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Chapter 12

Coupl ed dynam cal equations

In a nunber of cases we have derived coupl ed |inear
differential equations. W have treated such systens as speci al
cases, but it is nowtinme to devel op sone general techniques for
handl i ng them Mathematically, we will encounter here both the
use of conpl ex nunbers (which were used in the Focault pendul um
di scussion and various differential equation solutions) as well
as the eigenval ue-ei genvector matrix al gebra of the |ast
chapter. Exanples of systens these techniques wll cover:
conservative, |linear nechanical or electrical oscillations,
nol ecul ar vi brations, approxi mate planetary notions, and nmany
nore. W will also use stability analysis and the concept of
general i zed coordi nat es.

I will first introduce the theory and then will work out a
nunber of exanples to illustrate the general techniques.

Let us consider a systemw th generalized coordi nates q; (J

=1,..., n; n=no. of “degrees of freedont), related formally
to the x, by

X, = xm(qj) = —4 = 0. (12.1)

Usual Iy, the g we will consider will be neasured from
equi li brium positions or |engths. For exanpl e,
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Let us also only consider U = U(qj). This nmeans we are

[imting our discussion to conservative systens for which H=T
+ U=const. intine. Another limtation of the follow ng

di scussion will be the assunption that the systemis |inear.

That is, we will only consider potentials that are quadratic in
t he generalized coordinates, or are approxi mately quadratic. For
smal |l oscillations, we have

au
Udy, Gp---0 G,) = Uy + Zaloqk
+3 2 aqjaqkl A0y +-- -, (12.2)
_Alk_AkJ

(const ant s)

where higher order terns will be neglected. In addition, we wll

assune or require that (qi, J2,...€tc. are equilibriumaqg;’s):
1. W = Wags = g, 92 = g0, ...) = 0.
2. a—UO = 0 for each k.
9
2
3. an| > 0, where Qis any linear conbination of the

general i zed coordi nates, q;.

Condition 1 is no restriction in the applicability of the
anal ysis since the absolute value of the potential U is always
arbitrary up to an overall constant. Conditions 2 & 3 above are
just conditions for stable equilibriumin a systemw th n
degrees of freedom Notice that condition 3 above (which is a
sufficient, rather than necessary, condition for stability) is
equi valent to the requirenent that U q;) > O for quadratic
potentials, given Up = 0. W can show this as follows. Assune (i

=1,..., n)
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Q=Y X0, (12. 3)

where the x; are arbitrary constants. Then

Y izw"’i

¢ 9Q ¢ 4q, IQ’
but ai = i SO
0Q X;
oV o au(qi)i = Vo1 (12. 4)
0 0Q ,E aq, X, & 69,90, xlxj' '

Condi tion 3 now gives,

2
1
. > 0. (12. 5)
1] aqlaqj Xixj
(The sumin (12.5) is only over the nonzero x; values.) Since the
X;j are arbitrary (but nonzero) constants, this is the sane as

ua;) > o, (12.6)
~ 1
where q; = — (see Eq.(12.2)).
X
Because of our condition a;(t"‘ = 0, we know from Chapter 7

for a systemof point particles, for exanple, that we may wite
(the my here were called ajx there)

1 .
r-L1 s meaa (12.7)
2],k

wher e
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ai

Xy OXy
_ G _ o (12. 8)
M 5% i aq;  dqg T

Note that in general my = my(q;) (functions of the qij), unlike
the A above, which are just constants. However, consistent with

the restriction to quadratic ternms in U we will restrict
ourselves to quadratic terns in the qj. This neans that we wll

expnad

0
Midi) = Melo + 3 :]kloqg T (12. 9)
¢ 90,

negl ect

and negl ect everything except the first term which is assunmed
non-zero. The reason is that terns like ~ q,Qq,q, in the Euler-
Lagrange equati ons produce nonlinear terns in the differenti al
equations. (Neglecting such nonzero terns give additional
restrictions on what is neant by "small oscillations".)

Notice al so that, in genera

T

1 an]k .o
0q, 2j2 d; di.

Tk 9d,

so that with (12.9) we have

aT

aq,

= 0.

After these restrictions, the general formof our
Lagrangi an in generalized coordinates, qj, is

real constants

! !

. 1
3 MGt -5 3 Ak (12. 10)
ik ik

L=T-U-=

N

Equati ons of notion are given by
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R_EE=O' (12.11)
W have
oU
o - 2AKG . (A= Ag) (12.12)
Ak j
éﬂ; = > mMq; - (M = my) (12.13)
Ak j
3Z(Ajkqj +n]k'qj)=0- (12.14)
J

Al t hough we have derived these equations in the context of
particle oscillations, the small oscillations of many realistic
ri gid body systens can be so characterized as |long as the
Lagrangi an nmay be put into the formof (12.10) above.

