PROPERTIES OF THE SOLUTIONS OF THE FOURTH-ORDER
BESSEL-TYPE DIFFERENTIAL EQUATION
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ABSTRACT. The structured Bessel-type functions of arbitrary even-order were introduced by
Everitt and Markett in 1994; these functions satisfy linear ordinary differential equations of
the same even-order. The differential equations have analytic coefficients and are defined on
the whole complex plane with a regular singularity at the origin and an irregular singularity
at the point of infinity. They are all natural extensions of the classical second-order Bessel
differential equation. Further these differential equations have real-valued coefficients on
the positive real half-line of the plane, and can be written in Lagrange symmetric (formally
self-adjoint) form.

In the fourth-order case, the Lagrange symmetric differential expression generates self-
adjoint unbounded operators in certain Hilbert function spaces. These results are recorded
in many of the papers here given as references.

It is shown in the original paper of 1994 that in this fourth-order case one solution exists
which can be represented in terms of the classical Bessel functions of order 0 and 1. The
existence of this solution, further aided by computer programs in Maple, led to the existence
of a linearly independent basis of solutions of the differential equation.

In this paper a new proof of the existence of this solution base is given, on using the
advanced theory of special functions in the complex plane. The methods lead to the devel-
opment of analytical properties of these solutions, in particular the series expansions of all
solutions at the regular singularity at the origin of the complex plane.

1. INTRODUCTION AND MAIN IDEAS

The fourth-order Bessel-type differential equation has the Lagrange symmetric (formally
self-adjoint) form

(1.1) 2y (2)]" = [(927 + 8M_1:L‘)y'(m)}/ = Azy(z) for all z € (0, 00).

Here, M € (0,00) is a given parameter and A € C is the spectral parameter. This equation
belongs to a sequence of structured ordinary differential equations of even order with analytic
coefficients in the complex plane C, which were introduced in 1994 by Everitt and Markett
[7].

Equation (1.1) has many features in common with the higher-order differential equations
associated with the Laguerre- and Jacobi-type orthogonal polynomials, see the diagram in
[2, Section 1] or [3, Section 3]. On the other hand, each higher-order Bessel-type equation
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may be seen as an extension of the classical second-order Bessel equation with parameter
v =20,

(1.2) —[z9/ ()] = Nay(z) for all z € (0, 00).

Concerning the theory of Bessel equations and functions we refer to Watson [17] or other
standard books on higher transcendental functions [1, Chapter 9], [12, Chapter VII]. In
particular, there is the following limit relation between the two equations (1.2) and (1.1). If
we connect the two spectral parameters A and \ by

(1.3) A= XN\ +8M™1)

and multiply equation (1.1) by M > 0, we arrive at equation (1.2) by formally letting M
tend to zero. More and deeper relationships are presented and discussed later on.

In a series of papers [2], [5], [6], [8] and [9] we investigated the spectral theoretical aspects of
the fourth-order equation (1.1) in certain weighted Lebesgue, and Lebesgue-Stieltjes spaces.
This study exhibited remarkable new phenomena and analytic structures, for example see
the most recent account in [9]. Among others we introduced a generalized Hankel transform
[6] and two versions of the Fourier-Bessel-type series [8], [9]. Some of these features have
been deduced by applying general results on singular linear differential equations [13] and
[14], but at various stages of our approach it is also useful and sometimes even indispensable,
to have particular knowledge of the underlying special function solutions of equation (1.1).

There are recent applications of the fourth-order Bessel-type differential equations to the
study of properties of the biharmonic partial differential equation in the plane, when con-
sidered in polar co-ordinates; see [4].

The present paper deals with a full basis of four linearly independent solutions of equation
(1.1) denoted by

{JO,M yOM o.M KO,M}
P N R U R :
These functions may be defined in terms of the Bessel functions of the first and second kind,

J,,Y,, as well as of the corresponding modified Bessel functions, I, K,, where v = 0 or 1;
see [3, Section 3| or [8, (6.1)]. For A\ € C with arg(\) € (—n/2,7/2) and M > 0 we set

(1.4) a=ax(M):=1+ 1M\ and & = (M) := N> +8M ",
whence

N =4M " (ay —1) and &3 = 4M *(ay + 1).
Then, for all z € (0, 00),

(1.5) JyM () = axJo(Az) +2(1 — ay)(Az) "L (M)
(1.6) VIM () = anYo(Az) + 2(1 — ay)(Az) 1Y ()
(1.7) IYM(2) = —axIo(exz) + 2(1 + ay) (exx) " (exz)

(1.8) K2M(2) = —axKo(exz) — 2(1 + a) (eaz) 1K (eaz).
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The Bessel functions involved are defined by any of the following representations:

00 ZZk
(1.9) Jo(z) = oFr (=5 =52) =) (1) o
J,(z)cos(vz) — J_,(z 1 = k2
- S B 4 S 2
00 22k
(110) =3 (=3)" g o (32) = v+ 1)
o0 ZQk
(1.11) Io(2) = oFy (=1:12%) = D0 (1) 7
.. I_,(2)—1,(z 1 = 1"3'221C
00 ZQk:
(1.12) = =D ()" i lloa (32) —w(k +1)].

