ORTHOGONAL POLYNOMIAL SOLUTIONS OF SPECTRAL TYPE
DIFFERENTIAL EQUATIONS: MAGNUS’ CONJECTURE
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ABSTRACT. Let 7 = ¢ + v be a point mass perturbation of a classical moment functional o by a
distribution v with finite support. We find necessary conditions for the polynomials {Qn(z)}5o,
orthogonal relative to 7, to be a Bochner-Krall orthogonal polynomial system (BKOPS); that is,
{Qn(z)}2L, are eigenfunctions of a finite order linear differential operator of spectral type with
polynomial coefficients:

N
Lufl(e) = Y- @)y (@) = My(o).

In particular, when v is of order 0 as a distribution, we find necessary and sufficient conditions
for {Qn(z)}5>o to be a BKOPS, which strongly support and clarify Magnus’ conjecture which
states that any BKOPS must be orthogonal relative to a classical moment functional plus one
or two point masses at the end point(s) of the interval of orthogonality. This result explains not
only why the Bessel-type orthogonal polynomials (found by Hendriksen) cannot be a BKOPS but
also explains the phenomena for infinite-order differential equations (found by J. Koekoek and R.
Koekoek), which have the generalized Jacobi polynomials and the generalized Laguerre polynomials
as eigenfunctions.

1. INTRODUCTION

In this work, we are interested in an orthogonal polynomial system (OPS) which satisfies a linear
differential equation of spectral type:

N N i

(11) Lll@) = 32 Ll (@) = 303 lyaTy (@) = My(a),
i=1 i=1 j=0

where /; ; are real constants and A\, = ¢y n+---+4yyn(n—1)---(n— N +1).

In 1929, Bochner [3] showed that there are essentially (up to a complex linear change of variable)
five polynomial sequences (namely, the four classical orthogonal polynomials of Jacobi, Bessel, La-
guerre, and Hermite, and {z"}32,) that satisfy the differential equation (1.1) with N = 2. Kwon
and Littlejohn [28] followed Bochner’s work by showing that, up to a real change of variable, there
are six distinct OPS’s (Jacobi, Bessel, Laguerre, Hermite, twisted Jacobi, and twisted Hermite
polynomials) that arise as eigenfunctions of the differential equation (1.1) with N = 2. Although
Bochner [3] did not discuss the orthogonality of the polynomial sequences that he classified, the
orthogonality of the Jacobi, Laguerre, and Hermite polynomials was clearly understood. The com-

plex orthogonality of the Bessel polynomials was later observed and studied in detail by Krall and
Frink [23] (see also [6], [25], and [37]). Generalizing Bochner’s classification problem, H. L. Krall
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[21] found necessary and sufficient conditions for an OPS to satisfy a differential equation (1.1)
of arbitrary order, by which he also classified [22] (up to a complex linear change of variable) all
OPS’s satisfying fourth order differential equations of the form (1.1). In addition to rediscovering
four classical OPS’s of Jacobi, Bessel, Laguerre, Hermite, he also found three new OPS’s satis-
fying fourth order equations. A. M. Krall [19] called these three new OPS’s classical-type OPS’s
since they are orthogonal relative to moment functionals which are point mass perturbations of
classical moment functionals. Generalizing classical-type OPS’s, Koornwinder [18] introduced the
generalized Jacobi polynomials { Py B ’M’N(w) o0 o» which are orthogonal on [—1, 1] relative to the
classical Jacobi weight plus two point masses at © = +1, given explicitly by

I'(a 2
w®MN () = 2a+ﬂ+1§(j = 1}()5+ [ (1= 9) (1 +2)° + Mz +1) + No( — 1),
where a > —1,6 > —1,M > 0 and N > 0. As a limiting case, Koornwinder also found the
generalized Laguerre polynomials {L&M () o o, which are orthogonal on [0,00) relative to the
Laguerre weight plus a point mass at z = 0 defined by

(o, M) _ 1 o, —T
wy (I)_F(a+1)x e "+ Mé(z),

where M > 0 and a > —1. Recently, J. Koekoek and R. Koekoek found special types of infinite-order

o

differential equations (see the equations (4.17) and (4.18)), which have the sequences { L& ()},
[16] and {Py p AN ()30, [17] as eigenfunctions. These differential equations are, in general, of
infinite order; in fact, they are of finite order only when « or B is a non-negative integer or
M = N = 0; see also Zhedanov [38], who found necessary conditions for {Py' BMN (1 o0 to
satisfy a finite order differential equation (1.1).

In a series of papers [9-12], F. A. Griinbaum and et al. extended Bochner’s work further using
Darboux transformations. In particular, they found in [12] a tenth order differential equation (1.1)
having generalized Laguerre polynomials as solutions, which are orthogonal on [0, c0) relative to

e +r16(z) — rod ().

Orthogonalizing moment functionals of all known OPS’s satisfying differential equation (1.1) are
classical moment functionals plus point mass(es) at the end points of interval of the orthogonality
of the corresponding classical moment functionals (see [12], [16], [17], [19], [32]). In this respect,
A. Magnus [34] conjectured that if an OPS {Qn(x)}32, satisfies the differential equation (1.1),
then {Qn(z)}2° , must be orthogonal with respect to a classical weight function w(z) plus point
masses at the end points of the support of w(z). We support Magnus’ conjecture by showing that
if a moment functional 7 of the form

T=0+1V,

where o is a classical moment functional and v (# 0) is a distribution with finite support, has an
OPS {Qn(z)}5, satisfying the differential equation (1.1), then ¢ must be a moment functional
for Jacobi or Laguerre or twisted Jacobi polynomials and supp(v) contains at most two points
which are determined by o (see Theorem 4.2). In particular, we find necessary and sufficient
conditions for an OPS relative to 7 := o + Mdé(z — a) + N§(z — b), where o is a classical moment
functional, to satisfy the differential equation (1.1) (see Theorem 4.9), which completely explains
the phenomenon of infinite order differential equations (see the equations (4.17) and (4.18)), which
have { Py B AN (1) o0 o and {L%’M(a:) o o as eigenfunctions. Finally, we give a new example of an
OPS satistying the equation (1.1) together with some related conjectures.
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2. PRELIMINARIES

We let P be the space of all real polynomials in the single variable z and denote the degree of
m(z) € P by deg(w), with the convention that deg(0) = —1. By a polynomial system (PS), we
mean a sequence of polynomials {¢,(z)}32, with deg(¢,) = n for each n € Ny. Note that a PS
forms a basis for the vector space P.

