10.1

Chapter 10

Finite displacements and rotations

Need transformation connecting fixed and moving (body)

noninertial frames. Picture:

3|
3
r
i:1
2
: A
1,2,3 system
is in the act of
rotating.
2|
1!
Going to let the 1,2,3, We are going to consider
system “evolve” an = an infinitesimal
relation
infinitesimal amount in of the r axes, but
time, dt finite displacements, R

(1,1"), (2,2"), (3,3’) axes coincide in direction at some
instant of time, t. Clearly, the reason for this is to
describe, for example, motions relative to the Earth, which
is noninertial. This is all done for convenience, not any
real physics reason. In fact, strictly speaking, this

chapter has zero physics content! This does not mean,
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however, that these considerations are not useful or

convenient.

There are two types of transformations that will be
involved:

1. Displacement: ¥ = r¥'—R. (see above figure)

2. Rotation: (a “generic” passive rotation)

r, = };}ﬁj%.

]

T
passive
Picture: (specialized to rotation about 3,3’)
2!
2
1
0
ll
3,3

Put them together. Step 1: displacement. At the end of step
1:

3"

2"
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Now wish to rotate. Rotate the ¥ axes:

3"
2
3
< A rotation
about an
arbitrary axis
2II
1"
1
r,= > hyn". (10.1)
But r"j: r'j——RJ , SO
r, = Y A (5 - Ry). (10.2)
3
Represents:
3[
r 3
2
f.l
R 1
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In matrix notation, this is

r = Mr'-R). (10.3)

It’'s inverse is

r'-R =X'r = Nr. (10.4)

We really need only the relationships between r and t

for an infinitesimal rotation. What is A for such a

situation? Remember

Zkij Ay = 8 (10.5)
Assume
Ay =8, + 0. (10.6)
T

change in A necessary
to represent an infinitesimal

passive rotation

Substitute above:

3 (sij + axij)(sik +38,) = 8, . (10.7)
0 order: Z Sij?)ik =9, . v

ijrik

1%* order: Y (8,;8h, + S, 8,) =0,

1
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= 0L, + Ohy = 0.

or O\, = -d\A,,, antisymmetric (10.8)

Also implies there are only 3 independent elements:

0 (1) (2)
b, = [H1) 0 (3) (1) ,(2),(3) arbitrary elements
—2) «3) 0

Instantaneous relations for velocity, acceleration

Now go back to Ch.l. Representation of an

infinitesimal active rotation on a vector:

o0

or 8r, = ) €,080,r,. (10.9)
Jik



10.6

Now, any active rotation is given by a passive rotation in

the opposite direction. Start:

Passive, 0O

(Aij)

Active, O:

A'
4
0,
j,
/,,
4
T
Passive, -0: have the same
(%; = kL) components
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This gives us two ways of specifying the effects of an

active rotation:

Way 1: or, = Elgﬁk6%1k- (active rotation)
j,k
Way 2: or, = Elkij% - r,, (passive inverse rotation)
3
(final) (initial)
or dr, = ) 8N, r. (10.10)
3

Must be the same:

Z €;5x00; 1,

jlk

2 67\"I:|‘_k rk
k

= O\,

D 5965

j

(10.11)

i

or = O\, = 2 €15 00.
3

Notice, as expected, O0A,, is antisymmetric in k,i.

Our relationship between the primed and unprimed
coordinates are again,

r., — R, :27&.r.. (10.12)

1] 3]
J

Consider an infinitesimal change on both sides:
dr, — OR, =28xfijrj+z7€ij8rj. (10.13)
J J

O @
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Why 2 terms on right side? (:) arises from the rotation of

the noninertial axes while C) is due to the independent

motion of the particle relative to the ¥ axes. Found

earlier,

T
SN,
Of course also
T
A
so
dr, — 3R, = Y £,,80,r; +y (8, + dA%;) dr; .
X3 j
Thus
dr, — 8R, =
K3
Divide by 0t (§9 = 99):
ot dt
dr, dRr, dr
= = +
dt dt dt
But
de
®, = k

ij

+ oA

ijr

T

can drop (2Eg order

in small quantities)

