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ABSTRACT. In this paper, we develop the left-definite spectral theory associated with the self-adjoint
operator A in L?((—o00,00); exp(—t?)), generated from the classic second-order Hermite differential
equation
talyl(t) = —y" + 2ty +ky =Xy (t € (~o0,0)),

that has the Hermite polynomials { H,, (t) }5e—o as eigenfunctions. More specifically, for each n € N, we
explicitly determine the unique left-definite Hilbert-Sobolev space W,, and associated inner product
(-, )n, which is generated from the n*" integral power £%[-] of £xz[]. Moreover, for each n € N, we
determine the corresponding unique left-definite self-adjoint operator A, in W, and characterize its
domain in terms of another left-definite space. As a consequence of this, we explicitly determine the
domain of each integral power of A and, in particular, we obtain a new characterization of the domain
of the classical right-definite operator A.

1. INTRODUCTION

When A is an unbounded self-adjoint operator in a Hilbert space (H, (-,-)) that is bounded below
by a positive multiple of the identity operator, the authors in [4] show that there is a continuum of
unique Hilbert spaces {(Wp, (+,*)r)}r>0 and, for each r > 0, a unique self-adjoint restriction A, of
A in W,. The Hilbert space W, is called the rt* left-definite Hilbert space associated with the pair
(H,A) and the operator A, is called the ' left-definite operator associated with (H, A).

Left-definite spectral theory has its roots in the classic treatise of Weyl [12] on the theory of
formally symmetric second-order differential expressions. We remark, however, that even though
our motivation for the general left-definite theory developed in [4] arose through our interest in
certain self-adjoint differential operators, the theory developed in [4] can be applied to an arbitrary
self-adjoint operator that is bounded below.

The terminology left-definite is due to Schifke and Schneider (who used the German Links-definit)
[9] in 1965 and describes one of the Hilbert space settings in which certain formally symmetric
differential expressions can be analyzed. For example, consider the differential equation

(1.1) Sll(t) = aw(t)y(t) (tel; AeO),

where I = (a,b) is an open interval of the real line R, w is Lebesgue measurable, locally integrable
and positive almost everywhere on I, and where S[-] is the formally symmetric differential expression
n
Slyl(t) = Y (=1 (b;()y V)V (t e D),

J=0
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with non-negative, infinitely differentiable coefficients b;(t) (j = 0,1,...n) on I (as in all known
cases when (1.1) has a sequence of orthogonal polynomial solutions). The classical Glazman-Krein-
Naimark theory (see [6]) applies to (1.1) and describes all self-adjoint extensions of the minimal
operator Tin, generated by w=1 5[], in the weighted Hilbert space L2 (I) of all Lebesgue measurable
functions f : I — C with inner product

(f, ) Z/I|f(t)|2w(t)dt<oo.

Due to the appearance of w on the right-hand side of (1.1), the space L2 (I) is called the right-definite
Hilbert space for w™!S[-]. On the other hand, spectral properties of the differential expression w=!S[]
can also be studied in a Hilbert space W generated by the Sobolev inner product

(f,9w =Y_bi)fD gV () (f,g W),
=0

called the Dirichlet inner product, which arises naturally in connection to Green’s formula for the
expression S|-]. Since this inner product is generated by the left-hand side of (1.1), we call the spectral
study of w1S[-] in W a left-definite spectral setting and call W a left-definite Hilbert space.

In this paper, we apply this left-definite theory to the self-adjoint Hermite differential operator A,
generated by the classical second-order formally symmetric Hermite differential expression

(1.2) Lylyl(t) == —y" (t) +2ty'(t) + ky(t)
= exp(t?) (—(exp(—t*)y' (1))’ + kexp(—t*)y(t)) (t € R = (—00,00)),
and having the Hermite polynomials as eigenfunctions. Here, k is a fixed, positive constant. The

right-definite setting in this case is the Hilbert space L?((—o0, 00); exp(—t2)) of Lebesgue measurable
functions f : (—o00,00) — C satisfying || f|| < oo, where ||-|| is the norm generated by the inner product

(1.3) (h9)= [ 10g -2 (f.g € ),

Even though the theory developed in [4] guarantees the existence of a continuum of spaces {W; },~¢
and left-definite operators {A;},>o (they are all differential operators), we can only effectively de-
termine the left-definite spaces, their inner products, and the domains of the left-definite operators
when r is a positive integer; reasons for this will be made clear in the analysis below.