We call a linear functional o : P —R a moment functional and, in distributional style, we denote
its action on a polynomial 7(z) by (o, n). For a moment functional o, the numbers

on = {(o,z"), (neNy)

are called the moments of 0. We say that a moment functional o is quasi-definite (respectively,
positive-definite) if its moments {0y, }°2, satisfy the Hamburger condition

Ap(o) = det[oit]ilj—0 # 0 (respectively, Ap(o) > 0)

for every n € Ny. Any PS {¢, ()}, determines a moment functional o (uniquely up to a non-zero

constant multiple), called a canonical moment functional of {¢,(z)}°2, by the conditions

(o,¢0) #0 and (o,¢,) =0, n>1.

Definition 2.1. A PS {P,(x)}32, is called an orthogonal polynomial system (OPS) (respectively,
a positive-definite OPS) if there is a moment functional o satisfying

(2.1) (0, P Pp) = Kpbmn, (m,n € Ny),

where {K,} are non-zero (respectively, positive) real constants and Oy is the Kronecker delta
function. In this case, we say that {P,(x)}°%, is an OPS relative to o and call o an orthogonalizing
moment functional of {Pp(x)}5,.

It is immediate from (2.1) that, for any OPS {P,(z)}5°, its orthogonalizing moment functional
o must be a canonical moment functional of {P,(z)}5 ,. Moreover, it is well known (see Chapter
1 in [4]) that a moment functional ¢ is quasi-definite if and only if there is an OPS {P,(z)}32,
relative to o; furthermore, each P,(z) is uniquely determined up to a non-zero constant multiple.

Due to the representation theorems for the moment problem by Boas [2] and Duran [5], any
moment functional ¢ has an integral representation of the form

om = [ " r(@)dulz) = / T r(@)dle)ds (xeP),

where p is a finite, signed Borel measure on R and ¢(z) is a smooth, rapidly decaying function in
the Schwartz space S(R). Hence, for any OPS {P,(z)}5,, there is a distribution w(z) relative to
which {P,(z)}52, is orthogonal. In this case, we call w(z) a distributional orthogonalizing weight

for {P,(z)}5%,.
For a moment functional o and a polynomial 7(z), we let ¢’ (the derivative of o) and wo (the
left multiplication of o by 7(z)) be the moment functionals defined by

<U’a ¢> = _<Ua ¢’>a

and

<7r0-’ ¢) = <0’ ’/T¢)

for ¢(z) € P. The following result is immediate from these definitions.
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Lemma 2.1. ([29]) For a moment functional o and a polynomial 7(z), we have:
(i) Leibniz’ rule: (w(z)o) = «'(z)o + w(x)o’;
(i1) o' =0 if and only if o = 0.
If o is quasi-definite, then
(iii) w(z)o = 0 if and only if n(x) = 0.
Definition 2.2. ([35]) A moment functional o is semi-classical if:
(i) o is quasi-definite, and
(ii) there exist polynomials ¢(x) and ¥ (z) such that (¢,1) # (0,0) and
(2.2) (po) — 1o = 0.

The quasi-definiteness of o implies deg(¢) > 0 and deg(t) > 1.

For any semi-classical moment functional o, we call

s := min{max(deg(¢) — 2,deg(yp) — 1)}

the class number of o, where the minimum is taken over all pairs of (¢,1) # (0,0) of polynomials

satisfying (2.2).

Lemma 2.2. ([36]) Let o be a semi-classical moment functional with class number s satisfying

(p(z)o) = Y(z)o. If s = maz(deg(p) — 2,deg(v)) — 1) and if o also satisfies (¢1(z)o) = 1 (z)o,
then ¢(z) divides ¢1(x).

An OPS {P,(x)}52, is called a semi-classical OPS (SCOPS) (of class s) if its canonical moment
functional o is semi-classical (of class number s). In particular, a SCOPS (respectively, semi-
classical moment functional) of class 0 is called a classical OPS (respectively, a classical moment
functional).

It is well known (see [27]) that an OPS {P,(z)}°, is a classical OPS if and only if there are

n=0
polynomials A(z) and B(z), independent of degree n, with 0 < deg(A) < 2 and deg(B) = 1 such
that

(2.3) A(z)P)l(z) + B(z)P,(z) = (%n(n —1)A"(z) + nB'(z))Py(z) (n€Ny).
Moreover, up to a real linear change of variable, there are only six classical OPS's ([28]):
(i) Jacobi polynomials {P,S‘“’ﬂ ) ()}, satisfying
(1—2%)y"(2) + (B~ a) — (a+ B+ 2)zly'(z) = —n(n +a+ S+ Ly(z)

(_aa_ﬁ and _(a+18+ 1) ¢ N= {1727})7
(ii) Bessel polynomials {Bﬁf’) ()}, satisfying

22" (z) + (az +2)y' () = n(n+a—1y(z) (—a+2¢N);
(iii) Laguerre polynomials {L%a) (x)}22, satisfying
oy’ (@) + (@ +1—2)y'(z) = —ny(z) (—a¢N);
(iv) Hermite polynomials {H,(z)}32, satisfying
y' () — 2y (z) = —2ny(z);
(v) twisted Jacobi polynomials {Rgd’e) (z)}22, satisfying
(2 +1)y"(z) + (dz + e)y' (z) =n(n+d—1y(z) (1 —d¢N);
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(vi) twisted Hermite polynomials {H,,(z)}°2, satisfying
y'(z) + 2zy/(z) = 2ny(z).