(10.14)

(10.15)

(10.16)

(10.17)

(10.18)
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SO
ar’ = EE-+ EE-+ WX r, (10.19)
dt dt dt
or
V. =V, +V+®OXE. (10.20)

dr'y) . . . .
v, p:-agj is the velocity of the particle relative to the
fixed frame. (It is the velocity as measured by an observer
at rest in r') Must be a constant in magnitude and
direction if the particle has no real forces acting on it.
v, 1s the velocity relative to the moving frame, whose axes

coincide with the fixed aces at the given instant in time.

Picture:

3 in the act of
rotating about

r { \ some axis.

2

1’

Now do the second variation:

dr; — 8R, = > 8 A, r, +), AL, or,
3 3
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= &r -8R, = 3 8 N, x, + 23 8K, B,

+ 2N (10.21)
J
T

can replace by dij

Before, we compared

or, = €.
i 13kt (10.22)
to
dr, = ) O}, 1., (10.23)
k
and got
SN, = ) €,,,00, . (10.24)
J
Now
8r, = Y e, 5(36,r,)
jk
= Y e, (8%,5, + 86, 1,). (10.25)
ik
But
8r, = D &, 80,x,, (10.26)
/,m
SO

r, = Y e, {tszejrk + ) ekﬁmaejae,rmj,

jrk

(let m—k)
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=Y €., 80, + D €,.£,,080, 80r . (10.27)
ik 3k
/,m

On the other hand, compare this to

8r, = Y N, r, . (10.28)

k

Identify:

8N = D e, 80, + ) g €., 80,80, . (10.29)
. f,m

T N S S S S NP

(3) (X)) (Xk)(3) (k) (k) (k) () (k)

Put it all back together:

2" 2 _ 2
8r, - &R, = ) €,,80x + D £,.€,,80,80r,
i,k ik,
l,m

+2) €,,800r, + &, . (10.30)
jik
5 d*
Divide by dt? % = % :
ot dt
d’r, d°r d’o, = d’r
= 2 2 €k 2 2
dt dt P dt dt
doe doe de. dr.
+ ) €, £ €, — L |[+2 ) &, — —>. 10.31
k,zm ikm dt (; mlj dt jj ~ ikj dt dt ( )
) do, . a’e, . . :
Identify w, = dé‘, W, = dt; and write in vector notation:

F'=R+T+®XE+®x(®xF)+20XFT. (10.32)
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R represents the acceleration of the origin of the 7
coordinate system relative to the r¥' origin. Will be =zero

if we consider uniform motion. Picture:

ll

Also have ® = 0 in the case of constant angular velocity

(magnitude and direction).

Useful Earth coordinate choices

Write in the inertial system

F = mr, (10.33)

Write in the noninertial system

F. = mr. (10.34)

which gives

)
Il
=
ThE
|
o]l
|
el
X
R
|
e
X
Bl
X
al
|
5
X
i

eff

or
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F, = F - m( R+®XTE—-®X(®XE)+ 20 X f). (10.35)

T T

“centifugal” “Coriolis”
Remember :
Deflection is to the right (leads to deflection of
in northern hemishpere - air masses in a
counter-
and to the left in the clockwise direction in
southern (relative to the the northern hemi-
initial direction) sphere.)

For the Earth, we often choose:

For this choice ® = R = 0,so0
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Fe = F-m(d X (® X £) + 20 X ). (10.36)

Sum up. Because instantaneously our axes coincide in

direction, we have

How come we do not get £' as simply the time
derivative of the expression r¥' for example? Because r' and
r are referred to different axes which are rotating as well
as moving with velocity ﬁ with respect to one another.
There is another way of viewing this process more in line
with the book’s derivation. When a change in r is
considered, calculated with respect to the moving axes, we

have

(58), = (52), - (6
T )

fixed rotating

' (10.37)

)passive

From before:

understood in fixed frame

!
( —)passive = _(Sf)actiVe = _86 X f,
= (87), = (8%), + 30 x r. (10.38)

Thus
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(95) _ (95) & X E &= 30 (10.39)
dt J; dt /, dt

This is true for any vector, not just r, as long as the
fixed and rotating axes instantaneously coincide in

direction. Including the effect of translation of the
coordinate origin, this now gives

(&) - (&) , &8
dt /. dt /), dt

make understood in fixed
replacement frame

= ¥'= ¥+ R+ ® XTI as before.

