9.1

Chapter 9

Mul ti-particle conservation | ans

Mul tiparticle conservation theorens now. A
generalization of results for nonentum and energy reached in
Ch.2 for a single particle.

Latin indices (a,b,c, etc.) : vector indices
Geek indices (ao,f,y, ... ) : particle nunber

Consider an arbitrary systemof particles:

fixed origin
Center of mass |ocated by (M = E ma)

- 1 _
R=Mgmara. (9.1)

As we have seen before

Emarj; = 0. (9.2)
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Particle a:

of : internal force on
a due to B

. external force

Total force on a:

F,o= F9 4 ;Faﬁ. (9.3)
Call f, = ¥ f,. FromNewton's third Iaw
g

f =-f . (weak form (9. 4)

Al so assune

f =o. (9. 5)

(Newt on’ s nechani cs not equi pped to handle self-interactions
whi ch, however, really do exist!) Newon's second | aw

P, = KO + 1, (9. 6)
or
d? ~
dt2 (nllrﬂ) = ﬁff) + Efa[i' (9 7)
B
Sum on o
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ﬁm =f, +f,, + =0,
&t \T
d? _ _ _
- dt 2 ('VR) = Eljae) = R (9.8)

Mral: Center of mass noves as if the total external force
were acting on the entire mass of systemconcentrated at the
center of mass. (Internal forces have no effect on CM
motion.) OF course, if F? =0, then

d? ~ .
and total linear nmonentumis conserved.

Li kewi se, the angul ar momentum of the o particle about

the originis

L, =7, xp,- (9.10)

Summing this (we already did this in (8.7):

L-SC =3r xp, = (. xmr,)

a o

= 3 (r + R) x m[ri, + R). (9.11)
L=-RxP+3r, xp, (. = mr.) (9.12)

Moral : Total angul ar nmonmentum about a coordinate axis is the
angul ar monentum of the systemas if it were concentrated at
the center of mass, plus the angular nonentum of notion about
the center of nass.
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Now the rate of change of L  is

i:a - F, xp, =T, x (F(ae) + Eruﬁ)
T

= L=SL=Srxf+3r xf,. (9. 13)
o o a, B
@ @ (assume f_, = 0)
© = ¥ r, xF =N, (9. 14)
T e
@ = —uﬁr—axf‘ﬁa=-wr—ﬁxf‘aﬁ. (9. 15)

Therefore, we may wite

I N A - _
@ = Ez(ra-rﬁ)xfuﬁ=0. (see figure bel ow) (9.16)

| am showi ng an attractive force case. | amalso assunming the
"strong forn' of Newton's second |aw, which says that f_ and

Fﬁa lie along the Iine connecting the two particles.

(Violated, for exanple, in electromagneti sm) Under these
ci rcunstances then
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[ - N°. (9.17)

Moral: So L = const. intineif N9 = 0.
As before (in (8.4))

1 - 1 T2
= = VR — r-. 9.18
5 +22mw (9.18)

Moral : Kinetic energy, |ike angular nonmentum consists of two
parts: the kinetic energy of the center of nass, plus the
ki netic energy of notion about the center of nass.

Now, what about work being done on the systen? Define

W, = E}Fﬁ - dr, = E}mja - F,dt
a 1 o 1

% i’iaz = E % %(V%a - \7%01)’

|
N[

I—\%I\)

gml

T, - T, (useful in a bit) (9.19)

= W

Assune conservative external and internal forces:

Fo = -v_ U, (X)), (9. 20)

[}

ro- rﬁ‘) (9. 21)

Then, alternatively

2 2
= F -dr, = Ko - dr f.o-dr,. 9.22
WZ Ef o r(x 2[ o ro. + ’ { of ra ( )
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0 _ e . < U,
= —EQWVNJ‘d% =—;4}MW dr
2
= _Efdua = E(Ula - UZa)'
[ o
@ is more conplicated. On one hand
2 _ 2 B 2 _
@ = ;le’faﬁ - dr, = —;Jl'fﬁa - dr, = —w{faﬁ - dr,
_ @ = lyor - (dr, - dr,)
On the other hand the chain rule gives
_ oU, oU,
du,, = 2 ar: dr,, + ar; dr, .
(6at&ﬁ)dra (ﬁﬁUaB)drﬁ
= dU, = (Vo Uyg) - dry + (Vy Oyy) - dr,
o Fpa=Fap
= dU, = -f, (dr‘a - dr‘ﬁ)
~ @ = Lyqf (ar -dr—)=-3 [ dU
2 2T T\ =) = 75 2 [
1 — _
~® = -13(, -0,

Ther ef ore

(9. 23)

(9. 24)

(9. 25)

(9. 26)
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( . \,
W, =L-§ua- ) UaﬁJ|. (9.27)
a, B 1
(o=

B)

Define the total potential energy,

_ 1 _
UEEUQ+ EUaﬁ=EUa+—E Uaﬁ' (9. 28)
o a<P o 2 a,p
(o=p)
t hen
2
W, = _UL = U -U,. (9. 29)
Conbining this with W, = T, - Ty,
= T1+U1:T2+LJ2. (930)

Moral : Total energy is conserved.