Among the six classical OPS’s above, only the Jacobi polynomials {P,ga’ﬂ ) (z)}52, with cvand 8 >
—1, the Laguerre polynomials {L%(z)}°2, with @ > —1, and the Hermite polynomials {Hy ()},
are positive-definite OPS’s. We denote the orthogonalizing moment functionals of the Jacobi,
Bessel, Laguerre, Hermite, twisted Jacobi, and twisted Hermite polynomials by, respectively,

aga’ﬂ), ag‘), U(La), oH, agd’e), and 0.
Later, we will make use of the following simple observation: if the differential equation (2.3) has a
classical OPS { P, (z)}°°, of solutions, then B(z() # 0 for any complex number zy where A(zg) = 0.

3. BOCHNER-KRALL OPS’s

We call an OPS {P,(z)}>, a Bochner-Krall OPS (BKOPS) of order N (> 1) (and write
{P,} € BKS(N); see [8]) if {P,(z)}°, satisfies a differential equation (1.1) of order N but does
not satisfy any differential equation (1.1) of order < N. Necessary and sufficient conditions for an
OPS to be a BKOPS were found first by Krall [21], of which another simpler proof can be found

in [29].

Proposition 3.1. (see [20], [21], [29] and [33]) Let {P,(x)}>2, be an OPS relative to o. Then the
following statements are equivalent.

(i) {Pn(z)}>2, is a BKOPS satisfying the differential equation (1.1);

(ii) The moments {0} of o satisfy r := [NFL] recurrence relations :

N % .
Se(m) == D >, (Z - Z_ 1)P(m —2k—1,i =2k =Dl jom—j =0

i=2k+1 j=0
fork=0,1,--- ;r—1and m=2k+1,2k+2,..., where P(n,k) =n(n—1)(n—2)---(n—k+1);
(iii) o satisfies r := [%] functional equations:

N—-2k—1 .
(3.1) Rio)= Y (3"

)(£2k+i+10)(i) =0 (k=0,1,---,r—1);
i=0

(iv) o Ln[-] is symmetric on polynomials in the sense that

(Ln(p)o, ) = (Ln(b)o,¢) (¢ and ¢ € P).

Furthermore, if any of the above equivalent conditions holds, then N = 2r must be even.
Proof. See Theorem 2.4 in [29]. O

Moreover, if the differential equation (1.1) has an OPS {P,(z)}>2, as eigenfunctions, then the
differential operator Ly[-] must be Lagrangian symmetrizable (see [31]). However, in the case of
Sobolev orthogonality, this result is not necessarily the case (see [7] and [14]).

The equivalence of the statements (i) and (ii) was first shown by H. L. Krall [19] and the
equivalence of (ii) and (iv) was established by Kwon, Littlejohn and Yoo [29]. We call the r
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functional equations in (3.1) the moment equations for the differential equation (1.1). In particular,
any BKOPS is a SCOPS and so deg(f2,—1) > 1 since

erl[O'] == 7‘(4270')’ — égr,lo =0.

Proposition 3.2. If the differential equation (1.1) has an OPS {P,(z)}>%, as solutions, then the
moment equations Ri(c) =0 (0 < k <r—1) have a unique non-trivial solution o, up to a constant
multiple, and o must be quasi-definite.

Proof. See Theorem 3.4 in [26]. O
By iteration, any BKOPS of order 2r satisfies differential equations of order 2r, 4r, ... . However,
we now show that for a BKOPS {P,(z)}3, of order 2r, the 2r'*-order differential equation

Loy [y] = Apy of the type (1.1) having {P,(z)}32 , as solutions is unique up to a non-zero constant
multiple.

Proposition 3.3. If the PS {P,(z)}5°, satisfies the two differential equations

N
Ly[y] = Z&(m)ym () = My(z) with by #0

and
M

Lulyl =) mi(@)y™ (z) = pny(z) with my #0
i=1

then €3 (z) = Cmi(z) for some constant C # 0. Thus for any BKOPS {P,(z)}, of order

2r, there is a unique (up to a non-zero constant multiple) 2r*"- order differential equation having
{Pn(z)}2, as solutions.

Proof. The PS {P,(z)}%, also satisfies (Ly Ly — Ly Ly)[Pu](z) = 0 (n € Ny) so that LyLy =
Ly Ly. Now, with D/ = d/dz? for any j € N, we see that

LyLy[] = eymy DN + (Neymly + by-1mag + Eyma—) DY M40

LuLy[] = mabn DV + (Mmplly + my—18n +mabn—1) DV 4

hence, N¢n(z)m'y,(z) = Mmul)y (z). Consequently,

d @), o, o, Mty (@) — Ney(@)mly (2)

() =y (@myy (=) = M= =0,

dz " (3 (z) N M oM (z)
Hence ¢ (z) = Cm&,(z) for some constant C' # 0. Now, the second claim follows immediately
from the first. O

4. POINT MASS PERTURBATIONS OF CLASSICAL MOMENT FUNCTIONALS

Orthogonalizing moment functionals of all known BKOPS’s have at least one important point
in common: they are one or two point mass perturbations of classical moment functionals. In
this respect, A. Magnus [34] conjectured that B C K, where B is the class of BKOPS’s and K
is the class of Koornwinder polynomials [18]; that is, BKOPS's are OPS’s which are orthogonal
relative to classical moment functionals plus point mass(es) at the end points of the interval of
orthogonality. Conversely, we consider the problem: when is an OPS in the Koornwinder class
a BKOPS? More general than Magnus’ conjecture, we first consider a point mass perturbation
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T := o+ v of a classical moment functional o at an arbitrary number of points in the complex field
C, where

m Mg

(4.1) v= Zchyjé(j)(x—:ck)

k=1 j=0
is a distribution with finite support {z}}}, in C and ¢, ; € C. We also assume that

m  my

v=0:=3 Y & 09z - z)

k=1 ;=0
so that v defines a real moment functional.

Lemma 4.1. Let o be a quasi-definite moment functional. If for some polynomial 7n(x), 7(z)o = v,
where v is as in (4.1), then nw(z) =0 and v = 0.