Ei genval ue/ ei genvector solution

Ve will use conplex nunber analysis to sinplify the solution
of this sytemof equations. Under conditions 1, 2, 3 above, we
know t hat the solutions are oscillations. Therefore assune

q,(t) = a e (12. 15)
(R

conpl ex (involves real frequency
two undet erm ned
const ant s)

where the real part of the right hand side is understood.
Pl uggi ng this back above, we find

Y (A - o'm)a = o0. (12. 16)

I
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[ This is alnost the sane formas the equations which determ ne
princi pal axes:

Sty -179)e =0.]

J

Again, the condition that there is a nontrivial solution
for the aj is that the determnant of the matrix (A; - o’ m;) be

Zer o:

(A, - O‘)zrnll A, - wzmlz- .

Ay - mzmu Ay - wzmzz- .-
det . . = 0. (12.17)

this gives an n® or der equation in ®?, the roots of which will

be labeled at w?, r =1, 2...n. These are called the

ei genfrequencies or characteristic frequencies. In general, the

above is nore difficult than solving the anal ogous equation for
the principal noments of inertial since the w? terns (the anal og

of the priciple nonents, 1') enter off-diagonal elenents of the
matrix al so. However, one is solving the sane nmat hemati cal

problemin either case.

Anal ogy:
I nertiatensor Coupl ed Equati ons
ei genval ues: | | <« o’
(i =1,2,3) (r =1,2,...,n)
(principle axes) (oscillatory nodes)

ei genvect ors: ® (o) < a’ (ar)
j ={1,2,3} j =
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(vect or conponents) (vector conponents)

Just as there are directions in physical space which render
the inertia tensor diagonal, there are directions in node space,
associated with the eigen frequencies o?, for which the notions

uncouple. W get the a" by the sanme procedure as in the |ast
chapter: substitute a known o’ in the al gebraic equations, and

then solve for the ratios

al’

Toral

2 -

for a given eigenvalue, o’>. As before, the overall normalization

c.
of the a" (chosen real) are arbitrary. This makes physical sense
here al so since this corresponds to the anplitude of the notion,
which is not determ ned by the equations of notion but by the
initial condition. Since there are n a,’'s, we can require n
condtions to arbitrarily normalize them In the inertia tensor

case, we required that

o @ =1,i =12 3.

Here, we require,

>myajag =1, r =12...n. (12.18)
ik

(That this conbination is always positive can be shown fromthe
positivity of T, the kinetic energy.) Al so, we can prove that
(just a generalization to an n-di nensional space of the simlar
proof in Ch.11 for the inertia tensor)

>meaag =0, (r =s) (12. 19)
ik

for > = o2, and that for degenerate roots (w? = »2) we may

al ways choose this equation to hold. The above two conditions
can be witten together as
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_%nhqaﬁ=6m. (12. 20)
i

Al so, we can show that the o are all real. In fact one can
show, under conditions 1,2,3 above, that o’ > 0.1 Wthout |oss
of generality, one may further choose w, > 0.

The general solution is now given by (real part stil
under st ood)

n .
qi(t) = DB aeort, (12.21)
r=1

where the ar are now all determned (up to an overall sign) and
B, are so called “scale factors,” which in general, are conpl ex.

(W still have not built in the initial conditions, so we still

need two arbitrary constants for a second order differential
equation.) The B, are the anplitudes associated with the r o

ei gennode as determned by the initial conditions. If only a
single B, is nonzero,

B, =0 r =k, B, =0

then only a single eigennode of the system has been excited and
the solution of the notion is particularly sinple.

q;(t) = P aj"ei “kt (ho k sum

O, introducing the “normal coordi nates”,

N, = Py g' okt , (12. 22)

we have

1 Notice that we could replace condition 3 with the alternate condition that the system of equations, (12.17), for

small oscillations yield only real nonzero eigenfregquencies, " . Thiswas the same condition for stability seen
in Ch.2.
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q;(t) = ngaf. (12.23)

I n general,

qi(t) = %nkaj". (12. 24)

Expressed in normal coordinates, one has (using the
orthogonality condition, (12.20), as well as (12.16))

Shi,u=Z Yein,

T =

N

oL d ()
on,  dt {an, ’

= n + o’n =0. (12. 25)

This in turn shows that the energy associated with each nornal
node i s constant since for the r'® node,

J'dt n, x (hr + o’n = O),

= E = constant = }-hz + 1(»
2 2

=T, + U . (12.26)

Fi nal cookbook recipe for solving a systemfor snal
oscill ations:

1. Wite the Lagrangian, L, of the systemin terns of

generalized coordinates, ¢;, and find the Ay and my either by
9°L 9°L

d9q; 9q aqjaqk

using the explicit fornmulas (Ak = - ) or by

Mk =

0
conparing to the formof the Lagrangi an, Eq.(12.10).