The contents of this paper are as follows. In Section 2, we state some of the main results developed
in [4]. In Section 3, we review some of the properties of the Hermite differential equation, the Hermite
polynomials and the right-definite self-adjoint operator A, generated by the second-order Hermite
expression (1.2), having the Hermite polynomials as eigenfunctions. Also in this section, we obtain
the formally symmetric form of each integral power of the second-order Hermite expression; as
we shall see, these higher order expressions are key to determining the various left-definite inner
products. Interestingly, these powers involve the Stirling numbers of the second kind. Lastly, in
Section 4, we establish the left-definite theory for the Hermite expression (1.2). Specifically, we
determine explicitly

(a) the sequence {W,,}2 ; of left-definite spaces associated with the pair (L?((—oo0, 00); exp(—t?2)), 4),
(b) the sequence of left-definite self-adjoint operators {A,}>2, and their domains {D(4,)}5,
associated with (L2((—o0, 00); exp(—t2)), A), and
(c¢) the domains D(A™) of each integral power A™ of A.
These results culminate in Theorem 4.4. An application of this theorem yields a new result
(see Corollary 4.1) concerning the characterization of functions in the domain of the right-definite
operator A.
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2. LEFT-DEFINITE HILBERT SPACES AND LEFT-DEFINITE OPERATORS

Let V denote a vector space (over the complex field C) and suppose that (-,-) is an inner product
with norm |-|| generated from (-,-) such that H = (V,(-,-)) is a Hilbert space. Suppose V, (the
subscripts will be made clear shortly) is a linear manifold of the vector space V' and let (-,-), and
||I||, denote an inner product (quite possibly different from (-,-)) and associated norm, respectively,
over V;.. We denote the resulting inner product space by W, = (V,., (-,+),.)-

Throughout this paper, we assume that A : D(A) C H — H is a self-adjoint operator that is
bounded below by kI, for some k > 0; that is,

(Az,z) > k(z,z) (z € D(A));

that is to say, A is bounded below in H by kI, where I is the identity operator. It follows that A",
for each r > 0, is a self-adjoint operator that is bounded below in H by k"1.
We now make the definitions of left-definite spaces and left-definite operators.

Definition 2.1. Let r > 0 and suppose V, is a linear manifold of the Hilbert space H = (H, (-,-))
and (-,-), is an inner product on V,. Let W, = (V,,(-,")r). We say that W, is an r'" left-definite
space associated with the pair (H, A) if each of the following conditions hold:

(1) W, is a Hilbert space,

(2) D(A") is a linear manifold of V.,

(8) D(A") is dense in W,,

(1) (@,2), > K (2,2) (s €V;), and

(5) (wy), = (A'zy) (z€D(AT), y V).

It is not clear, from the definition, if such a self-adjoint operator A generates a left-definite space
for a given r > 0. However, in [4], the authors prove the following theorem; the Hilbert space spectral
theorem plays a prominent role in establishing this result.

Theorem 2.1. (see [4, Theorem 3.1]) Suppose A: D(A) C H — H is a self-adjoint operator that is
bounded below by kI, for some k > 0. Let r > 0. Define W, = (V,., (,-)r) by

(2.1) V., =D(A?),
and
(z,y)r = (A22, A"2y)  (z,y € V).

Then W, is a left-definite space associated with the pair (H, A™). Moreover, suppose W, := (V,, (-,*)r)
and W) := (V!,(-,-)}) are r'* left-definite spaces associated with the pair (H,A). Then V, = V! and
(z,y)r = (z,y), for all z,y € V;, = V!; i.e. W, = W/. That is to say, W, = (V;, (-,*),) is the unique
left-definite space associated with (H, A).