Proof. Let ¢(z) = [[,(z — z£)™ 1. Then ¢(z)v = 0 so that ¢(z)r(z)o = ¢(z)v = 0. Hence, by
Lemma 2.1, ¢(x)w(z) = 0 so that 7(z) =0 and v = 0. O

For the remainder of this paper, we shall assume that o is a classical moment functional satisfying
(A(z)o) = B(z)o,
where 0 < deg(A) < 2 and deg(B) = 1. Then, by Proposition 3.1 with N = 2, the OPS {P,(z)}>2,
relative to o satisfies the second-order differential equation
A(z)y" () + B(2)y' () = Any(2).
Without loss of generality, we shall also assume that {P,(z)}>2, is the monic classical OPS relative

to 0. We are now in position to state one of our main results.

Theorem 4.2. Let 7 := 0 + v be a point mass perturbation of o with v (# 0) as in (4.1). If T is
also quasi-definite and gives rise to a BKOPS {Qn ()}, of order < 2r satisfying

2r
(4.2) Lor[y)(x) = Y Li(x)y™ (2) = Ay (),
i=1

then:
(i) supp(v) C {z € C|A(z) = 0} so that m < 2;
(ii) A(x) divides o, () and

(4.3) rlo (z)(B(z) — A'(z)) = A(z) (L1 (2) — rly(2));

(iii) Ry_1[o] = 0;
(iv) if xo € supp(v) is a zero of order q (> 1) of Loy (), then xq is a zero of order q— 1 of lor_1(x);

(a,) (a) (die) .
J L

(v) the moment functional o must be o orop’ oroy’; furthermore,

(a) if o = asa’ﬁ) and 1 € supp(v) (respectively, —1 € supp(v)), then a (respectively, [3)
must be a non-negative integer;

(b) if c = U(La), then a must be a non-negative integer;
(c)if o = Ugd’e), then e =0 and d = 2k for some integer k > 1.
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In particular, Theorem 4.2 shows that in order to obtain a BKOPS by adding point masses to
a classical moment functional o, we can add only one or two mass points, which must be roots of
A(z).

In order to prove Theorem 4.2, we need the following facts for classical moment functionals,
which are of interest in their own right.

Lemma 4.3. For any classical moment functional o and any z¢ € C, we have

. B(z) — A'(z)
(4.4) Jim (o = a0) =S A L2
and
(4.5) An(m)a(n) =¢p(r)c (n€Ny),

where ¢n(x) is a polynomial of degree < n.

Proof. If A(zg) # 0, then the left hand side of (4.4) is clearly equal to 0. If A(zp) = 0, then (4.4)
can be proved, case by case, for each of the six classical moment functionals. For n = 0, (4.5) holds
with ¢o(z) = 1. Assume that for an integer £ > 0 there are polynomials ¢o(z), d1(x),... , de(z)
with deg(¢;) <i (0 < i <¥) for which (4.5) holds for n =0,1,... ,£. Then

(4.6) A (@2)0) = A(z)de(2)o.
Differentiating both sides of (4.6) gives
(+ 1) A (@) A (2)0D + A (@)oY = (¢)(x) A(2) + de(z) B(x))o,
so that, using A¢(z)o® = ¢y(x)o,
A (2)o D = {¢(2) A(z) + de()(B(x) — (£ + 1) A (2))}o
= ¢e+1(7)o,

where ¢p1(z) = ¢)(z)A(z) + ¢o(z)(B(z) — (£ + 1)A'(z)) is of degree < £+ 1. This completes the
proof. O

Note that, for each n > 0, the polynomial ¢, (z) in (4.5) satisfies
Pn+1(z) = A(@)dp(2) + (B(z) — (n+ 1) A'(2))dn(z) (n € No),
so that if A(zo) = 0,then
bn+1(z0) = (B(z0) — (n + 1) A (z0))pn(z0) (n € No).

In particular, for the Jacobi, Bessel, Laguerre, and twisted Jacobi polynomials, routine calculations
show that:

¢n(1) #0(nely)ifo = aga’ﬁ) and a ¢ Np;
n(—1) £0 (n € No) if 0 = o' and B ¢ Ny;
(4.7)  $u(0) £0 (n€Ny) if o = 0'g;
¢n(0) #0 (neNy) if o = U(La) and a ¢ Np;
[ Pn(Ei) #0 (neNy) if o = agd’e) and e # 0 or 3(d —2) ¢ No.
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Proposition 4.4. Assume that o also satisfies (¢(x)o) = p(z)o for some polynomials ¢(z) Z 0
and (z). Let zo € C be a zero of order m (> 1) of ¢(x). Then:

(i) A(z) divides ¢(z);
(i) if either o # O'gl) or o = ng) and A(zg) # 0, then zq is a zero of order m — 1 of ¥(z);
(i) if o = a](_c?) and A(zg) = 0, then ¢ is a zero of order m — 2 of ¥(x).

Proof. Part (i) follows from Lemma 2.2. Since (A(z)o)’ = B(z)o and (¢(z)o)’ = (z)o, we have
by Lemma 2.2
B(z) — A'(z) _ y(z) — ¢/ (=)
e @
Write ¢(z) = (z — 29)™¢(z), where ¢(z9) # 0. Then, by (4.8), we have

@) o) = - PTG 1 -0 F )+l - o)™ e,

If m = 1, then we have from (4.9) and Lemma 4.3 that

(zo) = Hlzo) ( lim (z 130)%3:@) T 1) 40,

T—T0

If m = 2, then ¢(z) = (z — z0)™ 24(x), where

¥o) = o - a0 (2D 500) 4 7)) + e - an)a)
(o) (o)

is real analytic. Hence ¢ is a zero of order at least m — 2 of (z). If either o0 = 05’ or 0 = o

m—1_¥(2)

and A(zo) # 0, then zg is a zero of A(z) of order at most 1. Hence ¢ (z) = (z — o) P
— Zo

and,

from Lemma 4.3,

GO NP B(z) — A'(x)
BT — 1m0 2ok ((m‘“)w“”) #0

so that xg is a zero of order m — 1 of ¢(x). If o = ag‘) and A(zy) = 0, then A’(z¢) = 0 and
B(zg) — A'(zg) # 0; hence

o Blz) — A'(z) .\ 2(B(zo) — A'(z0)) 7

P(wg) = xlggo(ﬂf — xp) T(ﬁ(x) = Al () $(xo) # 0;
that is, zg is a zero of order m — 2 of ¥ (z). O