The symbol 1) represents the logarithmic derivative of the gamma function I', and so

(1.13) $(1) = —y,(k + 1) = by —  and hy = ijl(l/j) for all k € N

where 7 is Euler’s constant. These settings are to be found in [12, 7.2.1, 7.2.4 and 7.2.5] or
[17, Chapter III], up to an additional factor %71’ in the definition of the Bessel function Yy(2),
which is in accordance with the definition introduced by Schéfli [17, 3.54]. Here and in the
following

oFy for p,g € Ny,

denotes the generalized hypergeometric series [11, Chapter IV]. Concerning the Bessel func-
tions of order ¥ = 1 we note that (cf. [17, 3.56 and 3.71])

(1.14)
Jl(z) = —J(’)(z) = §0F1 (—QQ;—iz2) :gzgio (_%)km
ZQk—l
Vi(z) = =Y{(z) = —z"'o(2) + [log (32) + 7] Ji(2) +2> 5, (_i)k mhk
I . 2k
= —F 3 k=0 (_Z) (k+1D)!(k+ 1)[+

Z2k

+§ S ()" ] [log (32) — v (k+1)]
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and
(1.15) )
L) = Iz) = SoR (—;2;522)—22210(i)km
Ki(2) = —Kj(z) = 2 'Io(2) + [log (32) +7] Li(z) — 23232, (%)k(kz——;)!k!hk
Y e ik 2k
R A Py

+3 St (1) gy loe (32) — vk + 1)

The log terms in Y, (2), K, (z) for v = 0,1 may be replaced by
(1.16) log(z/2) = 1log(z*/4) for arg(z) € (—m/2,7/2)
to indicate that the four Bessel-type functions stated in (1.5) to (1.8) are actually functions of
the parameters \? and ¢3 := A\*+8M ~!. Moreover we note that in view of (1.9) to (1.12) and
then (1.14) and (1.15), the Bessel-type functions J3"" () and Iy (z) are regular solutions at
the left endpoint of the domain (0, c0), whilst the other two solutions Y™ () and K3 ()
are singular at this endpoint (see Corollary 2.1 below).

The Bessel-type function J2*" was introduced in [7], and the solution Y"" was defined
in [2]. The two additional solutions IQ’M and KE\)’M, however, were found only recently from

the results of van Hoeij, see [15], using the computer algebra program MAPLE; more details
of this approach are given in [10].

In [7, (1.11) and (1.12)] we showed that the Bessel-type function .Jy" (z), and the solution
JY(x) := Jo(Az) of the classical Bessel equation (1.2), are linked to each other by two linear
second-order differential expressions

(1.17) AM = —iMD? +iM2'D, +1and BY := —1MD? - 3Maz7'D, + 1,
where D, := d/dx and D? := d?/dz?*. In fact, we have
(1.18) JOM(z) = AM [J9] (2) and B [JS’M] (2) = a2 J9(z) for all = € (0, 0).

A combination of these two relations immediately yields the fourth-order differential equation
(119) (Ao BY) | M) (@) = AV [BYRM] (2) = G AY [] (0) = a3IPM (@),

This suggests that the differential expression of the the Bessel-type equation (1.1) may be
factorized in order to gain information about all its solutions from solutions of the classical
Bessel equation.

The purpose of this present paper is to show, see Section 2 below, that such a factorization
of the Bessel-type equation exists very generally. As it turns out, we can use the same
differential expression AY in order to trace back the solutions of the fourth-order equation
(1.1) to those of a second-order Bessel equation. For the .J-solution this is the classical
equation (1.2) in view of (1.18), and it turns out the same relationship also for the Y-
solution. Concerning the /- and the K solutions, however, we have to start from a different
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Bessel equation which is obtained from (1.2) by replacing the eigenvalue parameter A\? by
—c3 = —(A\* + 8M1). Notice that the product yields, up to a negative sign, the eigenvalue
parameter (1.3) of the fourth-order Bessel equation. In the end this kind of duality is
responsible for the formally similar representations of the four Bessel-type functions (1.5) to
(1.8).