0
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2. Formthe matrix (Ajk - mzn}k) and find the n eigenval ues, 2.

3. Determne the ratios a} : a, :

o al and nornalize the a
according to Eq.(12.20).
4. Wite the general solution for the g as in Eq.(12.21).

Physi cal interpretation follows froman exam nation of the
noti on of the normal nodes (setting all f;=1).

5. Apply the initial conditions and find the p;.

If T and U for a systemare not given, but the equations of

notion are, then obviously we may skip step 1 and instead form

the characteristic equation using the ansatz Eq. (12.15) for the

gi. As a faster procedure, note that we may al so skip the

normal i zation condition, (12.20), and determine gj(t) = 3 af e '
r

(B, absorbed in the new a{ ) directly fromthe ratios in step 3

and the initial conditions.

Exampl e

Enough of the theory, let’s do sone exanples to nmake this
nor e under st andabl e. Coupl ed masses exanple (this is
mat hematically the same for small oscillations as the coupl ed
pendul um problem at the start of this Chapter with M=m=mp,

x—80, and k = %?; L bei ng the pendul um | ength):

NNN\\N\
ANN NN

nl:n}:M
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X1, X» (playing the role of the g's) measured fromequilibrium
positions. Step @:

T = 1|v|(5<f + X3).
= m3 =M =M , mp,=m; =0,
U= %kxf + %kxg o1 k(X - X, ),
=A11=3%L;0=k+k12, A22=2%l§0=k+k12,
12 = a)?;;izlo Ko, Ao = -kypp
Step @:
(k + Kk, — w*M -k, \
det =0,
L Kk, k + k,, - oonJ
= (k + ky, - (1)2M)2 - k%, =0,
Loy o (KT Ky
WM ) \m/
Step @:
Equations for eigenvectors, r = 1 case:
=0

(All - (D%mll)a% + (A21 - 00%”‘21)3%
(A12 - (Dfmlz)a% + (Azz - w%mzz)alz = 0.

{_k12a% - k12a% =0
=

1 1
-kqpa1 - kjpa; = 0
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r = 2 case:

Nor nal i zati on:

r =s = 1:

r = s = 2:

Step @:
X(t) =
XA{t) =

2 2 2 2
kipaf - kqpa5 = af = a5
IAS
qu ajak 6rs
j, Kk
overall sign
undet er m ned
¥
1\2 1\2 1 1
a;] +Maz) =1=a; = + —
N(l) N(Z) 1 J2M
2)2 2)2 2 1
|V(a1) +|\/(a2) =l:a1=+—m
1

same conment

1

~N2M

1 . .
—— Re (- el w1t + el w2t .
RELY ( B1 B2 )

Re (Bl ei o1t 62 ei wot )’

[Note we have (n(t) = B, ")

= Y ain, = ain; + an,,

r
1
= X, = —— (n, +n,).
\2M

= Y ahn, = azn; + ajn,
<

= X, = —— (-n, + n,),
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Thus n; = \2?

M
(Xl - Xz)’ n, = \E

(X, + X,),

Physi cal interpretation of the nodes follows fromthese results.
Set np =0 = Xx; = X, for node 2 (“synmetrical node”). Set n, = 0
= X; = -X, (“antisymetrical node:).]

Step ®: As an exanple, consider the initial condition,

x1(0) = -%x2(0) = A x(0) = x{0 = 0.

Then
real part
of B1, P2
! !
1
A = \fm (Blr + BZr)
1
-A = \fm (_ﬁlr + |32r)
=B, =0 , B, =V2ZMA
Al so
i magi nary part
! !
: 1
(0 = - 5 (@y + wBy) - 0,
x40 = ; ((ﬂlﬁli - wzﬁzi) =0,
V2M
= Pui = P2 = 0.
(1f we had chosen X(0) = -x{0) = 0, then we would have had f, =
0, Bii = - VZMi(@, and node 1 would still be the only node
W1

excited.) Conplete solution:
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X1 = Acos (mt) , X, =-Acos (wgt).

|f we had chosen x3(0) = x3(0), X(0 = X{0) would have excited

the symmetrical node (2) alone. General notion is a |linear
conbi nati on of the two nodes. Conplicated to understand, but
sinplifies in the cases ki, << k (“weak coupling”) and ki, >> k

(“strong coupling”). Let's exam ne these cases.