Proposition 4.5. If there are polynomials m;(z) (0 <1i < n) such that

n

vi= (m(z)o)®

k=0
is a distribution with finite support, then either v =0 or A(z) = 0 for all z € supp(v). Consequently,
supp(v) contains at most two points. Moreover,

(i) if o = Usa’ﬂ) and 1 € supp(v) (respectively, —1 € supp(v)), then « (respectively, 3) must be a
non-negative integer;

(ii) if o = U(La) and 0 € supp(v), then a must be a non-negative integer;
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(i) if o = aj(ga) or oy or o, then v = 0;
i) if o =@ and v # 0, then e = 0 and d = 2k for some integer k > 1.
J

Proof. Assume supp(v) = {z;}j-, and

n m Mg

v= Z(Wk(m)a)(k) = Z chyjé(j) (x —zk) #0

k=0 k=1 j=0
Assume A(z1) # 0. Then for the polynomial 7(z) := A™(z) [[}-q(z — zx)™ !, we have by (4.5),

n

(@) = w(z) Y (mi(2)0) ™) = ¢(x)o.

k=0
for some polynomial ¥(z). On the other hand, we also have

m Mg mi
Z Z ck’] (x —xp) = Z cl,jﬁ(w)é(])(a; — 1)
k=1 j=0 Jj=0

mi J 2 . o
= Z C1,j z:(—l)Z (Z)W(Z) (21)69) (z — 21)

j=0 i=0
=3 S ay (] a0 - o).

i=0 j=i
Hence, by Lemma 4.1, 9(z) = 0 and
mi1 .
> e (=17 (j ’ i)w“‘”(wl) =0 (0<i<m)
J=t
so that ¢im;, = cim—1 = ... = c1p = 0 since m(z1) # 0.Then z; & supp(v), which is a contradic-
tion. This proves the first assertion.

Assume that zg is a zero of A(x) such that ¢,(x¢) # 0 for each n € Ny for any polynomial ¢, (z)

n (4.5). Then we claim that zo & supp(v). For n = 0, mp(z) =0 and v = 0 by Lemma 4.1. Hence

zo & supp(v). We assume that the claim holds for n = 0,1,2,... ,£. Let v = £+0(7rk( )o) )

and mpi1(z) # 0. Then, by the first assertion, supp(v) C {z € C|A(z) = 0}. Let mpi1(z) =
q(z)A(z) +r(z), where deg(r) < deg(A). Choose an integer 7m > 0 so that At +!(z)v = 0. Then

0= A () = A (@) (e (2)0) D + Z mp(z

¢
= A (@) [ (2)0 D) £ 3 (‘“) rEE D @)o® + (mel2)o)®))

=0
= A™(2) (141 (2)per1 (z) + A(z)7(2))o
for some polynomial 7(z) by Lemma 4.3. Hence, by Lemma 2.1 (iii),
Tey1(2)per1 () + Az)m(z) = 0;
that is,
(4.10) A(z)(q(z)pes1(z) + () = —7 () Pet1(2)-
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Since A(zg) = 0 and ¢y11(zo) # 0, we see that r(zg) = 0; hence either r(z) = 0 or deg(r) = 1. If
r(z) =0, then

+1 £
v=7 (m(@)o)® = (a(@)A(2)0) ) + ) (mi(2)o) ¥

L
= (¢'(2)A(2)0) + (¢(2)B(x)0)) + Y (mi(2)o)™®)
k=0

so that zo € supp(v) by our induction hypothesis. If deg(r) = 1, then A(z) = r(x)s(z) where
deg(s) = 1. Since ¢y1(z0) # 0, we see that s(zg) # 0 by (4.10). Then

41 Y/
s(@)y = s(z) Y (me(2)0)®) = s(2){(ms1 (2)0) D + ) " (mp(2)0) )}

£
= s(@){(A@)g(2)0) V) + (@)D 4+ (€ + 1)r'(2)0® + Y (mi(2)0) )}
k=0
l
= s(@){((¢ (@) A(x) + q(@)B(x) + (£+ 1)r'())0) ) + > (mi(2)0) B} + A(w)o ).

k=0
Since
A(z)o ™D = (A(2)0) D — (£ 4+ 1) A'(2)0 — (é s 1) A"(z)o (&)
= (B(2)0)" = (¢ + ) A'(2)01 — (E; 1) A"(z)0 ),
we have

14

s@w =3 (Fp(a)o)®

k=0
for some polynomials 7x(z). By our induction hypothesis, zy & supp(s(x)v) so that zy & supp(v)
since s(xg) # 0. Hence, by (4.7), the proof is complete. O
Proposition 4.6. If 7 := o + v satisfies (¢7)) = 7 for some polynomials ¢(z) and (x), then
A(z) divides ¢(z) and
(4.11) ¢(z)(B(z) — A'(z)) = A(z)((z) — ¢'(z)).
Proof. Since
(¢7)' =7 = g0’ + (¢' = P)o + (¢v)' —9pv =0,
we see that
$pAc' + A(¢' —p)o = [p(B — A') + A(¢' —¢)] 0 = Ayw — A(dv);
hence (4.11) follows from Lemma 4.1. Let 2y € C be any zero of A(z). If B(z¢) — A’(xy) # 0, then
é(zg) = 0 by (4.11). If B(zy) — A’(zp) = 0, then we consider the following two cases separately:

B(z)— A'(z) Z 0 or B(z) — A'(z) = 0. Assume first that B(z¢) — A'(z¢) = 0 and B(z) — A'(z) Z 0.
Then B(z) — A'(z) = a(x — z¢) for some a # 0. Set

¢(z) = q(x)A(z) +r(z) (deg(r) < deg(4)).
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Then, by (4.11), we have
ar(z)(z — o) = A(z) [¢(2)(A'(z) — B(x)) +9(x) — ¢'(z)]

so that ¢(z)(A'(z) — B(z)) +1(z) — ¢'(z) = b, for some constant b. Set A(z) = (z —=z0)A(z). Then
r(z) = cA(z), where ¢ = b/a and so (Ac)’ = Bo becomes (z — zy)(Ac’ — ac) = 0. Hence
A(z)o" = ao + M\o(z — x0),
for some constant A # 0. Hence
(¢p7) — Y7 = (d A+ gB + 1" — 1 + ac)o + cAd(z — mo) + (pv)' — v = 0.