Apply the same reasoning to get T':

see above

2

dr’ dr R - _ _ (df
—f =|—] +— 4+ 0OXTIT+ X (——J . (10.40)
dt ). dt ).  dt dt /;

However

dr dr .
S %y e xE, (10.41)
at), \at)

This is also as before.
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Get back to F,, on Earth (static case, F = 0)

F,, =F-md X (® X T). (10.42)

e

This means that the effective acceleration due to gravity

and the Earth is given by

Geir = G — ® X (O X R). (10.43)
gravity Rpoints from center
only of Earth to surface
Picture:
®

point on 2

A =latitude

As we can see, —6)><(® X ﬁ) has components along 3 and

1 axes. Another view (corresponds to the 13 plane above):



10.17

local N
-® X (® x R)
local S

Center of
Earth
has a small southerly

component in Northern
Hemi sphere

At equator, it’s particularly simple:

To

— ® Center of
Earth

You will find the angular deviation of a plumb line from

the true vertical caused by this effect in a problem.

Example: central force problem.
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® into page (0 #0
in general)

hd < planet

1 1,2 axes rotate
/ so that planet is

X always located along
- the “1” axis.

fixed force
center

“2" components:

0 = -m (—-Or — 20r).
. 2 l .
integrate = r'o = — , ® = ~+ as before (conservation of
m mr
angular momentum). “1” components:
du
mf = - — - m(-0’r),
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. 0? du
or r — — = — —

— , also as before.
mr dr

There are other choices of noninertial coordinate

systems which can simply motion problems near the Earth’s
surface. Consider the choice:

point on
surface

local 3
vertical

local East

For this choice we have

Feff:F—m(ﬁ+wxf+®x(6)xf)+260xf). (10.44)

We need to compute R . Using the general formula

da da o
—| =|—| +®x A,
dt ), dt ).

for any A, we get
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d’R ~ drR _ R _
~| =@x|—| =®x(®xR).
at’ ), dt ),

Notice that we now get

usually small

Fo =F-md X (®XR)-md x(®xE)—2md xr. (10.45)

* [The fact that R # 0 and can not be neglected contradicts

Marion’s statement in the footnote on p.346 of the text.] *

Deflection of projectiles near Earth’s surface

Using this F we can now investigate the motion of

eff /
projectiles near the Earth’s surface. Qualitative

situation:
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3 (local vertical)

North

» .
2. -~
3 -

West / T East
surface
of Earth

_s radians
o = 7.29 x 107° ——~
second

® = -wcoshe + wsinle,.

When projected initially to the East, the particle
trajectory will gain a Southerly component due to 1.
centrigulal force and 2. Coriolis force. However, if

initially projected West, the force will now deflect the

particle to the North. The interesting question is: which

deflection will be bigger when projected to the West?

Take

e

R = R,e,,
T
radius of the Earth
I'l(t) = 0,
= {5,(t) = —(V0 cos oc)t (to the West if v, > 0),

1
r(t) = - = gt’ + (v, sin o)t (does not include effect of rotation).
3 2 0
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Work out - X ((T) X f{) term:

~

® X R = (-0 cos Aé, + ® sin Aé,) x (R.8,),
= OR, cos Ae,,
= -® X (® X R) = ((-m cos Aeé, + m sin Ae,) x (R, cos Ae,) ,

= o’R, cos’ Ae, + ®°R, sin A cos Ae, .

term we are interested in
Work out Coriolis term:

20 X £ = —2(-w cos L&, + ® sin A&,)

x (-v, cos ae, (-gt + v, sin 0)e,)