Weak/ strong coupling

Let’s rewite the above general solution to prepare to
di scuss weak coupling. Introduce

w, + W w, — O
0, = -4 2 0, = et S A
2 2
“beat s”

Can show (nmucho al gebra) that the above general solutions for
X1(t), Xo(t) may be witten as (solve for w;, w, in terns of w,,

w,, Substitute above and use trigononetric identities),

A A, )
X4{t) = —— cos t) cos t) - —4 cos t)sin t
A(t) oM (wot) (wpt) 2M (wot) (wpt)
+ SI N(wat) cos(wpt) = —— SsI Nn(wpt) SI N(wRrt),
XA{t) = —-Jﬁi-COS(U)t)COS(U)t) —-l&i-cos(u)t)sin(m t)
V2M 0 b J2M 0 b
A, A . .
+ SI N(wpt) cos(wpt) + ——si n(wnpt) st n(wit).
NI (wot) (wpt) oM (wot) (wpt)

wher e

Ay = By +Bar v A= B - Bais
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A = =Py - B2 Ar = B - Bar

(Please confirmthis.) Notice that there are still only 4

undetermned (real) constants, A, A, A, A, Let us now plug in

the initial conditions,

x1(0) = D, X2(0) =0, X(0) = x{0) = 0.

These initial conditions excite both nodes 1 and 2, as opposed
to the previous set. Plugging in above, we find

A]_:\f’mD, A2:A3:A4:0.

So the general solution is

X4(t) = Dcos(wgt) cos(mwyt),

XA{t) = Dsin(wgt) si n(wpt) .

This formis convenient for discussing the case of weak
coupling, ki, << k. Defining ¢ = % we have

smal | conpar ed

Wy = \/%I(l+a) , wbla\/KM.

|

O course 5 is the decoupl ed frequency. Mtion |ooks |ike

M
(sorry for the bad graphs):
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2 . .
T, = gf.,'u = —E-;'Q >> T, in weak coupling

o, ,

Phenonenon of beats occurs anytine a |inear conbination of very
close frequencies is present. (Listen for themthe next time you
take a ride on a two propellar airplane.) This corrresponds to
an approxi mate nultiplicative nodul ati on of the uncoupl ed
not i on.

To discuss strong coupling, let us recast the above
solution (still exact for the given BC s) as



x{t) g[cos ot + cos myt |,

x{1)

al so confirm

g[— COS w,t + COS w,t |.

(. K )2
Then, for strong coupling, ki >> k, we have Ls = (Zk ) J
12

SRSy . -
L T
' \M( 2~ ¢

We find the notion | ooks |ike:

xi(t)

X,(1)

12. 17
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Now get an additive nodul ation. The two frequencies here are
under st andabl e from

2M

—_—

o = &_JK_(D
VaM M

NN\\\
NN\

N

Exanpl e using nechanical/electrical anal ogy

Let’s do one nore exanple. It is a coupled systemwe
encountered before, but we did not solve it because the
equations were coupled. W had in Ch. 3:

/ kl kZ

/ L AYYY | M| /AYYY L m (no wal l

/ o_ndt ;wi s
si de

/

J LSS S S S

X; : length of spring 1
X2 : length of spring 2

(These lengths are conpared to the equilibriumlengths.)
rTh-)-(l = —klxl + k2X2 @

m(X, + X,) = -K,X, @

Rem nder of the nmechanical/electrical anal ogy:
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) 1 1
® = L +—=—09, - =0, =0,

Grcuit |ooks like:

Assunme (do not need to know T or U here since we al ready have
t he equations of notion)

(i - Ll(l)z)al - i a2 = O,
G G
—L2(JJ al + (— - L2(D )az =0
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= (i - lez) (é - szz) - é L,0? = 0,

G
or L1L2(,l)4 - i Ll(l)z - i L2(D2 - i L2(D2 + L = 0
GG
A quadratic equation in w’. Roots are:
3 2
> 1| 1 1 1 } 1 ( 1 1 1 4

0w = — + + = — | + + - —.

2|GL, GLi GL| 2\GL, GL; LG GGLiL,

Because the above is so conplicated, let us just look at a
special case: C =G, L; = L,. Then

2 2

e
I

2 i(§+§)
LC

Cal |

(1\)2—3+\/§ (DZ_S—\/E
1 2Lc 0 2 2LC

These are the normal node frequencies of this circuit. W wll
skip the step of normalizing the eigenvectors. The general
solution is (real part understood)

a%el wqt + a%el wot

qa(t)
qd,(t)

_ _ 8 real constants
a%el w1t + a%el wot

where the a are in general conplex. To find the ei genvector

relations, substitute of, w3 back into the ei genvector

equat i ons:

(1_ Lo?lal - Zab = 0,

\c 1)
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L _(1 + ﬁ)ai-

Li kewi se

as.