Then, by Lemma 4.1, ¢'(z)A(z) + q(z)B(z) + r'(z) — ¥ (z) + ac = 0 and

(4.12) eAd(z — o) + (¢v) — v = 0.
Let
v= Z ch,j5(j) (z —zk) (ckm, #0).
k=1 j=0

If 2o ¢ {zx}}~,, then cA = 0 by (4.12) so that ¢ = 0 and r(z) = 0. Hence ¢(z;) = ¢(zo) = 0. If
zo € {xk}}L,, then 2o = xz;, for some £ so that

A6z — k) + $(z) Y e, j6UT (@ — ) + (¢ (@) — $()) D e8P (z — )
j=0 =0
= ¢(Tk) Chyny, O™ T (2 — ) + Z di ;09 (z — z) = 0
=0

by (4.12). Hence ¢(zx) = ¢#(zo) = 0. Finally, assume that B(z) — A’(z) = 0. Then either o = 030’0)

oro = 0?’0). Ifo= USO’O), then (1 — z22)o’ = 0 and hence

o =6(x+1)—d(z—1)
(assuming (o, 1) = 2). Hence 9(z) — ¢'(z) = 0 by (4.11) and so
($7) — 7 = do’ + () — 9w = H(—1)é(z + 1) — H(1)é(z — 1) + ()’ — = 0.
Then ¢(—1) = ¢(1) = 0 by the same reasoning as above. If o = 0&2’0), then (1 + z2)o’ = 0 so that
(again, assuming (o, 1) = 2),

o =ib(z — i) — i6(x + 9),

where ¢ = y/—1. Similarly, as for USO’O), we have ¢(—i) = ¢(i) = 0. In all cases, we have shown that
#(zg) = 0 for any root zy of A(z). Hence A(z) divides ¢(z). O

We now give a proof of Theorem 4.2:

Proof. Let vi(z) be the restriction of v(z) on {z € C |A(z) = 0}. Then we can decompose v(z) as
v(z) = v1(z) + va(x).
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By Proposition 3.1, 7 satisfies the » moment equations
2r—2k—1

0= Ri(7) = Z (—1)° (l Z k) (boptir1(z)o)®

1=0
2r—2k—1

+ Z (1 + k) (bopsisn (z)01))

o —2k—1 .

ifit+k i

+ (-1 (Z 1 )(£2k+z‘+1($)’/2)()
-0

2

for k =0,1,... ,7 — 1. Let T := o + v1. Then, by the first part of Proposition 4.5, the last sum
Ry (v2) must be zero and so 7 also satisfies the » moment equations

Rk(l/z) =0

for k =0,1,...,r — 1. By Proposition 3.2, 7 = 7; that is, v, = 0. Hence, part (i) of the theorem
is proved. Part (v) follows from the second part of Proposition 4.5, while parts (ii) and (iv) follow
from Proposition 4.6 and Proposition 4.4, respectively. Finally, to prove (iii), set £o,(z) = q(z)A(z).
By (4.3),

bar-1(z) = (q(2)B(z) + ¢'(z) A(z))
so that R,_1(0) = r (q(z)A(z)0) — lyr_1(z)o = 0. O
As a special case of Theorem 4.2, we have:

Theorem 4.7. Let 7 = o + A6 (z — a) + pd™ (z — b), where a # b and m,n € Ny. Assume
that 7 is quasi-definite and gives rise to a BKOPS {Qn(z)}>2, satisfying the differential equation
(4.2). If X # 0, then Lo, (x) (respectively, lo,_1(x)) vanishes of order at least m + 2 (respectively,
at least m + 1) at a. If p # 0, then fop(z) (respectively, lo._1(x)) vanishes of order at least n + 2
(respectively, at least n+ 1) at b.

Proof. We assume X\ # 0. The case for yu # 0 can be proved in a similar way. By Theorem 4.2,
R,_i[r] = Ry_1[o] = 0 so that

Ry_1[M™ (2 — a) + 6™ (z — b)] = 0.
Hence
0= R a[8™ (2 = a)] = rhor ()87 (@ — @) + (e (@) = Lor-1(2))0™ (2 — )
= 1l ()™ (& — a) + (-1 )m+1€gf 1(a)dé(z — a)

m N m mal—i m m—i .
Sy ([ ) AR () @) e - o)
7j=1
Hence £5,(a) = eg,”ll(a) =0 and

(a0 () EPw =0 asicm.

That is, l2r(a) = egT_)l(a) =0 and

(4.13) r(m—j+ )65 (@) + 365V (@) =0 (1< <m).
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On the other hand, by Theorem 4.2, A(a) = ¢5.(a) = 0. Let ¢ (> 1) be the order of zero of x = a
for £o,(z). Then, by Theorem 4.2, f2,_1(z) has z = a as a zero of order ¢ — 1. Hence

lor(z) = (& — a) Uy (z), lop(a) = —e $9(a) # 0;

bora(0) = (@~ @) o 1(0), Bara() = =Y (@) £ 0.