Coul onb scattering

| will discuss scattering next since it builds on the

results of the last chapter
Consider E> 0 (g > 1) notion in an attractive Coul onb

field. Picture:

Uy (1)

turni ng point, ’//‘
r.m'n —
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Fol l ow the course of r during scattering fromm’' s point of
Vi ew.

Yy “deflection angl e”

h%pe_rbola_(origin is
the interior focus.)

(no |l onger sem -
mnor axis)

«——— "i npact paraneter”

Equation of orbit (an hyperbola, ¢ > 1):

%=§(1+scos¢), (9.31)
i=é(1”)’ (9.32)
e - (1 . ﬁ{z)%, (9. 33)

o - %_ (9. 34)

Notice: 28 + 0 = w. Al so

0+ ©® = m,
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= 0 = : (9. 35)

e gets O = EL§—9 for the repul sive force case. (where the

scattering center is now the exterior focus of the
hyper bol a.)

Scattering event |ooks conpletely different from CM
frame:

/'

final
di rection

CM poi nt

i_nitial i
direction

Pat hs are al so hyperbol as here (r,, T, are just rescaling of
r.) No matter which picture you prefer, it is clear that 6,
© are quantities relating to the direction of r and

t heref ore can be thought of as being neasured in the CM

franme. However, we will actually define scattering angles
with respect to velocity vectors, and so take on different

values in alternate inertial franes

6 = positive angle between initial and final velocity
vectors for either m or m in CMfrane

Things are sinpler in the CM however, this is not the
usual experinental situation. Eventually, we will |earn how
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to translate our results in the CMto other frames of
reference. Notice that only a certain range of angles for ¢

are now permtted for ¢ > 1:

1. 1(1+ £ COS ¢),
o
1. l(1+ € COS 0),
od o
= C0S O = 1 (allows 2 symmetric val ues (9. 36)
€

of ©®; take the + val ue)

1
= only angles cos¢ > — = are allowed. (Values greater than
€

this would say that r is negative.) Go back to the Runge-Lenz
vector to see it from another viewpoint:

A=25 xp + uke,,
3A-p=ukér-p.
Remenber, A is directed along the symetry axis, in the

direction opposite to r,,. In particular, if we consider the
initial situation with r — oo,

A - Po = Mkérw " Po -
A-p, =Ap,cos®, e, -p, =-p.,

= Ap, cos ® = —ukp,,

uk

= C0S O = _T= - =, as before

o | =
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Differential cross sections
Need sone nore concepts for scattering. Let

= flux in the incident beam (# particles per unit area
per unit tine)

dN = nunber of particles through a ring of radius b and
width db in the incident beam per unit tine.

"7| arge di stance 4*
do

width = db 7

}4—I arge di st ance—'{

dN = (2xbdb|)! . (9.37)

The particles passing through the ring are scattered
t hrough the angles between 6 and 6+ d6. dN becones a

scattering concept when we assune that b = b(6):
dN(®) = (27b(6)[db(6) )1 . (9. 38)

E#ED = nunber of particles scattered into (6, 6+ d6) per

unit tinme per incident flux
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This is now a quantity which is independent of 1.

W now

define the differential cross section as (take df positive)

do(0)
de

ala
2

Lo b(e)‘M‘.

de

Intrinsically positive. W usually use solid angle,

dQ = sin6doede.
W will assune azinmuthal symmetry here, so

dQ = 2m sin 6do,

do
3 —
dQ

(e)zL‘db(e)‘

sin®| do |
Rut herford scattering in the center of nass frane

For the Coul onb problem renenber

A = u2k2 + 2ul2E, (A = uke)

= 1 = (%\‘2 + 2M£2E

\A) A2
But cos® = —1 = —%,
€ A

(9. 39)

(9. 40)

(9. 41)
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eventual | y becone
par al | el

At great distances,
0

E = kinetic + potential,

2
= E = 2—“’ (two body problemforny,
u

(=] xp| =bpg,.
/ 2
= sin® = NZME—gp”=bp°°,
A A A
bp2
2
A b ps
tan®=——k— = -
= uk uk
A
But
®=e+n=tan®=—cot9,
2 2
2
= cot O - bP: (9. 42)
2 uk

Provi des the necessary connection between b and 6 for the
Coul onb probl em Now get
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uk 1
- - _
20% sin2?
2
So
d 1 uk) 1 1 0
=9 (0) = —-(f%r) _ cot —,
dQ 2\p%/) sinb gjn2
. 0
sin® = 2sin—- cos —,
2
d 1(uk) 1
-fz(e) = —--&; ——— .“Rutherford formul a” (9. 43)
(CM frane)
do
dQ
2
L (g pomrensenn oo
4\p2

