.

Nonl i near dielectric exanple: a phenonenol ogi cal quark
confi nenent nodel

Before I go on, I want to develop one model where there is

- =y
a nonlinear relation between E and D. General expression:

oW = L fadx B-oD. (4.193)
47
Model:
E = -Vo, (4.194)
D = ¢&, (4.195)
E2 =& 4
but £ = 20 En(ﬁ) (E2 = E*E,o > 0). (4.196)

Extremely nonlinear. Picture:

€ (E?)
unphysi cal

\ 2’5 ’

Fix this up by saying that D=0 (or ¢=0) outside the region where

E2 > K2. Our only hope for getting an expression for W is if we
can write the above W as a perfect differential. Consider



S[LED + af?] = L B0k + L Eob + 2aF-0B. (4.197)

Now
= = E2 = 40. = & oA
D = d(¢E) = (20 in @)6E + g2 (E-OE)E, (4.198)
-y -y E2 -y -y -y -y
=> E-3D = (2a &n L, E) -3E+40.E-OE, (4.199)
= D-OFE + 40 E-OE, (4.200)
=> 8[; E*D + aE2]= ; E-3D - 20E-dE + 20E-OE + ; E-0D, (4.201)
5[L E-D + aB2] = E-oD ! (4.202)
5 I .
Therefore
W= b f#x[LE-D + aB2]. (4.203)
47 2
If we write
E = |E| = RKE(D), (4.204)
then from the above we have that
£(D) = 1 (4.205)

whenever E2 =K2. This can be used to give a lower bound on the

energy of certain charge configurations. Given

R

then

W> 1+ [a3x B-D = = [d3x£(D)D, (4.206)
8m 8m



~——

ED
= w> K [33
8 fd x D. (a pos. def. number) . (4.207)
T
Choose
d3x = dida. (4.208)
Picture:

(4.209)

(Lpin = R-2r)

= W > % K(R-2r)|Q

. (only for R>>r) (4.210)
=> Potential grows at least linearly at large R. By computer

simulation, can show that it in fact saturates the lower limit

for large R. What does this describe?

-Q { ¢ ) 0 small separation

-0 0 large separation



System becomes string-like and confined. This is a

phenomenological quark model for mesons due to S.L. Adler.

Bul k forces on dielectrics: exanples

Finish this up with two problems as examples of forces on

dielectrics. First problem (similar to one assigned):

€ >1

Get the force between the dielectric and the positive unit

charge. Do it 3 ways. (I must be mad.) First way (easiest):
1 = & oA 0 =« = =
W= Efd3xd3x'p(x) [Go(x,x") - G (x,x") ]p(x"). (4.211)
Use
p(X) = 8(X-Tg).- (4.212)

Then (use r>a form of GD(§,§'))

W = % [Gp(X,x') - Go(X,x") ] |; (4.213)

- -
X'=r
’ 0

\\,_/

be careful!

Y 0 = =
(must be done as a limit since Gp(x,Xx), G (x,x)=®.) This gives



0 (e-1)L g2t+1

1
W=-7 Pp(1 4.214
2 ;1 B(e+1)+1 ro2t+2 (1) ( )
\\,_/
=1
e-1 L a\24+1
= W=- ;S P— C‘) . (4.215)
2ro = L(l+e)+1 \Xo
At large rj:
e-1\ a3 e-1\ 2a3
W= - |—C = F, = - || ~ 5. 4.216
(e+2) 2ro* : (£+2) re ( )

T force on charge (take origin

on sphere)

Always pulled toward charge. Force is different from conducting
sphere which is inverse cube at large ry. Same problem using

explicit force expression: (hardest way)

= A (Ey,+E
F, = Jda (P-n) (%) (4.217)
n
@
(P1*0) =~ (Ezr|a - Eir|a), (4.218)
1 3 r 5 re 1
~ = = 20—
Gi=~ v + gte T'2 cosO + 3476 '3 5 (3cos 0-1), (4.219)
—— N
P Py
(taking z-axis along r' o= ;0)
1 1 (e-1) a3
~ — = 20_ _ _a
Gy ~ v + iz cosb + 3 5 (3cos?0-1) gre T2r'Z cosb