SR

W now have,

qyt) = aje @1t 4 aZel o2t
aft) = _(1 + vS) alel o1t _ (}_:_ﬁEj aZel 2t 4 real constants.

i O‘)l, 2t

Using n;, = e as the normal node variables, we find

n. = (\/g -1 41 - q ) 1

! 2 ! 2 \f‘"g a%’
n _ (1 + \/g + ) 1

2 5 i1 + Q> ;E?E?-

Mbde 2 occurs when n; = 0, so

Mbde 1 occurs when

_ 1+\/‘/§
q2_ 2 ql'

These are |ike the nodes for the coupled masses we saw i n our
first exanple, except the oscillation anplitudes are
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unsymetrical. W can now build in the initial conditions.
say

90 = a0 =0 , qy0 = dio 90 = dzp-
Pluggi ng in above, we get (renenber the al, a? are conpl ex)

0 = Re [imal + imal],

0 = Re Hl +2£) i w,a} - (1 _2\5) i wpaf

= (ad), = (a3, = 0

f 1

i magi nary part

Li kewi se

real part

! !

do = (ad)r + (89w

a0 - - (252 ), - (257) e

2 2
1 5 -1
(a%)R -5 [‘%o + = > Q1ol’
1 1+ 5
(a%)R NG l‘ho + 5 %o}-

Ful | sol ution:

17 \/g -1 ] 17 1+ \/g
t) = — |- + COoS wqt + — +
qq(t) 5 | d20 5 Q1o_ AN _q20 5
10 1+ 5 ] 170 N5 -1
t) = — |- + cos wqt + — +
aft) 5 | d10 > Clzo_ N _Q1o >

VWhew

Let’s

qlo cos (th ,



12. 23

Chapter 12 Problens

1. Prove that the squared characteristic angul ar frequencies,
w?, defined from (see Eq.(12.16); no sumon r)

D aA;e

i
w? = ' e

E amja
I,j

are positive, given the equilibriumconditions in the text.

2. A doubl e pendul um systemis arranged such that at equilibrium

t he pendul uns from which the masses, m are hung are displ aced
at an angle, 6g, fromvertical as shown. The pendul umlengths are
L and the spring constant is k. The unstretched | ength of the

spring is L and X is the distance between the attachment points,
as shown.

J /S S S S S S

Find the eigenfrequencies of the systemfor small oscillations
about 6g. [Hints: First, show that the equilibriumangle, 6g, is

determined by Y = X-L = 28 sinfy + %?'tan 0g. Then, argue that
the potential, U, is given for angles 0;, 0, by U0y, 0,) = ngl(1-
cos(B+01)) + MuL(1 - cos(8o-62)) + 3 k( Y - & sin(6g+6r) - L

si n(6p-6,))2. Expand for small angles and solve for the

ei genfrequenci es. ]
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3. A mass Mnoves horizontally along a snooth rail. A pendul um
is hung fromMwth a weightless rod with a mass mat it's end.
The mass Mis |located a distance x fromthe wall.

X

—

AN

The Lagrangi an may be witten (you do not have to derive this)

L= 2m+ mx2 + L(b202 + 20%0) - "0 02 .
internms of x and 6 (6 << 1). Find the characteristic

frequencies of this systemand determ ne the normal nodes.
Qualitatively describe the notion of these nodes.

4. In the first senester we considered a doubl e pendul um
consi sting of two equal masses connected to each other and a
hori zontal support

L L L L L LSS
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by weightless rods of length L. For small oscillations, the

equations of notion we found were,

N

; - g
6, +5 8, *y 6, =0,

6, + 0, + ) 0,=0.

(a) Find the characteristic frequencies of the system

(b) Solve for the normal coordinates, n, in terns of 6,, and 0,.

Descri be the conditions which excite these nodes.

5. Three masses, arrayed as shown, are coupled together in a
straight line with two springs, both with spring constant, k.
This is a one-dinensional problem so notion can only occur
al ong the x-direction.

k K
O 2AN—@—AAAL—@
m my nm
>

x-direction
(a) Find the squared ei genfrequencies (»?) of the system

(b) Find the correspondi ng ei genvectors (they need not be
normal i zed). Desci be the notion associated with each of the

nor mal nodes.