True al so for repul sive Coul onb force. Indeed, unchanged by
guant um mechani cs (non-rel ativistic), except that k —>:422eﬂ

for electrically charged particles. (Interpretation of it in
guant um nmechanics is conpletely different, however.)
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First nmeasured experinmentally by H Geiger and E
Marsden. By careful observation in a darkened room they

found (by counting!) that approximtely one in every eight

t housand a-particles (Heliumnuclei) was backscattered froma
1

8000
factor backscattering fraction fromthe above formnul a.

thin gold target. Let’'s see if we can understand the

Model : (each atom c | ayer)

at om
@ [ ] o
unit cell

a | (can al so
assume other shapes)

Assune | ayers are randonly oriented with respect to each
other (i.e., one atomin front does not “shadow an atom

behi nd.)
Each a-particle can be inmagined to pass through the unit

cell shown as nmay tinmes as there are |layers of atons. W wil

t ake “backscattering” to mean g-< 0 < .

dQ del  4{p2) 9
2

2
dN=|do='—(%) dge,
4\pP%) sint?
2

2

1 (uk dQ
Npack = | Opack = é_ll(p_z) ; 0
oo TEZSI n" —
2
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. . . . 0 .
For this rough estimate, we wll set S|n4§-—+ 1 over this

range of 6, and since the solid angle corresponding to

g <0 <mis 2w, we then have approxi nately,

For scattering o's off gold foil

k — Zze*, u =~ m,

2
. om . (Zze?
= Ny = 2| ( mivTu) .

Let us assune that (nonrelativistic fornula)
1 ’ o ,
E'WLVQ ~ 5MeV. (I Iooked it up)
(1 MV = 1.6 x 10°erg). W al so need

el = 4. X esu
le| = 4.803 x 107'°
m, = 6.68 x 10 *gm

= p, = mv, = 1.034 x 104Agnrgﬂl.
sec
Still need I. In our case (inmagine a single particle passing

t hrough the sanple; also inmagine multiplying both sides of
t he above equation for Ny, by the total tinme of the
experinment so that Ny IS a pure nunber):
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| = nunber scattering processes per al pha particle / unit

cel |
1
a.2

= | = n,

where n is the nunber of atomc layers in the sanple

Sanpl e thickness was ~ 1u = 1040n1(also | ooked

t hi ckness.
this up). So
_ 10™*cm
a1
10™*cm
= | = 3
a

Sone ot her cal cul ations giving a:

agm
pgold = 19. 28C_nf

Avagadr o

02 &M " mg g = 197 amu

Ny = 6.023 x 1

6. 023 x 10”)
197

Thi s neans

a (5.9 x 10%) % = 2.57 x 10 %cm

= | = 5,90 x 10®%cm?.
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Putting all the pieces together now gives us

= N ~ 4.76 x 10° = 1 .
21,000
too small ~ 2. One reason: did not integrate the cross

section. This neans we have underestinmated the nunber of
interactions. (But see the honework problem)

Sinple treatnment of |ight deflection

Since we talked a little about one general relativity
effect last chapter (perihelion procession), will indicate

anot her result here. For very snmall angul ar defections, the
above rel ati onship between b and 6 becones

b= ik 1
p2 95
~ 2uk 1 mm,
o = = - 12 k=
- pz b YT m e m Gmm

Use this to nodel a light ray grazing the radius of the
Sun:

JAK)

l'ight ray
Sun

Therefore, take b = Rs, m = My (Sun's radius, nass.)
What to do about u~ m , p,.? For light,
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Use the relativistic connection between nmass and energy to
replace (E = pc)

E hv
Mzt
(VY g (V)
Lge \e?) OMez) aaw,
(v c’R,
\c2) e

Al nost correct, but too small by a factor of 2! (This was, in

fact, Einstein's original result, which he nodified later.)

Einstein’ s general relativity gives the correct result:

~ 4GV,
0~ — = 1.75" sec of arc.
C°Ry

Anot her new t hi ng about

light scattering in general
relativity: glories.

l'ight ray
A tiny anmount of
Bl ack of light is actually
hol e backscatt er ed.
Appears as a sort of
“hal 0”
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Cross secti on cookbook

W have been di scussing a special case of scattering,
the inverse square force |law. W need sone cookbook formul as
for doing other force laws. WII| give differential cross
section in the CMfrane. Need general connection between b
and 6. Start:

1 . 2
E==-ur?+ + Ur).
oM 2ur? Wr)

Can “reduce the problemto quadratures.” Solve for r:

| 2
r =¢\§(E—L{r))—2lfﬁ, (9. 44)
1

have to pick correct root
(Ueff(r) picture good for this)

_ 904ty C Py but g = gz,so
dt dr r ur
‘
2
dp = = % dr (9. 45)

2
,Jzu E-um-5

2
©

Assum ng E > 0, (E = ) and integrating on dr fromr,

u
tor = oo, we get (¢ = bp,):

© defined positive

!

® dr/
© = +b [ r2 . (9. 46)
Fiin \/(r2 - b2) — —!jrzl.(r)

Warning: ry, itself is a function of b, in general.
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Cookbook st eps:

1. BEvaluate r n(b).
2. Do integral.

T+ 0 T -

3. Use O = or ® = in the attractive or

repul sive cases, respectively, to find b(6).