Then, by (4.3),
B(z)— A'(z) _ lyr—1(z) —rglar(z) b (x)

A(z) T r(z — a)ly(2) lor(z)’
so that
— A (q 1) E(Q)
(414) . CES C I & (ORI C)
o Uy (a)
If 1 < g <m+1, then by (4.13) and (4.14)

) B(z) — A'(z)

dm(z—a) =7y
which contradicts Lemma 4.3. Hence ¢ > m + 2 and the conclusion follows from Theorem 4.2
(iv). O

=—(m+1),

In particular, consider
(4.15) T:=0+ Mdé(zx —a)+ Né(z — b)

where a # b and o is a classical moment functional satisfying (A(z)o)" = B(z)o with 0 < deg(A) <
2 and deg(B) = 1. Then, the moment functional 7 in (4.15) is quasi-definite if and only if

1+ MKp(a,a) NKp(a,b) 20
MFK,(a,b) 1+ NK,(b,b)
where K, (z,y) = > r_, w is the kernel polynomial of the monic classical OPS { P, (z)}5,
relative to o (see Theorem 3. {in [30]). In this case, 7 is also a semi-classical moment functional
(see Theorem 5.2 in [30]).
From Theorem 4.2 and Theorem 4.7, we have :

Corollary 4.8. If 7 in (4.15), with M # 0, gives rise to a BKOPS {Qn ()}, satisfying the
differential equation (4.2), then o must be U(Ja"g) or U(L) (d0)
integer, d = 2k for some integer k > 1, and:

(i) A(a) = NA(b) = 0;

(ii) Lar(a) = £y, (a) = Lar—1(a) = Nlor (b) = N4y, (b) = Nlar—1(b) = 0;

(iii) lor(z) = A(z)d(z) and Lyr—1(z) = r(¢p(z)B(z) + ¢'(z)A(z)) for some polynomial ¢(z) with
¢(a) = Ng(b) = 0;

(iv) Ry_1[o] = 0.

(4.16) dy = (n € Np)

or oz, where o or B is a non-negative

In particular, Corollary 4.8 explains why the Bessel type orthogonal polynomials found by Hen-
driksen [13] cannot satisfy a finite order differential equation of the form (1.1).

(a ,ﬂ) (a)

We now consider in detail the three cases for the moment functionals o = o 7 and o5
Let {PFMN ()} 0 {L&M ()}, and {Bde MM( ) 152 4 be the Jacobi type, the Laguerre type,

(die)
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and the twisted Jacobi type polynomials, which are orthogonal relative, respectively, to the weight
distributions

77 =0 4 Mé(z +1)+ Né(z —1) (M,N €R),
=0\ + Mé(z) (M €R),
75 = 0 + Mb(z + 1) + Mo(z — i) (M € Q).

We normalize U(J a6) a(La), and agd’e) so that < aSa’B), 1>=< a( @) , 1> =< a(d €) ,1>=1.
For any PS {Qn(z)}>° ,, there are infinitely many differentlal equations of inﬁnite order with
polynomial coefficients:

o

Lly)(z) = Y _ ti(2)y" (@) = Any(x)

i=1
which have {Q,(z)}>2, as eigenfunctions. Here /;(z) = Zj‘:o ¢;;z and
A =f1in + KQQTL(TL — 1) + -+ lpunl.

To be precise, Krall and Sheffer [24] (see also [1] and [15]) showed that for any sequence of real
numbers {A,}32,, with A\g = 0 and A,, # A, for m # n, there is a unique sequence of polyno-
mials {{;(z)}°, such that L[Q,] = A\,Qn for each n € No In this respect, J. Koekoek and R.
Koekoek (see [17]) found infinite-order differential equations for the generalized Jacobi polynomials
{P“’ﬂ MN (g )15, and the generalized Laguerre polynomials { Ly’ Mg )12, (see [16]). To summa-
rize their work, they showed that the generalized Jacobi polynomials {P2#M N ( )}, satisfy a
unique dlfferentlal equation of the form

(4.17) O—MZaZ y<Z+NZb —|—MNZCZ )y +
=0

ﬂ—ww—Hﬂ—a—@+ﬁ+®@d+nm+a+ﬂ+n%

where a;(x), bj(z), ¢;(x) are polynomials of degree < i and are independent of n for i > 1. Moreover,
the order Oj(a, 8) of this differential operator is given by:

00 if M >0and B¢ Npor N >0 and a & Ny
2 ifM=N=0

Ojla, ) =4 2a+4 ifM=0,N>0,and aa € Ny
26+ 4 if M >0,N=0,and § € Ny

2a+28+6 if M >0,N >0, and @ and 8 € Ny.
Here, in the latter four cases, the leading coefficient is given by
(122 ifM=N=0

-1 2_1 a+2
(B+1) ($a+;)l if M =0,N >0, and a € Ny
a+l1 :

< -1 z? —1)8+2 _
(@+1)p1 (B+2)! it M >0,N =0, and § € No
—(a+8+2) (22 — 1) +h+3

L (a—l—l)(ﬂ—}-l) (Oé-f—ﬂ-l-l)!(a—}—ﬂ—}-?,)! ifM>0,N>0, anda,ﬂENo.
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The generalized Laguerre polynomials { L2 (z) o0 satisfy a unique differential equation of the
form

(4.18) MZa (2)yD + 2y + (a+1—2)y +ny =0,

where each a;(z) is a polynomlal of degree < ¢ and is independent of n for ¢ > 1. Moreover, the
order Or,(a) of the differential operator in (4.18) is

00 if M >0and aa & Ny
On(a) =4 2 it M =0
20+4 if M >0 and a € Ny,
and in the latter two cases, the leading coefficient is
T ifM=0
-1 a+1
Lx‘”z if M >0 and o € Ny.
(a+2)!
Following Koornwinder [18], who first introduced the generalized Jacobi polynomials and the
generalized Laguerre polynomials, J. Koekoek and R. Koekoek assumed «,3 > —1 and M, N >0
in [16] and [17]; under these assumptions, {Pﬁ"ﬁ’M’N(w)}%":O and {L%’M(x)}zozo are positive-definite
OPS's. However, we can relax these restrictions on the parameters «, 3, M, N by the condition
(4.16) to obtain quasi-definite OPS’s {Pﬁ"ﬂ’M’N(w)}SLo:O and {L%’M(x)}zozo, which still satisfy the
differential equation (4.17) and (4.18) respectively.
Theorem 4.9. Let {Q,(z)}5%, be an OPS relative to the moment functional T defined in (4.15).
Then {Qn(z)}22, is a BKOPS if and only if
(i) M =N =0 or
(i) T = 15 with @« € Ny when N # 0 and § € Ny when M # 0 or
(#5i) T = 11, with o € Ny or
(iv) T = 75 with d = 2k (k a positive integer) and e = 0.
Proof. The necessity follows by Theorem 4.2 (v). The sufficiency of the condition (i) is trivial. The

sufficiency of conditions (ii) and (iii) follows from the fact that the differential equations (4.17) and
(4.18) are of finite order under the given conditions. Finally, consider the OPS {Q, ()}, =

{Pﬁk’O’M’M(w)}go:O, where k is a positive integer. Set
Py(z) =i "Qnliz) (i=v=1n€N).
Then {P,(z)}32, is an OPS relative to the moment functional
&+ Md(z + 1) + Mé(z — 1),

(0™, m(

where ¢ is the moment functional defined by (o, w(z)) = mw(—iz)) for any polynomial 7 (z).