2(8—1) a5 1
- = 20— . 4.220
342¢ T3C'3 5(3cos20-1) + ... ( )
a a
E1r=‘£ Gy o E2r=-£ Gy, (4.221)
=> Eip|a ~ - 21, ﬁ se-gjm3 55 (3c0s20-1), (4.222)
3¢ 1 5¢ a .
E2r|az - ?l-eﬁcose_3+2£ '3 (3cos?0-1), (4.223)
= A 3(1-¢ 5(1-¢
=>P-n| = 41 [ (2+ ) ﬁ cosf + Z(’>+2) r'3 (3c0526—l)].(4.224)
T € €
Likewise
)
Eiz gz G1r (4.225)
9 3 z 56 1 1
= - > = 2 _ g2
Eiz oz (2+8 r'2 349¢ I3 2(3z r’) + ....).
(4.226)
9 (/N _ 'z Oor _z
az<r>__r3 9z r
3 1 10 a
Eiz|la= - gte T'2 7 349 £'3 cos0, (4.227)
3 1 3(e-1) 1 2a
Ez|a = - gte T'2 " gpe L2 cos?0 - 3 cosb
(8—1) a 3
+73_|_28 '3 [-15 cos30 + 9cos0].(4.228)
_ Ezz+Ei, _ 3 1 ; (8_1) 1 29
8+2¢  a (e-1) a 15 9
- < _ == 3 Z
(34_2 r'3 cosb + 342¢ '3 [ 5 cos30 + 2cos@] . (4.229)



. 1 . ! cos0
Notice that vy terms go like J dcosb (c ) = 0. Lowest order

1 os36
terms:
2ma3 1 3(1-g) (e-1 3(1l-g) /8+2¢
F, = [ dx {( { ) ) [—£x4+2x2] - ( ) x2
4mr's 1) 2+e  3+2¢ 2 2 2+e  (3+2¢

5(1-¢) 33 (e-1)
=7 “1)[- > - > 21}, 4.2
* 3+2¢ (3x*-1)1 24¢ 2 24g 1} ( 30)

o
o (much algebra)
o

2a3 (e-1
F, = r's (2+8). (4.231)

Can also calculate the force explicitly using the external

field:
F, = Jda(P-n) EO . (4.232)
Trexternal field
o <1 _ 1 N o
0=, = = ; s Pr(cosh), (4.233)
\/r2+r'2 - 2rr'cosH =0
1 r r2 1
Do =~ v + iz cosB + 3 5 (3cos?O-1) + --- v (4.234)
0 Jd 1 a
=>E |a = - 5; Dyl = - £'2 " 2 '3 cosf. (4.235)
. . . E2z + Elz
(Compare with complicated expression for > above)
1 1 6(1l-¢) 5(1-¢)
F, = 2ma2 ,_ _, X 1-_ X2 - " (3x2 -1 .
z am 5 { 2 + ¢ 3 + 2¢ ( )}



(4.236)

2a3 € -1
r'> 2 4+ ¢

(4.237)

Another problem: 4.13 of Jackson

(battery)

dielectric
fluid

AN ///////

What's going on: (cross section of cylindrical tank)

" >—- |—

+ | — . I~ _\\‘ /+

+ _ _ +

+ | = . - - +
i fluid + + fluid
increased , |_ 4| _ i +
charge ?+ - +|- N +
on plate I :—’—I: _++ I

e
e

Note: The electric
fields

inside & outside fluid
are approx. Ehe same

Av=-SPE- @)
a

polarization
of fluid

Top view:



Use an energy method-easier. Inside or outside the fluid:

Tinward if v>0

= A VAz
47 Qplates = f D°n da => AQpiates = M (e-1),
_ 2m VAz
" in b/a X
battery supplies energy*”-
2myAzV?
AWbattery = yA Qbattery = - VA Qplates = - —,
In b/a

Add up energies:
AWtot = Awgravity 4+ Awfield 4 Awbattery = 0,

AWIravity = pg(Az ) zn(bz_az ),

Awfield = % VA Qplates’ (= - % Awbattery)
A zV?2
= (0 = Az)?2 m(b%-a%2) - —~———,
pg(Az)= m( ) en b/a

(b2-a2)pgAzln(b/a)
=>X»-- V2 .