4. Plug in — = —
dQ sin@

do b ‘@
de|’

Anot her warni ng: does not work for all potentials, WUr). Most
require limyr) = 0.

r — o

Just to get a feeling for using the cookbook nethod, do
t he repul sive Coul onb case (different fromattractive case).

Pi cture:

Junp to result: (you wll verify this in a problem
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. (9.4;)
\ IOOO

Can wite as

Choose b=+(g—?)tan®, @—ﬂ_e

t

different fromattracti ve case

=b=k—ucot9,

p2
same as before.
Connecti on between Lab and CM franes

Only problem cross sections usually not nmeasured in the
CM frane.

Lab Frane CM Fr ane
(usual expt. situation) (P =0
_ u. =0 _ e
initial: U - o W Y

m,
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final:

Only showing initial and final velocities; not
di scussi ng dynam cs but kniematics. W will assune elastic
collisions - no heat generated or nass/energy lost. W wll
conserve both nonentum and energy. W will also assune that
all notion takes place in one plane (azimuthal symetry, as
we assuned before in the cross section discussion). W wll
take the angles vy, & etc. as positive; if not, we can al ways
re-orient our axis so that they are.

Only difference between the two viewpoi nts: observed by
two peopl e who have a relative velocity, V. Al prined and
unprimed quantities are related by V:

initial fina
u, =0, +V (9. 48a) V, =V, +V (9. 49a)
U, =0, + V=0 (9.48b) v, =V, +V (9. 49b)
=0, = -V
not ati on

ua - initial velocity

v - final velocity

1,2 - which particle

prime, unprimed - CM Lab franme, respectively

By definition,
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| ab coordi nat es

l
1 _
R = Rh:glnrl,
R = L (mr, + mr,)
rnl+rnz 1 2)
:>\7= L (rrhl]l+mzlfl2), (02 =O)
m + m
v - _md - O
V = m— (= -0,)
In the CM coordinate systen1(‘k§g% = 0. Therefore

mu,,

md, + mb, = 0 = mu,

mv, + mv, = 0 = mv, = my,.

(9. 50)

(9.51)

(9.52)

(uy, v, etc. are magnitudes only.) Assune any potential that

exi sts between the particles — 0 as di stances — o;
enough apart, the energy is purely kinetic. Let

To = total energy in CMfrane

(16)before - (16)after’

Al so

then, far

(9. 53)
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= U, = V,. (9. 54)

Thus, to sumari ze:

u, = v, = %uz = %vz.

= only 1 unknown velocity nmagnitude in the CMfrane. Q her
unknown: 6 (¢p=m-0). Let’'s say we neasure these 2 things in a
given collision. How are they related to quantities in the
Lab frame? From before,

v_ mul =_l—j'2’
m + m,
but
u, = %ul
:>u1=u-ﬂu'1=(1+ﬂ)u'l' (9. 55)
my m my) —

1

known or neasured, say

Not specified yet: v, v,. W have,

<
S

I

<
S

+

<

Have to start invoking angles now

-~
<
]
|
<
N
—
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refer to

2V - V] = 2W; cos O = 2% ujU; coSs 6
thefigures 2V -V, = 2W, cos(m - 8) = —2W, cOs 0
= ﬂu'lﬂu'lcose
m, m,
2
v = U’ o+ (%) us’ + Z%Uf cos 0,
2
= vZ - ull1+ (ﬂ) " 2(ﬂ) cos 0] . (9. 56)
m, m,
2 2 2
v = (% ul) + (% ul) - 2(% ul) cos 6,
2
v = 2(ﬂ u'l) (1 - cos 0),
? 0
vZ = 4u)’ (%) si n? > (9.57)

Therefore v;, v, are known if u;, 6 are known. Only things
left: v, &

@ v, =V, +V,

@ \72=\7l2+V.

@ x : wv,cosy =vVv,cos0 + V, (9.58)
y :© v,siny =v,sin®. (9.59)
-cos0
!
@ x : v,c0sE = v,cos(nm - 0)+V, (9. 60)
y :© -v,sing& = -v,sin(r - 0). (9. 61)
1

si nd
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Divide 2~ from @:

X

vy sine sino
tany = — = : 9.62
v vy cos 0 + V cose+%- ( )
1

n‘h_ '
\% ﬁul my sin6
But —-— = —— = — = tany = . (9.63)
Vi Uy m cosa+%

Says that the connection between 6 and y i s not unique
m

under sone circunstances. Look at — >> 1:
m
tanwlﬂsine. (9. 64)
m
Gven vy, 2 values for 6. Oher extrene, AL 1:
m,

tany ~ tan 6,
- P <9, (9. 65)

One val ue of ¢ = one value of 6. Geonetry hel ps:

v
v I1

=ﬂ<1 —|=ﬂ>1
m, m,

"stretch"

1

one value of ¢y = one value of ¢y =
one value of 0 two val ues of 6
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However, ¢ and v, determ ne 6 uniquely. Al so, one val ue of
6= al ways one val ue of y. Can now see what the two extrene

cases above correspond to geonetrically.