’Diagram 1.1 on page 6 illustrates our construction of these functions. ‘

The details of our approach are carried out in Section 2. In particular, we give an analytic
proof that the four functions (1.5) to (1.8) are solutions of the differential equation (1.1). Asa
corollary we then deduce explicit series expansions, which are of (generalized) hypergeometric
type in the two regular case solutions. In particular, the four Bessel-type functions are
normalized in such a way that at the origin 0 the regular solutions satisfy

(1.20) TYM(0) = YM(0) = 1,

and that the the two singular solutions satisfy

(1.21) lim {IZY)?’M(:U)} = — lim {xQKg’M(ﬁ)} = %M

z—0+ z—0+

These results suggest that it is possible to determine, by taking appropriate linear combi-
nations of the Bessel-type functions, four linearly independent solutions of the Bessel-type
equation (1.1), which behave like the powers 2" as © — 0%, where r € {—2,0,2,4}. These
four exponents are the Frobenius indicial roots of the regular singularity, at the origin 0 in
C, of the Bessel-type differential equation; see the corresponding discussion in [2, Section 3].
These four “Frobenius” solutions, which are labelled according to the four indices y,.(z, A, M)
for r € {—2,0,2,4}, are presented in Section 3 below.

In Section 4 we discuss the behaviour of the solutions of the Bessel-type equation (1.1)
with spectral parameter (1.3) for M tending to +o0o, namely

(1.22) [z (2)]" — [9x_1y'(:v)}/ = May(z) for all z € (0, 00).

This differential equation deserves particular interest since it may be interpreted as the
radial part of the biharmonic partial differential equation, being obtained by applying a
certain quasi-separation method, for details see the the recent account in [4]. As it turns
out, the basis of solutions of the equation (1.22) is given in terms of the classical Bessel
functions with the parameter v = 2.

Finally, Section 5 contains some concluding remarks.
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’For the text before Diagram 1.1 see page 5. ‘

Classical Bessel DE (see (2.2))

(=D = 27 D) [u](z) = Nu(z)

Modified Bessel DE (see (2.4))

(=DF = 271 Dy)o](x) = —cRu(z)

l solved by |

! solved by l

Regular solution

() = Jo(Ar)

Singular solution

Y (z) = Yo(Az)

Regular solution

I? (x) = Iy(cax)

acted on by AM := —IMD2+ ;Mxz'D, +1

Singular solution

Kgx(a:) = Ko(cxz)

| | | |
1%¢ solution | | 2" solution | | 3" solution 4 golution
(regular) (singular) (regular) (singular)
IM@) =] | Wt @)= | | GY() = | | K3 ()=
AL @) | | A () | [ AY ] (@) | | A K] ()
l | 1is solution of | l

Fourth-order Bessel-type DE: L) [y](z) = A22y(x)

Diagram 1.1

2. FACTORIZATION OF THE FOURTH-ORDER BESSEL-TYPE DIFFERENTIAL EQUATION

The Frobenius form of the Bessel-type differential equation (1.1) is given, in operational
notation, by

Lg\j) [y](x) := (Df; +2271D2 — {91‘_2 + 8M_1} D? + {9x_3 — 8M_1x_1} Dx) [y](x)
(2.1) — Ny()

for all z € (0,00). Similarly, the second-order Bessel equation (1.2) may be written in the
form

(2.2)
so that, recalling (1.4),
(2.3) (L® +8M7Y) [u](z) == (—D2 — 27 'D, +8M ) [u](z) = Su(x).

LOu](z) == (=D — 27'D,) [ul(z) = Nu(z) for all z € (0, )
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Moreover, we introduce another equation of the form (2.2), where the eigenvalue parameter
A? is replaced by —c3. Denoting the new dependent variable by v(x) we have

(2.4) L®W)(z) == (=D2 —27'D,) v](z) = —civ(z) for all z € (0, 00)
and hence
(2.5) (L® +8M ) [v)(2) == (=D% — 27D, + 8M 1) [v](z) = —\*v(a).

Lemma 2.1. For M € (0,00) and x € (0,00) let the differential expressions AM B be

defined as in (1.17). Then, for sufficiently smooth functions y(x), the following two zdentztzes
hold:

(2.6) (AM o BM) [yl(x) = (M) L [y](x) + y(2),
(2.7) (BM o AM) [y)(z) = (2£)* ([L® + 8M '] 0 L?) [y](2) + y(x).

Proof. Applying the two expressions BM and AY, in this order, to the left-hand side of
identity (2.6) we obtain

Y02 4 Mg, 1] [~ My (a) — ety (2) + y(a)

— (M) L0 [y)(x) + y(2).