Definition 2.2. For r > 0, let W, = (V,,(-,+)r) denote the r'* left-definite space associated with
(H, A). If there ezists a self-adjoint operator A, : D(A,) C W, — W, that is a restriction of A; that
18 to say:

A.f=Af (fe€D(A4,) CD(A)),
we call such an operator a r'* left-definite operator associated with (H, A).
Again, it is not immediately clear that such an A, exists; in fact, however, A, exists and is unique.

Theorem 2.2. (see [4, Theorem 3.2]) Suppose A is a self-adjoint operator in a Hilbert space H that
is bounded below by kI, for some k > 0. For any r > 0, let W, = (V;, (-,-),) be the r'* left-definite
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space associated with (H,A). Then there ezists a unique left-definite operator A, in W, associated
with (H, A). Moreover,

D(Ar) = er—f—Q-

The last theorem that we state in this section shows that the point spectrum, continuous spectrum,
and resolvent set of a self-adjoint operator A and each of its associated left-definite operators A,
(r > 0) are identical. We recall (see [3, Chapter 7]) that:

(i) the point spectrum o,(A) of A consists of all A € C such that Ry(4) := (A4 — A\I)~! does not
exist;
(ii) the continuous spectrum o.(A) of A consists of all A € C such that R)(A) exists with a dense
domain but is an unbounded operator;
(iii) the resolvent set p(A) of A consists of all A € C such that Ry(A) exists with a dense domain
and is a bounded operator;

moreover, for a self-adjoint operator A, we remark that C is the disjoint union of o,(4), o.(A4), and
p(A).

Theorem 2.3. (see [4, Theorem 3.6]) For each r > 0, let A, denote the r'* left-definite operator
associated with the self-adjoint operator A that is bounded below by kI, where k > 0. Then

(a) the point spectra of A and A, coincide; i.e. op(A,) = op(A);
(b) the continuous spectra of A and A, coincide; i.e. 0.(A;) = o.(A);
(c) the resolvent sets of A and A, are equal; i.e. p(A;) = p(A).

We refer the reader to [4] for other results established on left-definite theory for self-adjoint oper-
ators A that are bounded below.

3. PRELIMINARY RESULTS ON THE HERMITE DIFFERENTIAL EQUATION

When A = 2m+k, where m € Ny, the Hermite equation Zx[y](t) = (A k)y(t), where £x[-] is defined
in (1.2) has a polynomial solution H,,(t) of degree m; the sequence of polynomials {H,(t)}>_, is
called the Hermite polynomials. These polynomials form a complete orthogonal set in the Hilbert
space L?((—00,00);exp(—t?)) of Lebesgue measurable functions f : (—oo,00) — C satisfying || f|| <
oo, where ||-|| is the norm generated from the inner product (-,-), defined by

(3.1) o= [ T gt exp(—2)dt (f.g € Ti(—00,00).

In fact, with the m** Hermite polynomial defined by

fm/2] :
_ (m)!/2om/2 (—1) m—2j
Hn(t) = — 7 ZZO itz (e,

J

it is the case that the sequence {H,,(t)}%°_, is orthonormal in L?((—o0,c0); exp(—t2)); that is,

m=0
(32) (Hm7 HT) = (5m,r (m,r € NO);

where 6, is the Kronecker delta function. We refer the reader to [7, Chapter 12] or [10, Chapter
V] for various properties of the Hermite polynomials. The derivatives of these polynomials satisfy
the identity

& (Hm(t))

(3.3) - 29/2(P(m, )"/ Hpj(t) (m,j € Np),
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where
(3.4) P(m,j) = m(m—1)...(m—j+1) (m,j€No; j <m).
From (3.2) and (3.3), we see that
o 47 J .
(3.5) |- () EUE ) oxp(—2)dt = 2 P(m, )by (mr, € )

The maximal domain A of exp(—t2)£y[] in L?((—00, 00); exp(—t?)) is defined to be
(36) A= {f € L2((—OO, OO);eXP(_tQ)) ‘ f7 f, € ACloc(_ooa OO); gH[f] € LQ((_OOa oo);exp(—t2))}.
For functions f,g € A and [a,b] C R, we have Dirichlet’s formula

b
(3.7) / Lu[f)(1)g(t) exp(—t?)dt = —exp(~t*) f' (t)g(t) |5

b
4 / [£(6)'(8) exp(—12) + kF (1)g(t) exp(—12)] dt.