(2k0) gatisfies ((1 + 2?)0)' = 2kzo, & satisfies the functional equation ((1 — z%)5)" =

J
—2kz6 so that & = agk_l’k_l) is the Jacobi moment functional. Hence, {P,(z)}5, satisfies the

differential equation (4.17) (see equations (14) ~ (16) in [17]):

Since 0 := 0% !

2k+2 2k+2 4k+2
O—MZa] )y +MZb y D+ M2 i)yt
7=0

+(1—x Yy — 2kzy’ +n(n+2k—1)y.
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Hence, {Qn(z)}52, is a BKOPS satisfying the differential equation

2k+2 ) . 2k+2 ) . 4k+2 . .
(4.19) 0=M > daj(—iz)y?D + MY ilbj(—iz)y? + M > ile;j(—iz)y?
=0 =0 =0

— (1 + 2%y — 2kay’ + n(n + 2k —1).

The differential equation (4.19) has real polynomials as coefficients since we have (see equations

(7) ~ (11) in [17)):

where
j—2
V@) = @ = 1) () ejela+ D
£=0
j—2
2
P(z) = (~1Y (2> ~ 1) Y ejele — 1),
=0
and where a;, and c;, are real constants independent of M. O

Note that Theorem 4.9, together with Theorem 4.2, completely characterize BKOPS’s which
are orthogonal relative to 7 := o+ v, where ¢ is a classical moment functional and v is a distribution
of order 0 with finite support.

Example 4.1. In 1982, Littlejohn [32] found a BKOPS of order 6, called the Krall polynomials
{Kn(z)}2 o = {Kn(A, B;x)}22,, which are orthogonal relative to

1 1
r=o% 4 @ +1) + 2o —1) (4,B R\ {0})

and satisfy the sizth-order differential equation

Lely)(z) = (22 — 1)*yO)(2) + 183(z® — 1)2y® (2)
+{3(A+B+ 32)354 —6(A+ B+ 22)$2 +3(A+B+ 12)}@/(4)(3:)
24(A+B+7)(z® — $)y(3)(x) + {(12AB + 42(A + B) + 72)2>
+12(B — A)z — (12AB + 30(A + B) + 72)}y"(z)
+12{(2AB + A+ B)z + B — A}y/(z)
= Any(z)-
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Moreover, these polynomials are explicitly given by

(-=1)7(2n —2j)!(n? —n+ A+ B + 45)z"~%
2n+1(n — 5)51(n — 25)!

(=1)7(2n — 2j)!(A — B)*z" "%
27t (n — 7))yl (n — 25)!(n* + n+ A+ B)

j=0

n 1

+[22: 1)7(2n — 2j — 1)(B — A)zn—2-1
2n=1(n— 5 —1)ll(n —2j — D!(n2 +n+ A+ B)

7=0
and satisfy the three-term recurrence relation

(2n —1)A(n)B(n —1)

(4.20) K,(z) = nB(n)A(n— 1) K, 1(x)
(2n —1)(2B — 24)C(n)B(n — 1)
B - i)
(n—1)B(n — 2)[A(n)]?
T RBmAm—np  Kn-2(®);
where

A(n) = n*+ (2A+ 2B — 1)n® + 4AB

B(n)=n>4+n+A+B

C(n) = —3n* 4+ 6n — (2A + 2B + 3)n? + 2(A + B)n + 4AB.
Define

Kn(z) =i "K,(A+iB,A—iBjiz) (n€Ny, A, B €R).

Then, {K,(z)}2, is a real PS satisfying the three-term recurrence relation (4.20) where K,(z),
A(n), B(n), and C(n) are replaced by, respectively, K,(z) and

A(n) = n* 4+ (4A — 1)n? + 4(A? + B?)
B(n) =n®+n+24
C(n) = —=3n* + 6n3 — (44 + 3)n? + 44n + 4(A% + B?).
Hence, if A(n) #0 and B(n) £ 0, (n € Ny), then {Kn(2)}32, is a BKOPS relative to

(2,0) 1 . 1 .
ot Arap@ — )+ gpdle £,

and satisfies
Le[y](z) = («” + 1)*y©) (@) + 18(a® +1)%y"%) (x)
+6{(A+16)z* +2(A +11)22 + A + 6}y () + 2424 + 7)(2® + z)y®)
+12{(A%2 + B> + TA + 6)2> — 2Bz + A? + B?> + 5A + 6}y (z)
+24{(A%? + B? + A)z — B}y/(2)
= Any().



ORTHOGONAL POLYNOMIAL SOLUTIONS TO DIFFERENTIAL EQUATIONS 19
Note that {K, ()}, is symmetric if and only if B = 0.

Finally we make some conjectures on the BKOPS class, which will improve Magnus’ conjecture.
Let {Qn(z)}°2, be a BKOPS relative to 7 of order 2r > 4 satisfying the differential equation (4.2).
Then we conjecture:

(C-1) 7 = 0 + v, where o is a classical moment functional satisfying (A(z)o)’ = B(z)o with some
polynomials A(z) of degree < 2, B(z) of degree 1 and v is a distribution with its support at the
zeros of A(z);

(C-2) for(z) = A(z)" and lor_1(z) = rA(z)"[(r — 1) A'(z) + B(x)] (see (4.3)).
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