More geonetry m > 1 case:
m,

There is a max value of v in this case:

siny,_ = & - T (9. 66)
\ m
In this case one val ue of ¢ = one value of 6. Rutherford

case: LI 1, essentially scattering individual a-particles
m,

off the entire sanple since the atomc centers are fixed =>

uni que determ nati on.
Special case: m = m

Can sing 2sin 9 cos 95
1p_cose+1_ 20, _sin29s’
1 + cos 2 sin® Y5

2sin 9 cos 95 0
2 cos® 95 - tan D5,

=y = 9. (9.67)

Now consi der equation @ above. Divide X:

X
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V,sing v,sino
V, COS & ~v,cos0 + V'
— tant = sino v
-cos O + —
V2
However, V = v,,
sino 2sin 9 cos 95
tan § = = _ ,
~cosf +1 2sin® 9,
=>tan?§=cot%=tan(E—9\,
\2 2/
T -0 ¢=n-6 )
= = - 9.68
= & > = £ ) ( )
Forthern:mgcasewehadw=%, SO
T
E+w =2, (m = m) (9. 69)
\71
P
g
\Y

Intheﬂ«l
m,

case:
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28 = - 0,

0 =,

Let’s find rel ationshi ps between the various kinetic
energies. Definitions first:

M
N

Simlarly for T,, T,. O course

. | ab
total KE in (CM) frame.

. . | ab
final KE of m in (CM) frane.

T, =T +T, , T, =T +T,
Now
1 2
T, = > mu,?, (9.71)
. 1 . :
T, = E(mlul2 + mluzz) (9.72)
1 .2

T1=Ele17 (Tz = %YTEV'ZZ\

T = imy’
=—mv,,

1 2”1 1 T, - %vazz

Let’s try to express themall in terns of T,. Renenber



:T(;=%TO.
so T, < T, always. Al so
1 2
1 2 1 2 Ernlul
T1=Ernlvl =§mlul = 2
L)
m,
2
=>T1=( m )To
m + m
1 ml2
2 om uz
L s 2™
T2=§mzvzz=§mz(%ul) = i 2
)
m,
-1, - 0t ¢

9.31

(9.73)

(9. 74)

(9. 75)
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PN

v : :
W% have = —. (G0 back to earlier v; expression:
u

|

=N

e m,
| 2
= v1=( ! \ 1+(ﬂ) +2(ﬂ)cose,
1+(ml) ‘ m
7 m))
2
N (ﬁ) =(n§+mf+2mln}cose\=ﬂ_ (9. 76)
u, ( (ml + mz) T
What about in terns of y? Must express cosO as a
function of .
sin® ( ml)
tany = ——. X = — (9.77)
cos O + X m,
[ “Aside 17:
= X = sin6 - Cc0os 0,
tan y

sinfcosy - cosOsiny

siny
sin (6 -
X = & , useful Iater.]
siny
1 - cos?8

2
= tan“ ¢y = )
cos’0 + x? + 2xcos O

t an® 1p(cos2 0 + X* + 2X COS 8) =1 -cos®0,
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cos? B(tan’ ¢y + 1) + cos §(2x tan® y) + (x* tan’ ¢y - 1) = 0.
Tty

1
1

cos®
A quadratic equation in cos 6. Solution to A?+Bx +C=0is

-B + B? - 4ac

X = :
2A
SO
| 41 - x*tan®
_2xtan2wi\/4x2tan4w + ( 5 IP)
cos®
cos 0 = 5 ,
cos®
| 1 - x*tan’
= €0SH = -xsin®y = cos®y xztan4xp+( 1P)_ (9.78)
I 2
\ cos® ¢
| nsi de the square root:
2 2 2 1 2 2
x*tan®y [tan®y - 2)=—xtanw,
cos’
-1
= c0S O = -xsin®y icoszw\/coszw - x*tan® vy,
= cose=—xsinzw:xcosw\x—z—sinzw. (9.79)
!
woul d have written |cos ¢ |, but

because of the + signs, this does
not matter.

Fr om above
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1 2
1+ — + —cosoH

2
L XX , (9. 80)
T (1.1
" x/
SO
) 1 )
1+ — -2sin"y =2cosy, ,—, —sSin"y
To_x \x (9.81)
2 : .
T (1,1
Y
Notice the nunerator is a perfect square:
f 2
( 1 ) ) 2 1 P a2
Cosy * [— —-sin“y| =cos"y + — —sin
\x X
+2<:031p“““i sin® vy
* N :
=1+Xi2—25in21p:Zcosw\xiz—sinzxp.
T, 1 1 ’
= L= ———~lcosy = — -sin’y (9. 82)
To ( 1\ \' x
1+ —
" x/
2
Si nce L=(ﬁ)
TO ul
ul [ 2 H 2 ]
vV, = XCcosy = 1 - x“sin . 9.83
=~ Vit T p o= Y (9.83)
The + corresponds to the 2 possibilites in Fig. 8-11(b).
Renmenber, for AL > 1, P <%=cosw>0. So we have
m,
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"stretch

'

“stretch”

J
u, + w2 ein2?
vV, = (1+X)[xcosw_\/1 X“sin w]
1

“short” (x > 1)

Confirmation: “short” case v, should - 0 as x — 1" (through

| arger val ues of x):

Vishort — U_21 [cosw - J1 - sin? w] = 0.