—2® X £ = —20 cos A v, cos 0.é, —2m cos A (—gt + v, sin a)e,

-2 sin A v, cos ae,

This is the term

we are interested in

Plugging these results back into our F,, equation, we find
(F.ee), = mf, = ©0’R; sinAcos A — 20 sin A v, cos o
If our initial condition is that r(t) = 0 at t = 0, then

1
r(t) = 5 ('R, sin A cos A — 20 sin A v, cos a)t’.
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Now eliminate the time, t, by using the 0¥ order equation,

1
r(t) = 0 = —Egt2 + (VO sin Oc)t,
. 2v,sin o
=t = "
g

This is the approximate time it takes for the projectile to

hit the ground. Therefore

4v} sin® o
2

1
r(t) = = (0’R, sin A cos A — 20 sin A v, cos Oc)
1 2 E 0 g

Question: which effect is larger? Depends on initial

velocity, v,. “Break even” velocity is

_ ®R, cos A OR, meters
(VO)BE ~ 2cosa

Depends on latitude, coso. (In this problem I have not been
very careful about taking care of the Earth'’s curvature.
The above considerations only hold for short range

projectiles.)

Deflections for dropped objects

Let me now introduce another coordinate system which
is useful for calculating the deflection of projectiles

relative to the gravitational vertical. Remember:
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direction toward
Earth’s center

Gerr = G — ® X (O X R).

Take new, skewed axes along g, :

(2 axis out
of page)

1

no longer a f
tangent to surface

Then since

e = F —md X (® X R) - m(® x (® X £) + 20 x ¥),

MY ers

= &, = G — ® X (@ X F) — 20 X F. (10.46)

where now g, = g, €, only. This is useful in discussing

the deflection of particles relative to the local
gravitational vertical, which can be established with a

plumbob, say. For example, if we had done the projectile
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problem above in the “skewed” frame, the term proportional

to Ry in the form for r;(t) would have been absent. Then, to
first order in w:

G, = —g.p €, — 20 X F. (10.47)

In this new frame, we need to find ®. We had

3

®, = —®cos A

®, = ®sin A

After we “skew” it by an angle, it looks like (rotation is

around 2 axis):

new 3 axis
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Clearly, we have

®, = -0 cos (A + g),
o, =0,

®, = ®sin (A + &)

However, you will find in Marion prob.9-9 that this is a

small quantity (smaller than .002 radians) and will be
neglected below.

Now imagine dropping an object from a height, h.

In 0tk order:

: . 1 .
= f = —g,te, , T = —qufftze3 (iff = 0att = 0)

_yﬂ order (in ) correction:

®, = -0 cos A,

o, =0, as explained above
®, = ®sin A

Then,

-2 X T = 2(-w cos A&, + ® sin A&,) X (-g..; te,),

~

= 20 cos Ag ., + €,.

We now get

3 = “Yee s



10.27

r, =0, £, = 2w0g, tcosAh.
Integrating twice on r,, we get
-1 3
r(t) = 3 0g,, t’ cos A.

Of course, we have

2h

£ = =,

geff

1
_ 1 (8n’ 2
= r(t)- - o cos A .
3 geff

Since r, > 0, the deflection is to the East. You will study
this problem further (to second order in of) in a further HW

problem.

Focault pendulum

Last problem: the Foucault pendulum. Again, use our

“skewed” coordinate system. Only changes:

g > Fg =F +md, - mox (®XE)+20 X I g,,

new external force small (ignore)
Say
F=Fe +Fe +Fe,,
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®

= —-wcosAe + ®sinke,.

Put it all together:

Consider:

mr, = F, + 2mor, sin A,
F, — 2mo (£, sin A + £, cos A),

= F, — mg, + 2mor, cos A .

) " small
, oscillations
only

Neglect r, and

5
0

=

T =

2
l
Z 0. 3% eq® above becomes

mg.;; — 2MOL, cos A .
%/—/
small but # 0

(not a constant)
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Substitute this value of T above:

. —r . ..
mr, = 71 [2moz, cos A] + 2mor, sin A,
T
small
. —r. . . .
mr, = EZ [2mor, cos A] — 2mo[f; sin A + £, cos A]
T T

small small

Set o? g‘}ff . Then

f, + o’r, = 201, sin A,
. 2 _ ° .
r, + o°r, = —2m0r;, sin A.