Concerning identity (2.7), we just apply the differential expressions on both sides of the
identity and compare the results. 0

Theorem 2.1. Let M € (0,00) and let AM BM be as in (1.17).

(i) Given any solution uy(x) of the Bessel equation (2.2), the image function Uy(zx) :=
AM [uy] (z) solves the fourth-order Bessel-type equation (2.1).

(17) Given any solution vy(z) of the Bessel equation (2.4) with modified eigenvalue parame-
ter, the image function Vy(z) := AM [v,\] (z) also solves the fourth-order Bessel-type
equation (2.1).

Proof. (i) By definition of Uy(z), identity (2.7) and the assumption that u = u, satisfies
the differential equations (2.2) and (2.3) we obtain
(B [Ua] (2) (B’ o AM) [uA] (@)
(%) ([L® +8M7] o L®)) [uy](z) + un(z)
(%)2 (L@ +8M~1) [Nu)(x) + ux(x)
(%) 3N 41} s (@)
ux ().

@,_/_\l

(2.8)
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Now apply the expression A to both sides of (2.8) and use identity (2.6) to get
() L 0@) = (A2 0 BY) [Uh)(x) ~ Ua(a)
= A
- IM)\ 2(224—2?)\ ) Ux(z)
= (2" NAUL(2).
Hence U,(z) solves equation (2.1).
(i7) Here, identity (2.7) and the assumptions (2.4) and (2.5) give
(B Wl (2) = (B o AY) [wl(z)
= (%)2 ([L® +8M~] o L®)) [vy](z) + va(x)
(2.10) = — ()" (L9 +8M7) [Gual(z) + v (@)
(%)2 AN+ 1} ux ()
( = ajva(z).
As in item (i), the assertion then follows by applying AM to both sides of (2.10) and
using (2.6), i.e.

(M) LY Wl(x) = (AY o BM) [Vi)(x) — Va(z)
(2.11) = (ai—zl)VA(x)
(%) NA3Vy(2).

(2.9)

—N

O

Theorem 2.2. Let M € (0,00) and let AM BM be as in (1.17).

(1) There are four linearly independent solutions of the Bessel-type differential equation
(2.1) given by

(ToM(@) = AMJ)(x)  where J(x) := Jo(\x)
VYoM (z) = AMYQ(z)  where YO(x) := Yo(Ax)
(2.12)
YY) = AM[I0] (x) where I? () := Ip(crx)
| KV (2) = AM[K?](z) where K2 (z) := Ky(caw).

(17) The four Bessel-type functions defined in item (i) are related to their classical coun-
terparts by the inversion formulae

(2.13) BM [JS’M} (2) = (1+1MA2)° J%z), BM [YQ’M} () = (1+ 1M22)’ Y0 (x)
2 2
214) BY [BY] (@) = (1 - M) 1 (2), B K] (@) = (1 - §M3)* KD, ().
Observing that 1 + iM)\Q =—-1+ iMci it follows that the two factors (1 + }1]\4)\2)2

and (1 — A—llMci)2 actually match.
(1ii) The Bessel-type functions defined in (2.12) possess the representations (1.5) to (1.8).
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Proof. () Since JY(x) and Y (x) are two solutions of the Bessel equation (2.2). it follows

from item (i) of Theorem 2.1 that their images under the expression AY  i.e. Jy™ (z)
and Y™ (z), solve the fourth-order Bessel-type equation (2.1). By Theorem 2.1,
item (i4), the same holds true for the two functions 73" (z) and Ko™ (z), since I ()
and K (z) solve the Bessel equation (2.4) with eigenvalue parameter —c3. All four
solutions are linearly independent by construction and by comparison with explicit
representations, see Corollaries 2.1 and 2.2 below.

(77) The two identities in (2.13) readily follow by (2.8), whilst (2.10) yields the two iden-
tities in (2.14).

(ii7) In view of (2.2) and (1.14) the Bessel function J}(z) = Jo(\z) satisfies

(<302 - 271D, (0] (a) = LX)

4 Y
and
%x’lD:B [Jo(A\)] () = —%x’l)\Jl()\az).
A combination of these two formulae then implies the representation (1.5), since
(2.15)
Jf\)’M(:c) = AM[Jo(\)] (z) = (—%Dfﬁ — %x_lDz +1+ %x_le) [Jo(A\)] ()

= (142X Jo(Az) — XX (Az) LS ().
)

The same argument applies to Y (x) = Yy(Az) which proves formula (1.6).
Concerning (1.7) we note that, in view of (2.4) and (1.15),

(—%Di — %m_ngg) [Io(ca)] (z) = —%ci[o(c)\a:)
and
%x_lDI [Io(cy)] () = %x_lc,\ll(c,\x).
Hence
(2.16)
I/(\)’M(x) = AM[Iy(cy)] (z) = (—%Di — %x*1D$ +1+ %xile) [Io(cy-)] (2)

= (1-23) L(caz) + Yero i (erx)
= —alp(enz) + LA () (enw).