COs Y —|cos Y|

= Only the “stretch” case survives for x < 1. (Can see that

for x < 1 the negative root would nake v; negative.) The sane

. . . . T,

interpretation applies to the expression for ?1
0

[ “Aside 2": From @, y equation:
v,siny = v;sing

1

cosy = |—————
\x*sin®y

ul
(1 4 1)
sine v, \1 Y,
siny v, U,
1 + x)




9.

[

36
“stretch”
!
sin@ j .
=Xcosy = 1 - x?sin?vy.
sinvy vEA v ]
i
“short”

“Aside 3”: c0s@ + xsin®y = =cos gyl - x*sin® vy,

i n? : :
cosb  ,sinw _ +/1 - x*sin®yp.
CoSs coS

§l£ig—iffl from“Aside 1”. Therefore the ¢hs of the
sin

above becones

Now X =

cos 6 sin(6 - y)sinvy

ths = :
COS Y CoS Y

_cos 6 . sinfcosysiny —sinycosoOsiny

cos cos '

cos 6 . . .
1 - sin? +sindsinvy,
COSlp( W) v

cosfcosy +sinOsiny = cos(® - y).

Ther ef ore

“stretch”

!
cos(6 - ¢) = =1 - x®sin’y. ]
1

“short”

W get very sinple results when m = m. Then, for ¢y = O,

we have only one 6 val ue:
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N

However, when ¢y = 0, we can have two sol utions for v;:

6, = 180° 6 = 0 (two
(head- on ‘ particles mss
col l'i sion) each ot her)

The head on collision is also characterized by
v — 90°. (Renenber, =-g for x = 1.) W have for x = 1,

T, 1
T R (0.84

This goes to zero as y — 90°, which neans in this lint m
cones to a conplete halt after the collision. This fact is
useful in nuclear reactor nodul ators, which sl ow down or stop
neutrons. It says that the best way of stopping free neutrons
is a material which contains light nuclei (like deuterium
so-cal l ed heavy water.) Cbviously,

=sin®vy, (9. 85)

inthis limt.
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A kinematical exanple in the Lab frane

Let’s do an exanple. Let's say a particle of mass m
scatters elastically fromone of mass nmp at rest in the Lab

. Vq 3 . . .
frame. The ratio /ﬁ; =f 1is given. Find the angle vy
through which m is scattered. W have

vV, U.i?x)[x cosy = |1 - xzsinzmp}

Thus,

= f(1+x)=xcosy =1 -x%sin?y
= f2(1 + x)*> + x2cos?y - 2f x(1 + X) cOS
=1-x’sin"y
= f?0L +x)? +x2 -2f 1L +x)xcosy = 1.
Solve for cos ¢y in terns of x and f:

x2 -1+ fq1 + x)?
2f x(1 + X) '

cos y =

To find the nmeani ngful range for x, wite

-1 <cosy = 1.

Plug cosy =1 into the above (note O<f<l and that x is

positive):
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The other Iimt is for cosy = -1, which we get by sinply
1

letting f — -f. Thus coS =1 = )
i ng us = X Y ) X(cos p = 1)

Rut herford scattering in the Lab frane

Let's find the differential cross sections in the Lab
franme. Renenber the neani ng of do:

do = O:—N - 27 bldb]. (9. 86)

This is unchanged going fromone frame to another. (At this
stage there is no reference to angles.) Then

b = b(®), CMfrane or b = b(y), Labfrane

The connection between Lab and CM cross sections is,

Lab cM
| |
do (do .\ dQ(6)
= === (0 9. 87
~ de () \dQ ( )/ dQ(y) ( )
do do Si n 6do
2 = — () =———— 9. 88
= aq W) aa ) sin vdy (9-89)
Result of “Aside 1”:
M=x. Doion bot h si des:
siny dy
_si n.(ez— ¥) os v+ cos@ - ) (d_e _ 1) _ 0,
sin® siny dy
3@_1=5|n(6—w)cosw (9. 89)

dy cos(® - y)siny’
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Use
sin6 - y) = xsiny, “Aside 1" again
cos(6 - ¢) = +/1 — x2sin?y, “Aside 3.
|
specializing to x < 1.
W find
d_6=1+ X Siniy cos Y ’ (9. 90)
dy J1 - x%sin2y siny
:@=xcos§‘p+\/"1—xzsin2w. (9. 91)
dy J1 - x2sin?y