There is a dynamic coupling between the motions. Can

solve both at once using complex numbers:
(£, + if,) + 0®(r; + ir,) = 20 (5, - if)sin},

= —20i (£, + if))sin},

or

q + o’q = —20igsinA.

where g = r; + ir,. This is solved by assuming

where A, A are to be determined. Substitute above:

= A + 2ioAsink + o? =0,
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1 j
= A = > [—Ziw sin A + v—4®? sin® A — 40?

14

A = —iwsin A * iJo? sin® A + o .
But o’ sin® A << az(z-%)for the Earth, so
A= —-iwsinA t ia.
General solution: (A,B real)
g(t) = {Aeiat + Befioct} g iotsink
A,B are fixed by initial conditions. Write it out:

A(cos ot + isinat) + B(cosot — isinat),

= C, cos ot + iC, sin ot,

= q(t) = (C, cos at + iC, sin at) e ",

There are 2 parts to the motion with different frequencies
since ® << o . Let’s say e *®*"* = 1. Then, since

r, = Req(t), r, = Img(t)
= C, cos ot =C, cos ot
2 2
r r.
= =+ =2 =1
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qu of an ellipse. However, we made r; and r,

—iot sin A

coordinates in the complex plane. The factor e is just
a rotation in the complex plane:
2
R e = R(cos ¢ + isin ¢)
(0] a counter-clockwise

R 1 rotation

The real and imaginary parts of the complex number g(t) are
just the r;,r, components of the real motion. Therefore, a

rotation in the complex plane is also describing a rotation
of the vector ¥ = r, e + r, e, in real space. Because of the

minus sign in e “**"*, this is a clockwise rotation in
coordinate space. (It would be counter-clockwise in the

Southern hemisphere.) Time it takes to complete a rotation:

2n
2r = 0TsinA = T = ——,
® sin A
2T 1
W = = T = — days.
1 day sin A

Goes around once a day at k:9d)(N or S poles) and does not
precess at all at the equator (kzOO). Actual motion looks
like:
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clockwise
precession

N hemisphere

Looks like the precession of the orbit of a planet under
general relativity, but the forces here certainly are not
central. The “force” that makes it precess, in fact, is

purely fictional.
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Chapter 10 Problems

l.(a) I showed in the notes that instantaneously

r' =r + R,
r'"=r+R+0XTr,
" =T +R+OXTr +20X7r +0X (0Xr).

T4 A
Find the relation between r'= a' and r = a. (R = A ; assume

all derivatives of ® to be zero.) Ans:
a'=a+A+20Xa+30X (0WXT)+0X (00X (0Xr)).

(b) Continue this process and find the relation between a'

—
and a.

2. Consider the statement in the footnote of Marion and
Thorton, p.348. Is it correct? Find out by computing ﬁf for
the situation shown in his Fig. 9-7. (Take the inertial axes
at the Earth's center, instantaneously parallel to the non
inertial axes). If Marion is right, compute the small
deflection caused by keeping ﬁf; if he is wrong, tell me the

real reason this term may be neglected in this example.

3. Show that the angular deviation € of a plumb line from

the true vertical at a point on the Earth's surface at a
latitude A is

rom?sinicosi

= 14
g - rom? cos?\
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where ry is the Earth's radius and g is acceleration due to

gravity.

4.(a) By balancing centrifical "force" and gravitational
force, find the orbital velocity of an object in a circular

orbit just above the Moon's surface.

(Rpooq = 1-74 x 10%° em, M____ = 7.35 x 10%° gm,

moon

_ _8 dyne* cm? .
G=6.67 x10" cm —— 5
gm

Newton's gravitational
constant

T

(b) At Waco's latitude, A = 31.50, how many hours does it
take for the plane of a Focault pendulum to complete a

revolution?