(Many other ways of solving this.)

(4

(4

(4

(4

(4

(4

(4

(4

(4

.238)

.239)

.240)

.241)

.242)

.243)

.244)

.245)

.246)



Pr obl ens

1. Theorem: It is always possible to find an origin such that
the dipole moments, 5, vanish for a charge distribution whose

total charge, g, is nonvanishing.
Either prove this theorem or give a counter example.

2. A charge distribution has multipole moments ¢, 5, Qi with
respect to one set of coordinate axes, and moments q',p' and

Qijwith respect to another set whose origin is located at the
point ﬁ = (X,Y,Z) relative to the first. Determine explicitly
the connections between the monopole, dipole and quadrupole

moments in the two coordinate frames.

3. The center of a cubical volume with sides L is centered at
the coordinate origin and is aligned with the x,y,z axes.
Within the volume is a charge density p(x,y,z) = Kx, where K is
a constant.

(a) Calculate the monopole, dipole and all the quadrupole
moments of this charge distribution.

(b) What is the leading form of the electric field far away

from the cube?

4.(a) Show that an alternate form for the force we found in
(4.49) of the script is

P =g B00) + () BOG . EOG))

— . X _— . e o o
E (0) + (p*¥) ) 1o T 6 lzj Qi3 Ixi0x5 | x=0

(b) Use the third term on the right above to argue that

atoms with a nonzero quadrupole moment density, qij(§) = n(§)

Qﬁ(§), contribute a bulk effective charge density,



2 -—
= 1 07q;4(x)
Q = = R Al
Pese(X) = .
€ 6 2 aXian
5. For a cylindrically symmetric quadupole (Q;; = Q) = —%Q33,

all other Qij;'s = 0) in an external potential, ®(§), show that

the energy of interaction between the field and the quadrupole

is

PR

1 ¢
W=7 Q33 92"

and the resulting force on the gquadupole is

6. Show that the normal force per unit area, 37~ﬁ, (ﬁ directed
outward from the dielectric) on an arbitrary dielectric surface
is given by

A 2 2
Fen = (E2n = Ein),

1
8w

— —
where E,,, E;, are surface normal components of E, and E;.

NG

"2" side
e>1

"1" side



7.(a) Show that in the volume of a linear, isotropic material
with dielectric constant &, the free charge and bound charge

densities are related by

l-¢
Pbound = (8) Pfree-

(b) Show that (a) implies that the total bound surface charge

for arbitrary geometry is given as
e-1
fda Opbound = (E) Ofreer
where Qfree is the total free charge in the volume.

8. A point free charge, g, is located directly at the plane

interface of two infinte dielectric slabs, as shown. The
dielectric constant on the left is €&;, on the right, e5.

1 A X P

Starting from first principles, find the E and D fields

everywhere.

9. From the Green function solution in the notes for a positive

unit charge in the presence of a spherical dielectric,



radius=a

ex1l Z

generate the potential, both inside and outside, for a

spherical dielectric placed in an initially uniform electric
field

10. Write down the Green function for a dielectric sphere when
r'< a (The unit charge is inside the sphere. Part of the

solution can be gotten directly by using the symmetry GD(§',§)
= GD(§,§') and the solution r'> a given in the notes.) In the

limit r >> a, identify an effective dipole moment of the system

and evaluate the total polarization charge on the surface.