Analogously, Ko(cyx) yields
(2.17)
KYM(z) = AM[Ko(en)] () == (-MD2 - Mp=1D, + 1+ Ya71D,) [Ko(er)] (2)

= (1-2%3) Ko(exr) — Yoz 1Ky (err)

= —aKo(erz) — L3 (erz) ' Ki(erz).

This concludes the proof of Theorem 2.2.
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Corollary 2.1. For M € (0,00) and X € C with arg(\) € (—7/2,7/2) let a) := 1+ $MN?
and ¢3 == N> +8M™" as in (1.4). On the interval z € (0,00) the four Bessel-type functions
(1.5) to (1.8) possess the following the following series expansions:

2k
YO’M(:L‘) = M,-2 My2 i (_l>\2)k 72k
(2.19) ’ ? ST v (b +2£)!(k+ 1)!
+k§0{1+k¢ax} (‘i)@)k k!(k:,:— 1_> [ IOg( A2z?) — ¢(1€+1)] |
22k
(2.20) [0M Z{l — kaA} )\) m = 1 F5(1— a;l; 1’ 9. 1 ZC)\:C )
KWM(z) = —Mp24 M2y (12)" s
(2.21) ’ ? Y G D D)
— Z{l — kay} (ic ) k,(]f—Jrl) [ log( Aaz?) — Pk + 1)} )

Proof. The formulae (2.18) to (2.21) follow by inserting the definitions of the classical Bessel
functions of order 0 and 1 given in Section 1 into the representations (1.5) to (1.8) of the
four Bessel-type functions.

For the two regular solutions (1.5) and (1.7) we have

% 2k 2k
0N, N ko 0.0, i
S (@) = Zgy(/f) (=12%) (K +1)! and [y’ ZhM (i) k!(k + 1)!
k=0

where
k)= (1+2N) (k+1) - 2N =1+ (1+ 2N,
(k) =—(1+2N)(k+1)+ 23 =1 (1+ 2Nk

Concerning the two singular solutions (1.6) and (1.8), it turns out that the two coefficients
gV (k) and h}!(k) also arise in the second sums of their representations, respectively. O
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Corollary 2.2. In the limit x — 0% the Bessel-type functions behave asymptotically in the

form
(2.22)
(V@) = 1= (L GMA)N + 5 (3 4 S MM + O(af)
YIM(@) = gMa 4+ gMA 4y + log(30%0%) — {fgAt + 1y = D1+ FAN)N} a?
—+(1+ s MX*)X22? log(32%2?) 4+ O(x* log(z))
M) = 1= 31+ 1MN)M2% + 5 (1 + LMA%) (A2 + 8M1)2at + O(a)
K3 (@) = =M™+ 14+ §MX° — 5 = log(33a®) + {57 (1 + g MN°)?
( = (L4 gMA)N} 2 + (1 + §MA*)N2a? log(1c32%) + O(* log ().

3. FOUR SOLUTIONS OF FROBENIUS TYPE

The purpose of this section is to derive four solutions of the Bessel-type equation (2.1)
which behave at the origin in the form

(3.1) yr(x, A, M) = 2" asx — 0" for r = —2,0,2, 4.
Clearly, we may choose Jy™ () with = € [0, 00), for yo(z, A, M). Moreover, the function
y_o(z, A\, M) := 2M Y (2) for all z € (0, 00)

satisfies (3.1) for r = —2.

In order to determine two further solutions of equation (2.1) having zeros of order 2 and 4
at the origin, respectively, we require appropriate linear combinations of all the four Bessel-
type functions, given in (2.18) through to (2.21).

Corollary 3.1. (1) A unique solution of the Bessel-type equation (2.1) satisfying prop-
erty (3.1) for r =4, is given by

(3.2) ya(z, A, M) := 3M?a;? [JS’M(I) - IS’M(x)} =2*+ 0% asx — 0T,

(1) The sum of the two singular Bessel-type functions is a reqular solution of equation
(2.1) with asymptotic behaviour

YAO’M(x) + KS’M(:L’) = [a,\ + %log()?c;?)} + 557 [aA +3(1—a3) 10g(A2c;2)} x?
(3.3)
+0O(z*log(x)) as x — 0T.