SO (x < 1 case; using "Aside 2" now in (9.88):

do do sinb do
== - = (0 -
dQ (w) dQ (6) si ny dy

do do [xcosw + 1 - x%si n?y i

— = — (6 . 9.92

= g W) = 5g W) V1 - x3sin?y (952
Al so from i n(_E) - v) = X,
si ny
=0 =y +sint(xsiny) (9.93)

If x < 1, can do an expansion in powers of x. To o order,

0 =
do . do
d—Q(llJ) - d_(6)|9=””
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L doy . Tfuk) 1
iq V) 4( 2) T (9. 94)

Renenber, p., is neasured in the CMfrane. Connection wth
other quantities:

P.. = M‘rinitial M(ull + UIZ)’
mu, = mu, = u, = %Ull’
TELL LLL T
m + m
mm, m) . -
= 1+ 2+ =
=P mﬁﬂb( ' mz)ul M
)
u, = Uy
=
m,
Notice for "b" large enough in the x = M l > 1

m Vi
case, we nust use the “stretch” case. Wien b is snaller than

the val ue that causes scattering into angle vy, = Si n‘l(ﬂ),
m

then we nust use the “short” result. Thus the analog for x >
lis

[xcosw+V1—xzsin21p]2 -
do do J1 - x%sin?y o
== (p) = — (o
aq W) = g (W) x ] | 2
[xcosw—vl—xzsinzxp] b - b (9. 95)
J1 - x%sin?y o '
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= =71 _ 2F1 T('),
2u 2u 2
But
T = ik T = : T
m + m 1+ X
Therefore for x << 1 we have
do ~ 1 [k 1
—(p) =~ == : (9. 96)
dQ 16 \T,) sin* ¥

witten entirely in terns of Lab quantities. Now let’'s see

what the first order correction to this expression (in x) is.

6 =06, + X0, +

= 0, + X0, = sin*(xsiny) + vy,

@,
S

<
I

3 3 .
— — e, 1,
y+y6+40y + ly| <

= 0, + X0, ~ Xsiny + 1,

{80 =Y
= .
06, = siny.

2
|-xcosmp+\/1—xzsin21p.| ~[1+xcosw]2:1+2XCOSw
V1 - x?sin®y 1 |




. 0
sin—
2

sin

\
2)

4

n* Y (1 4+ 4ax cos? ¥).
2\ 2)

do ~ 1 (uk 1 1+ 2x cos vy
:>—(1P)"Z(M—) _ ( )
Si

2 i)
de P n412p (1+4x cos’ gj)
l
~1+x(2cosw—4coszg),
“1+x(2cos?® _2sinz¥) 1 - 2
\ 2 2)
Al so
u_k___L_k(1+x)
p2 Z(pi) S22
2u
2 2

Finally, then to first order in x:

do )= L (E) . 14w (1 + 2)(1 - 2x).
sin® = =1

9.43
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First order correction vani shes! WIIl not torture you with

t he next order, ~x2, correction.

Total cross section

Total cross section:

do
= do = [— (6)dQ.
alff Ida (9.97)
angl es
(dQ = sin 6dodo)

For Rut herford:
2sin 9 cos 94

!
2
1 (uk)” 2" S|n6d6
o = Z(_z) qu’ =&
P o* sin*
(strictly speaking,
the point 8 =0 is
excluded in the integration)
2 CcosS 9—
o =2n (M—E) f 26 @,
P>/ & sin*> 2
2
k) 1 "
o = 3n (M—Z) - A — +0
P 2sin® - | Y
2

Under st andabl e: particles are always defl ected regardl ess of
b value. Can see it in:

do = 2n bdb,
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b rax

= 0 = 2n f bdb = nb?_,. (9.98)

0

where bpax IS the maxi num i npact paraneter which suffers an

angul ar deflection = 0. Thus, in classical nechanics, the
only type of force laws for which cis finite are those of

the form

Kr) =0 , r > a

where a is sone finite value of separation. Exanple of this
possibility (6 = v here since the sphere is infinitely

heavy) :

(7

+Z:-

heavy sphere,
radius = a

Cearly, this problemhas azinmuthal symetry if we take the
+z axis as shown. W have
b =asino,

20 + 0 = m.
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notice: -sign
(repul sive scattering)

|
@-"-9
2
b =asin/®= \=acosg_
\ 2 ) 2
do b ‘@ . @——Esing-
dQ sin6 [do] = de >
acos6
do . a o 1,
~de 0 5 5Ny =8
de 2sin—cos —

1
= O =fza2d9 = J'lZaZ,

Just what we expect.
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Chapter 9 Probl ens

1. A systemof point particles interact via forces which
followthe "strong form' of Newton's second law. That is, the

-

force of B on a, f,s points along the instantaneous |ine
connecting them as shown.

k

—h

1k
=

-

O
G ven the usual connection between fixed (f,) and center of
mass (T ) coordinates,

g =Ty + R

(ﬁ = %4}5 ?a, Mis total nmass) and the total force on q,
o

ext er nal ( i nt er nal
(force on a) force

show that the total torque, L = 25 Ly (Lo = FoaxPo), for an
o
external force of the form
F& = m,g,

is sinply given by
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where F(e) = E E(S) is the total external force.