It is well-known (for example, see [5] and [11]) that exp(—t2)£y[-] is strong limit point at ¢ = o0 :

(8) i e 050 =0 (g€ A),
and Dirichlet at ¢t = 00 :
o ' 2 2 0 ! 2 2
(3.9) /0 £ exp(—#)dt, /_ PO exp(—2)dt <o (f € A).

From the Glazman-Krein-Naimark theory (see [6, Theorem 4, pages 79-80]), it follows that the
operator (in the terminology of this paper, the right-definite operator)

Az L*((~00, 00);exp(—t*)) — L?((—00, 00); exp(~t?)),

defined by

(3.10) (Af)(t) = tulfIt) (f € D(A); a.e. t € (—o0,00)),
with domain

(3.11) D(A) = A,

is self-adjoint and has the Hermite polynomials as a complete set of eigenfunctions (see also [2,
Appendix II, pages 210-211] and [11]); moreover, the spectrum of A is given by

(3.12) o(A)={2m+k|meNy}.
From (3.7), (3.8), and (3.9), it follows that

o 2
613 4n0)= [ [IFOF exp(-) + kIO exp(~2)] de > K.S) (€ D))
that is, A is bounded below in L?((—o0,c0);exp(—t?)) by kI. It is this inequality that explains the
importance of the term ky(¢) in (1.2). Consequently, we can apply Theorems 2.1, 2.2, and 2.3. Notice
that (-,-)1, defined by

(f.9)1 = / b [F/()7'(t) exp(—t?) + kf(t)g(t) exp(—t*)] dt  (f,g € D(A)),

—0o0
is an inner product; in fact, it is the inner product for the first left-definite space associated with the
pair (L2((—oc, 00); exp(—t2)), A). Moreover, the closure of D(A) in the topology generated from this
inner product is the first left-definite space W, associated with the pair (L?((—o0,00); exp(—t2)), A).
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We now turn our attention to the explicit construction of the sequence of left-definite inner prod-
ucts (+,-)n (n € N) associated with (L2((—oo, 00); exp(—t?)), A). As we shall see, these are generated
from the integral powers £%[-] (n € N) of the Hermite expression /5[], inductively given by

Lulyl = Luly), Culyl = LaCaly)), ... Lyl = Lu (05 ') (neN).

A key to the explicit determination of these powers are certain numbers {b;(n, k}}7_, which we now
define.

Definition 3.1. Forn € N and j € {0,1,...n}, let

(3.14) bj(n, k) := Z ﬂ <]> (k +4)™.

J
! 7
1=0 J

If we expand the term (k4 7)" in (3.14) and switch the order of summation, we find that

=55 (51 0)) (e

m=0
n n .
(3.15) = ( S gm,
m=0 m
where
i i /s
. —1)ts
(3.16) SP =3 % (Z)z" (n,j € Np)
i=0 )

is the Stirling number of the second kind. By definition, Sg ) is the number of ways of partitioning
n elements into j non-empty subsets (in particular, S} = 0 for any j € N); we refer the reader to [1,
pp- 824-825] for various properties of these numbers. Consequently, we see that

0 ifk=0
(3'17) bO(na k) - { kroifk > 0,
and, for j € {1,2,...n},
S5 if k=0
(3.18) i, k) {Ekﬂ@ﬂ%WiM>&