(1i1) A solution of equation (2.1) satisfying property (3.1) for r =2, is given by
ol A, M) = 2Ma* { VP (2) + KM (2) = [ax + $1og(W6,3)] 3 (2) |
(3.4) =22 + O(z*log(z)) as v — 0OF.
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Proof. (i) Employing the series representations (2.18) and (2.20) we have

o0

(3.5) JIM () = 19M( Z

k:—I—l

where for all £ € N,

O = (14 kax)(—32%)* = (1 — kay) ()"
=M {1 +ka))(1—a))" — (1 — kay)(1+ay)*}.

The first three coefficients simplify to dy = d; = 0 and d = (2/M)?a3. So on mul-
tiplying equation (3.5) by 2!3!6,' we obtain (3.2). The uniqueness of the solution
ya(x, A\, M) becomes clear when considering the items (i7) and (i77).

(77) In view of (2.19) and (2.21) we have

o

(3.6)  folw, A M) =YY (@) + KM (@) =Y i )6’“ z* + Z i k "

where the coefficients of the first sum yield, for all £ € Ny,
er = ]\24 [(40)\)k+1 ( i)\2)k+1} — %Mfk [(1 + a}\)kJrl _ (1 . a)\)kJrl] )

Hence ¢y = a) and ¢, = %a »- Concerning the second sum we obtain

G = (1 + kay) (—l)\2) [Llog(3X%2%) — (K + 1)]
— (1= kay) (33)" [$log(3c3a®) —w(k +1)].
so that
(o = log(3X*2?) — Llog(Lc3a?) = Llog(N\¢)?)
G = 37(1 = a}) [3log(3X°2%) = »(2)] = 3;(1 — a3) [5log(fcia?) — ¥(2)]
= o (1 — a3)log(N\*c;?).

Combining the first two terms in both sums on the right-hand side of (3.6) then gives
(3.3).
(17i) By (2.18) we find as x — 0T,

[aA + %log()\Zc;\Z)] JQ’M(x) = [aA + 2 log()\ )] [1 + ﬁ(l —a3)z® + O(:C4)]

= [ay + 21og(N*c; )] + 557 (1 — a3)2? + (1 — a3) log(N?c;%)2® + O(z*).
Subtracting this last expression from the right-hand side of (3.3) gives, as © — 0T,

Y/\O’M(x) + Kf\)’M(x) — [a,\ + %log(/\2c;2)} Jg’M(x) = ﬁaixQ + O(2*log(z)).

Now multiply both sides by 2Ma,?® to arrive at (3.4).
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4. THE BESSEL-TYPE EQUATION AND ITS SOLUTIONS IN THE LIMIT M — 400

Let us recall from (1.22) that in the limit as M — oo the Bessel-type equation tends to
the equation

(4.1) [z (2)]" — [Qx_ly’(x)}l = Mzy(z) for all 2 € (0, 00).
In view of (2.1), its Frobenius form is given by
(4.2) (Dj +227'D2 — 927°D2 + 927°D,) [y)(z) = X'y(x).

The aim of this section is to derive four linearly independent solutions of this equation by
employing the solution basis (1.5) to (1.8) of the Bessel type equation (1.1). Let J, Y2 and
Iy, K5 denote the Bessel and modified Bessel functions of order v = 2.

Theorem 4.1. A basis of solutions of the equation (4.1) is given by
(4.3)
Jy(x) i= Jo(Ax) and I3°°(x) := L(\x) for all x € (0,00) and A € C

VY (z) = Ya(Az) and Ky™®(x) = Ky(Ax) for all x € (0,00) and X € C\ (—00,0].

Proof. The expression a), = 1 + }lM A? does not vanish if A\ = 0 or if M is chosen large
enough. So we may divide the Bessel-type functions (1.5) to (1.8) by —a, and let M — oc.
Observing that

) —Jo(2) + 2271 J1(2) = Jo(2) and —Yp(z) +2271Y1(2) = Ya(2)
' To(2) — 2" (2) = L(2)  and Ko(2) + 22 K1 (2) = Ks(2)

for any z # 0, see [12, 7.2.8 and 7.11], we arrive, at least formally, at the required solutions
(4.3) of equation (4.1).

To make these results rigorous, let us define the two second-order differential expressions
by, see (1.17),
(4.5)

AL = — A}linoo [.;AM] == D2 —27'D, and B := —A}[Enoo [:;BY] :== D2+ 327D,

An application of the well-known identities, see[12, 7.2.8 (52), (53) for m = 2],

(z7Yd/d2) [z J,(2)] = 272 ,40(2)
(46) { (z71d/d2)” [ J,(2)] = 2"72J,_a(2),

then yields

(4.7) A% [Jo(\)] (2) = N Jo(Ax) and B [Jo(A)] () = N Jo(Ax)
and hence
(4.8) (AZ 0 BY) [L(X)] (2) = NAZ [Jo(N)] (z) = A Ta(Az).