2. The Rutherford differential cross section is

Therefore, the backscattering cross section is

Opack™ 4( 2) f dq)fo do

0
o4 Y
sin® 5

In class | estimated the integral by setting 1 o | o= =1,
sint 5
2
which resulted in an underestimte of o,,,. Now do this
integral exactly. By what factor was the original estimate
off? WII this inprove the agreement with Rutherford's

experi ment ?
3. Gven that (Tc', is total CM enerqgy)

C 1

T (T2 e

exactly for some unknown central force law, find

d
(a) the CMdifferential cross section, dg(e).

(b) the nunber of particles backscattered (that is, with

angles 6 such that , <6< ) inthe CMfrane. (Call this

Noack) - Assunme a known incomng particle flux, I.



9. 49

4. Do the integration in (9.46) leading to (9.47) of the
not es.

5. Consider scattering off of a weak potential Wr) such that
U b) «E, where b is the inpact paraneter and E is the total
energy. Show t hat

b
i = B(1+ )

whi ch shows that r < b for an attractive potenti al

mn

(U(b) <0) and vice versa, as one woul d expect.

6. Look up and plug values in (Ms, Re are the Sun's nass,
radi us)

4GVb 1
c2 Ry’

AB =

to get the angular deflection for starlight in seconds of
arc.

7. Consider a head-on collision as seen from an unknown

reference frame. Assune the ratio x::Dl is known. It is

n
observed that m conmes to a conplete stop after the

i nteraction. Assum ng energy and nonentum conservation, find
the after/before ratio of m's kinetic energies in terns of Xx.

8. Derive

9. Derive the relation
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sing
\ 1+x2- 2xcos ¢

siny=

m

wher e X:mz

and the angles ¢y and ¢ are defined in the notes.

10. W know from Eg. (9.95) of the notes that the Laboratory
cross section when x > 1 (x = %), where m is the incident

and mp the target particle, has the form

s f 2
[xcosmp +\;“‘1—xzsin21p]

, b

v
O
o

J1 - x%sin?y

[xcosw_\l_xzsinzw]z b

IA
O
o

J1 - x%sin?y

where b, = b(lp = si nl(%)) Eval uate the critical inpact

paraneter variable, b,, for the Coul onb scattering potential,

u(r) ::rK, interms of k, u, po and Xx.

11. Consider scattering of a point mass m off of a hard

sphere of radius a and mass m. (The ratio x = m S

m

&
I RC—

radius = a

arbitrary.)
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The angl e of the sphere's (m's) deflection in the |aboratory

frame (m initially stationary) is given by § = si n-1<g>, wher e

b is the inpact paraneter.

(a) Show that the cross section evaluated in the CMfrane of
reference is a constant.

(b) Find the deflection angle 6 for m in the CMfrane if the

i npact paraneter is b = a

V2

12. Show that (9.92) of the notes can be witten nore sinply
as

do do Vii2 ViV

— = (0 i — .

ao® = gl® (DT
1 1

13. Gven a center of mass differential cross section,

do

= A cos?20 ,
dQ

(6 is the deflection angle of m in the CMfrane) and a
particle flux, I, find the nunber of backscattered particles

T
(§<1p < @ per unit tine in the lab frame. Assunme mp > m

where m is the mass of the incident particle.

14. Gven a CMdifferential cross section
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a particle flux I, and m=m, find the nunber of incident

T
particles backscattered (m =y =< é) per unit tine in the lab

frame (call it Ny [HnNnt: first get the |aboratory
differential cross-section.]

15. Hard sphere scattering:

i nconm ng sphere, radius = ¢

"4

@7

infinitely heavy
sphere, radius = a

do
Assum ng a symmetrical scattering event, find Eﬁi and t he

total cross section.
O her Probl ens

16. Escape velocity is the mninmumspeed a particle needs to
escape a planet or star, starting fromit's surface.
Previously, we estinmated the angul ar deflection of a Iight
beam traveling near the Sun, treating the light as if it were
an ordinary massive particle. In the sane spirit, find a
formula for the maxi numradius of a star of mass M from which
light, traveling at the speed of light, ¢, may no | onger
escape. (This is called the "Schwartzchild radius" of the
star.)

17. W estimated in the notes the fraction of 5 MeV al pha
T
particl es backscattered (§'< 0 < m) froma target nmade of

gold foil and found that about one in every 21,000 particles
shoul d backscatter. (This was changed to about one in every
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10,500 after we corrected the integral.) Suppose Rutherford
wanted to make a | ead shield to protect the other experinents
in his lab. Note that for lead, Z = 82 and np, = 207 amu, and

that the density is ppp = 11.4 é%%. Estinmate the m ni num

t hi ckness of the |lead that would shield agai nst these al pha
particles (in centineters).