In particular, observe that when k > 0, each b;(n, k) is positive. In [4], Littlejohn and Wellman show
that these numbers {b;(n,k)}}_, appear in the symmetric form of the n' power of the classical
Laguerre differential expression £,[-], defined by

laly)(t) = —ty" + (t =1 — )y’ + ky (t € (0,00))
= 1= exp(t) [~ (1 exp(~t)y' (1)) + Kt exp(~1)y(t)| ;

indeed, they prove that

n

et ayl0) = 31 (b ke yOm)” (e

Jj=0

Moreover, in [4], the authors prove the following result concerning the numbers {b;(n, k)}7_,, which
is important in our discussion on the Hermite differential expression.
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Lemma 3.1. For each n € N, the numbers b; = bj(n, k), defined in (3.14), are the unique solutions
to the equations

(3.19) (m+ k)" ZPm] (m e Ny),
where P(m, j) is defined in (3.4).

With P denoting the space of all (possibly complex-valued) polynomials, we are now in position
to prove the following theorem.

Theorem 3.1. Let n € N and let £y[-] denote the Hermite differential expression defined in (1.2).
Then

(2)
3200 [ elploa) exp(-de = chnk ) [ 0a @) expl- it 0 € )
where
(3.21) co(n,k):{ gn g’,:ig
and, for j=1,2,...n
n—j o(J) e
2 o= o, (s (0" e

(b) For k>0, each cj(n,k) is positive (j =0,1,...n).

(c) For each n € N, the n'" power %[] of the Hermite expression Ly[-] is Lagrangian sym-
metrizable with symmetry factor w(t) = exp(—t?) and the Lagrangian symmetric form of
exp(—t2)0%[-] is given by

n

(3.23) exp(~)E4 () = (-1 (ej(m. ) exp(~2)y (1)) .

J=0

Proof. The fact that the numbers {c;(n, k)}_, are positive follows from the positivity of the numbers
{bj(n, k) }7_g for k > 0. Since the Hermite polynomlals {Hp(t)}5°_ form a basis for P, it suffices to
show (3. 20) is valid for p = H,,(t) and g = H,(t), where m,r € Ny are arbitrary. From the identity

Cy[Hp](t) = (2m + k)" Hn(t)  (m € No),

it follows, with this particular choice of p and ¢, that the left-hand side of (3.20) reduces to (2m +
k)"0pm r. On the other hand, from (3.3), the right-hand side of (3.20) yields

Zwk [T PO ) oy

(3.24) = Z 2 P(m, §)c;(n, k)dm, by (3.3).
=0



8 W. N. EVERITT, L. L. LITTLEJOHN, AND R. WELLMAN

Consequently, the identity in (3.20) holds if and only if

(325) (2m + k)" =2 P(m, j)cj(n, k),
j=0

or, after rearranging terms,

where
bj(n, k) = 29""¢cj(n, k).

From Lemma 3.1, (3.17) and (3.18), it follows that the numbers {c;(n, k)}7_, are given as in (3.21)
and (3.22), establishing (3.20).
To prove (3.23), define the differential expression
23 (_1)] 2,0 (1))
(3.26) maly](t) == exp(t) D (~1)7 (ej(n, k) exp(~2)y D (1)),

=0
where the numbers c;j(n,k) (j = 0,1,...n) are as above. For p,q € P and [a,b] C (—00,00), we
apply integration by parts to obtain

b
m[p](t)q(t) exp(—t*)dt

a

7=0 r=1
n b
+Y eyl k) [P 0a0 6) expl(—)dt
Jj=0 @

Now, for any p € P, (p(j)(t) exp(—tz))(jq) = p;,(t) exp(—t?) for some p;, € P; in particular,

. ; G- . _ _ .
oS (p(])(t) eXp(_t2)) " Vt)=0 (pqeP; rjeN, r<j).
Consequently, as a = —oo and b — oo, we see that

(3.27) / " malp)(0a) exp(—2)dt = 3 ¢, k) / T PO (1) exp(—2)dt (pyq € P).

i=0 oo

Consequently, from (3.27) and (3.20), we see that for all polynomials p and ¢, we have
(¢x[p] — mulpl,q) = 0.