11. An infinitely long cylinder of dielectric material is
placed in an initially uniform electric field of magnitude E

pointing in the +y direction as shown.



radius

Il
Q

Show that the potentials inside and outside the cylinder are
given by

2E

0 .
®in = -~ 7 psin ¢,
. e-1 .
Doyt = - Eg psin ¢ + Eg az p sin ¢ .
e+l

12. Calculate the force on the half-infinite dielectric plane,

/
/
e /
e - +1
/ +z
/
/
/
/7
z=0

due to the presence of the unit charge at z'>0. Do it:

(a) By evaluating the force between the unit charge and the
image charge.

(b) By using an energy method explained in class:



AW = %fd3xd3x'p(§)[GD(§,§')—Gg(§r§')]p(;;')-

(c) By explicitly evaluating the force on the induced surface
charge density. (Be careful which electric field you use, as

there is a discontinuity in E at z=0.)

13. A piece of linear dielectric material is brought slowly
into a region where an initial electric field, EO(Q), has

already been established. The change in energy of the system is

W - Wo = - % [d3x B (%) -Eo(X) ,
\%
where §(§) is the polarization vector and the integration is
only over the volume, V, of the introduced dielectric. Using
the energy expression above and the Green's function for this
situation, find the force between a dielectric sphere of radius
"a" and a charge, Q, located a distance, d, from the center of
the sphere when d >> R. [This is worked out three other ways in

Ch.4!]

14. Finish the integration and algebra leading from (4.239) of
the script to (4.240).

15. There is a cubic hole of vacuum within a piece of material

which has a uniform electric polarization, P = Pjz:



+2

S

4

origin

s 4 4

s 4 D

d o4 4 A
¥

(a) Taking the origin of coordinates at the center of the cubic
hole, show that the electric field at the origin can be

expressed as

= x'da’
E(0) = ZPO.%f" r's
op

14

where the integration is over the "top" of the cube.
(b) Using symmetry and the concept of solid angle, argue that

this expression reduces to

= 47t A

E(0) = 5 Poz.

16. Find the approximate force (attraction, repulsion?) between
a dielectric rod of length L and radius a (L>>a) and a positive
unit point charge located a distance r>>L,a from the rod. The

point charge is located perpendicular to the rod's axis, on the

rod's midpoint plane:



+1

e=1

‘4——-ﬁ—>‘
=

[Hint: The point charge's E field at the rod's position will be
approximately uniform. ]
17.(a) Given a material with a space dependent polarization, 5,

show that the potential at an arbitrary point is given by

- V'B(X')

®(x) = [ ds’ - [ d3x’

|x-x" |

[Note: The volume V' is considered not to include the surface,
S'.]

(b) Apply part (a) to a spherical bubble of vacuum with radius

"a" enclosed in a semi-infinite dielectric slab.

# 1

R

A 4
@radius "a"

A

A

A

P = Pok
Assume the slab has a uniform polarization, P = Pgz, outside

the sphere. Show that the electric field everywhere inside the

sphere is given by

47 ~
- Ppz.

B



18.(a) Two parallel conducting plates of a capacitor of length
L and width W are separated by a distance D. The region between

the plates is filled to a distance x with a dielectric material
with constant €. If the plates are maintained at a constant

potential V by connection to a battery, calculate the force, Fy,

on the dielectric block. Neglect edge effects. Is the block
pulled in or pushed out of the capacitor?

[ 5497
-
i/ -
17,1 T
?
/
7l
D

(b) The dielectric block has been withdrawn and a fixed charge
+ Q has been placed on the plates. The magnitude of this charge

v  4mQ

is given by D= 1w S° that the potential in (a) is established

when the dielectric block is not yet inserted. The block is
reinserted a distance x so that it partially fills the space
between the plates. Again neglecting edge effects, calculate
the force, Fy4, on the block.

(c) Now imagine that the inserted dielectric material is wafer-
thin (D<<W). Can you provide an approximate solution for this

case as well?