On the other hand, a direct calculation shows that for any smooth function y(z),

{ (AF o BX) [yl (z) = [Di—a7'D,][D; + 327Dy [y (x)

(4.9) = (Di+227'D3 —9272D2 + 9273D,) [y](z).
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Consequently, y(x) = Jy(A\x) is a solution of the equation (4.2).

Concerning the other three solutions stated in Theorem 4.1 we just note that the identities
(4.6) to (4.8) also hold if the Bessel function .J, is replaced by any of the three other functions
Y,, I, K,, see [12, 7.2.8, 7.11]. O

Remark 4.1. In the proof of case a = 1 in [7, Corollary 3.3] we already showed that for
any smooth function y(x),

(4.10) (A® o B®) [¢2y(z)] = 2® [D? + 527" D,]" [y] (x).

Choosing here y(z) = J2(x) := 8(A\z)2Jo(\z) and observing that J}(z) satisfies the partic-
ular case v = 2 of the classical Bessel equation

(D2 + (2v+ )z~ 'D,] [J{] (z) = =N J{ (),
we arrive again at (4.8):
(A2 0 BY) [L2(M)] (x) = §A* (AT 0 BY) [2° X(x)]
= %2 D2+ 527'D,]" [}] (@)
= 5(A\2)°A 3 ()

8
= MI(\z).

In view of the series representations of the four Bessel functions of order v = 2, see [17,
2.11, 3.52, 3.7, 3.71] and [12, 7.2.1, 7.2.4, 7.2.2, 7.2.5], we readily obtain

7 Jg’oo(l‘) = %()‘$>20F1(—;3;—;11()\x)2)
— - (_1>k 1 2k+2
= Loy ()

Y2®(@) = —20\x)%— 1+

%Z% (3a2) ™" [log(30222) — ok + 1) — vo(k + 3)]
k=0 '

(4.11)
Iy%®(x) = 2(\a)%Fi(—;3;

3
e 1 1y, 2k+2
- ;k!(k +2)! (32)

Kg’oo(x) = 2\r)2-1-
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Corollary 4.1. For 0 < Az < co we have, as Ax — 0%,

(4.12)
( 4544
0o 1/\1,) J
0,00 _ [0,00 — 2
I (@) = L (@) Z (27 4+ 1)! 2] + 3)!

= -1y (%M) (Az)®)

0 0 ( Al’) J

— _1+(9((>\:E) log(z)\2 2))'

[log( A22%) — (25 +2) — (2) + 4)]

5. REMARKS

Remark 5.1. According to [7, Theorem 4.1] the differential expression B defined in (1.17)
may be interpreted as the “weighted” formal adjoint of AY in the sense that

BY [y)(x) = 27" [#AY]" [y)(x) for any y € C®)(0, 00).
Moreover, [7, Theorem 4.2] states

b
| @) @ da AL 02 0

0

b
_ / AM 9] ()M (@) i+ M

0

b
= axa,,' /O N (@) B [JPM] (2)x da + R(b; X, M)

b
= a,\au/ (@) J)(z)x dx + R(b; A, pn, M)
0

where
R(b; A, i, M) := M) (b) — M (1) (b) () (D)
tends to 0 as b — oo.
This result is to be seen in the light of the following two distributional orthogonality

relations of the classical Bessel and Bessel-type functions, respectively; see [6, Propositions
2.1 and 2.5]. Given p > 0 we have, for all A > 0,

(5.1) /\/0Oo Jf\)(a:)Jg(m)x de =6(XN — p),

52wt { [T AN @ de MO0 =50 )

in the sense of distributions on C§°(0, co). While (5.1) is basic for the classical Hankel trans-
form, the property (5.2) has given rise to the definition of a generalized Hankel transform,
see [6].
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According to the construction of the functions

R=(@) = Jh(\x) = = lim [(a,\)_ljg’M(x)

—00

in Section 4, the distributional orthogonal relation (5.2) reduces, in the limit as M — oo, to

(5.3) /\/OOo Jg’w(a:)Jg’oo(x)x dr =6(XN — p).