From the density of polynomials in L?((—o0, 00); exp(—t?)), it follows that

(3.28) ulpl(t) = mu(p](t) (t € (—o0,00))

for all polynomials p. This latter identity implies that the expression ¢ [-] has the form given in
(3.23). O
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For example, we see from this theorem that
exp(—t) €5 [y](t) = (exp(—t*)y")" — ((2k + 2) exp(—t?)y)" + k* exp(—t?)y,
and
exp(—2)E4[y](8) = —(exp(—E2)y")" + (3% + 6) exp(—t2)y")"
— ((3k2 4 6k + 4) exp(—t2)y) + k3 exp(—t?)y
The following corollary lists some additional properties of £%[-].
Corollary 3.1. Let n € N. Then
(a) the n'* power of the classical Hermite differential expression
Luly)(t) == —y"(t) + 2ty (t)

is symmetrizable with symmetry factor w(t) = exp(—t2) and has the Lagrangian symmetric
form
2y n 1y (gli)gn-i 2y, (1))
exp(—1)Lyy](1) 1= D (=17 (S92 exp(~2)y (1))

i=1

where Sﬁlj) is the Stirling number of the second kind defined in (3.16);
(b) the bilinear form (-,-), defined on P x P by

n

(3.29) (P, @)n =Y cj(n, k) /oo PP ()g") (t) exp(—t*)dt  (p,q € P)

j=0 oo

is an inner product when k > 0 and satisfies

(3-30) (xlpl,a) = (,@)n  (prq € P);
(c) the Hermite polynomials {Hp,(t)}o0_, are orthogonal with respect to the inner product (-,-)n;
in fact,
n . .
% @i (H, () & (H, (¢ .
(331) (Hom, Hy)n = ) ¢j(n, k) /_oo (dtj( ) (dtj( ) exp(—t*)dt = (2m + k)" by,

=0

Proof. The proof of (i) follows immediately from Theorem 3.1 and identities (3.21) and (3.22). The
proof of (ii) is clear since all the numbers {c;(n,k)}?_, are positive when k > 0. The identity in
(3.30) follows from (3.27) and (3.28). Lastly, (3.31) is a restatement of (3.24), using (3.25). O

4. THE LEFT-DEFINITE THEORY FOR THE HERMITE EQUATION

For results that follow in this section, it is convenient to use the following notation. For n € N, let

AC), P (=00,00) = {f : (=00,00) > Cf, ;.. {1V € ACioe(~00,00)}-

loc

For the rest of this section, we assume that k& > 0.

Definition 4.1. For each n € N, define
(4.1)
Vi :={f : (~00,00) = C | f € AC{ V) (~00,00); f9) € L*((—o00, 00);exp(~t2)) (j = 0,1,...n)}

loc
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and let (,+), and ||-||,, denote, respectively, the inner product
n 0 . -

@2 (9= Yot k) [ 1059 0) exp(~)dt (f.9 € Vo)
j=0 —o

(see (3.29) and (3.30)) and the norm ||f||, = (f, f)}/2, where the numbers c;j(n,k) are defined in
(3.21) and (3.22).

The inner product (-, ),, defined in (4.2), is a Sobolev inner product and is more commonly called
the Dirichlet inner product associated with the symmetric differential expression exp(—#2)¢%[-].
We remark that, for each r > 0, the r? left-definite inner product (-,-), is abstractly given by

(f.9)r = /R NdE;, (f,g €V, :=D(A/?),

where E is the spectral resolution of the identity for A; see [4]. However, we are able to determine
this inner product in terms of the differential expression £%;[-] only when r € N.
We aim to show (see Theorem 4.4) that

Wy = (Va, (4 *)n)

is the n'* left-definite space associated with the pair (L?((—o0, o0); exp(—t?)), A), where A is defined
in (3.10) and (3.11). We begin by showing that W), is a complete inner product space.

Theorem 4.1. For each n € N, W,, is a Hilbert space.