Since Jo(Az) = §(Az)?J3(x), this is equivalent to the distributional orthogonality relation of
the classical Bessel functions, see [7, (1.7), case a = 2]

(5.4) )\/ Jo(Ax) Jo(pux)x dx = (22F(3))_2 >\5/ Ji(x) S (x)2® de = 6(X — p).
0 0

Remark 5.2. Let us rewrite the fourth-order Bessel-type equation (2.1) by

(5.5) [Lg? + (4/M)2} y](z) = w?y(x) for all z € (0, 00)

for any complex parameter w. Since by (1.4),

N+ (4/M)* = (4/M)*(ax — 1)(ax + 1) + (4/M)* = (4/M)*a3,

we may identify w = (4/M)a,. So in view of (2.18) and (2.20), two regular solutions of
equation (5.5) are given by

o Lk 22k
50 el = LR G ) ey

= 1B (U4 yi5i 4975, 2 a7 7 51 2%) -
Hence, these two solutions are analytic functions of the spectral parameter w € C. notice
that in the case w = 0 in (5.6) both solutions reduce to the same function

61 R@ =3 () gy = of (5% ) = VA (o)

Following (2.19) and (2.21), there are two singular solutions of equation (5.5) with repre-
sentations

(5.8)

2k

#3 (1 ) G ) gy Blom (5 4) — e+ ).

When considering the two functions Sy (z) for any fixed x € (0,00), as a function of the
spectral parameter w, they are analytically defined on the complex plane C cut along the
negative real axis.



[1]

[17]

BESSEL-TYPE DIFFERENTIAL EQUATION 17

REFERENCES

M. Abramowitz and A.I. Stegun. Handbook of mathematical functions with formulas, graphs, and math-
ematical tables. (Reprint of the 1972 edition. Dover Publications, Inc., New York, 1992. xiv+1046 pp.)
Jyoti Das, W.N. Everitt, D.B. Hinton, L.L. Littlejohn and C. Markett. The fourth-order Bessel-type
differential equation. Applicable Analysis. 83 (2004), 325-362.

W.N. Everitt. Fourth-order Bessel-type special functions: a survey. Difference Equations, Special Func-
tions and Orthogonal Polynomials (2007), 189-212. (Proceedings of the International Conference, Tech-
nical University Munich, (2005): World Scientific Publishing Company: 2007.)

W.N. Everitt, B.T. Johansson, L.L. Littlejohn and C. Markett. Quasi-separation of the biharmonic
partial differential equation. (Submitted for publication.)

W.N. Everitt, H.Kalf, L.L.. Littlejohn and C. Markett. Additional spectral properties of the fourth-order
Bessel-type differential equation. Math. Nachr. 278 (2005), 1538-1549.

W.N. Everitt, H.Kalf, L.L. Littlejohn and C. Markett. The fourth-order Bessel equation: eigenpackets
and a generalised Hankel transform. Integral Transforms and Special Functions. 17 (2006), 845-862.
W.N. Everitt and C. Markett. On a generalization of Bessel functions satisfying higher-order differential
equations. Jour. Computational Appl. Math. 54 (1994), 325-349.

W.N. Everitt and C. Markett. Fourier-Bessel series for second-order and fourth-order Bessel differential
equations. Comput. Methods Funct. Theory. 8 (2008), 545-563.

W.N. Everitt and C. Markett. Fourier Bessel-type series: the fourth-order case. (To appear in J. of
Approximation Theory)

W.N. Everitt. D.J. Smith and M. van Hoeij. The fourth-order type linear ordinary differential equations.
(arXiv.org, Mathematics, Classical Analysis and ODEs: 01 September 2006.)

A. Erdélyi et al. Higher transcendental functions: I. (McGraw-Hill, New York: 1953.)

A. Erdélyi et al. Higher transcendental functions: II. (McGraw-Hill, New York: 1953.)

M.A. Naimark. Linear differential operators: II. (Ungar, New York: 1968. Translated from the second
Russian edition.)

E.C. Titchmarsh. Figenfunction expansions: 1. (Oxford University Press; second edition: 1962.)

M. van Hoeij. Formal solutions and factorization of differential operators with power series coeflicients.
J. Symbolic Comput. 24 (1997), 1-30.

M. van Hoeij. Personal contribution. (International Conference on Difference Equations, Special Func-
tions and Applications; Technical University Munich, Germany: 25 to 30 July 2005.)

G.N. Watson. A treatise on the theory of Bessel functions. (Cambridge University Press; second edition:
1950.)

W.N. EVERITT, SCHOOL OF MATHEMATICS, UNIVERSITY OF BIRMINGHAM, EDGBASTON, BIRMINGHAM
B15 2TT, ENGLAND, UK
FE-mail address: w.n.everitt@bham.ac.uk

C. MARKETT, LEHRSTUHL A FUR MATHEMATIK, RWTH AACHEN, TEMPLERGRABEN 55, D-52062
AACHEN, GERMANY

L.L. LITTLEJOHN, DEPARTMENT OF MATHEMATICS, BAYLOR UNIVERSITY, WACO, TEXAS, TX 76798,
USA
E-mail address: Lance Littlejohn@baylor.edu