Proof. Let n € N. Suppose {fp,}5_; is Cauchy in W,,. Since each of the numbers c¢;(n, k) is pos-

itive, we see that {fr(,?)}fnozl is Cauchy in L2((—o0,00);exp(—t2)) and hence there exists g, 1 €
L?((—o00,00); exp(—t?)) such that

fr(n") — Gny1 In LQ((—oo, oo);exp(—t2)).

Fix t, tg € R (t¢ will be chosen shortly) and assume ¢y < ¢. From Hoélder’s inequality,

t t
|00 =g de= [ {5060 = gun )] espi=2/2 expie?2)at

to

([
s

Moreover, since f,(,?_l) € AC)oc(—00,00), we see that

M) — gn+1(t)‘2 exp(—t2)dt) v . (/tt exp(tZ)dt> v

0

9 1/2
fr(r?) (t) — gn—|—1(t)‘ exp(—t2)dt) — 0 as m — 0.

t t
(4.3) @) = 5V ) = | S0t — [ gnp ()t

to to
and, in particular, gn41 € L},.(—00,00). Furthermore, from the definition of (-,-),, we see that
{fr(ghl) o is Cauchy in L?((—o0,00);exp(—t?)); hence, there exists g, € L?((—00, o0); exp(—t?))
such that

W™ = gu in L?((—o0, 00); exp(—1?)).

1
loc

(—o0,00) and, for any ¢,t; € R,
t

t
(4.4) ) = f ) = | L ®dt— | galt)dt.
t1 t1

Repeating the above argument, we see that g, € L



THE LEFT-DEFINITE HERMITE THEORY 11

Moreover, from [8, Theorem 3.12], there exists a subsequence { fr(n"kfnl_)l} of { fr(n" _1)}%‘;:1 such that

(1) (1) = gn(t) ae. t€R.

MEg,n—1

Choose %y € R in (4.3) such that f,%cjnlzl(to) — gn(to) and then pass through this subsequence in
(4.3) to obtain
t

gn(t) - gn(tO) = /t gn+1(t)dt (a.e. te ]R).

That is to say,
(4.5) gn € ACioc(—00,00) and g, (t) = gny1(t) a.e. t €R.

Again, from the definition of (-,-),, we see that {f$_2)}$§:1 is Cauchy in L?((—oo0, c0);exp(—t?));
consequently, there exists g,,_1 € L?((—00,00); exp(—t?)) such that

f(”_Q) — gp_1 in LQ((—oo,oo);exp(—tQ)).

m

As above, we find that g,_1 € L}, (—00,00); moreover, for any t,t; € R
t

t
S = £ ) = [ fED@dt— [ gna(t)dt,
to t2

and there exists a subsequence { fy(nn —2) }of { f7(n" _2)} such that

k,n—2

(n=2) (1) = gn_1(t) ae. t € R

ME,n—2

In (4.4), choose t; € R such that fT(f?ka_)z (t1) = gn—1(t1) and pass through the subsequence {f,(,?;f_)z}
in (4.4) to obtain

t
Gnt () — gna(t1) = / gu()dt (. t € R).

t1
Consequently, g,_1 € ACl(Olc)(—oo, o0) and g _,(t) = ¢/,(t) = gn+1(t) a.e. t € R. Continuing in this
fashion, we obtain n + 1 functions g,_j11 € L?((—00,00);exp(—t?)) N L},.(—00,00) (j =0,1,...n)
such that
() f5 7" = goja1 in L2((—00,00);exp(~#2)) (j = 0,1,...n),
(i) 91 € ACU " (~00,00); g2 € ACI (~00,00), ..., gn € ACIe(—00, ),
(i) g5, ;(t) = gn—j+1(t) a.e. t e R (j =0,1,...n—1),
(i) o) =gj1 (G =0,1,...n).
In particular, we see that fr(r{) — g§]) in L2((—o00, 00); exp(—t?)) for j = 0,1,...n and g1 € V,,. Hence,
we see that

n 00 ' ] 9
I = alla =3 citn ) [ |500 - o) exp(—t)at
i=0 oo
— 0asm — oo.

Hence W, is complete. O

We now show that P is dense in W,,; consequently, {H,,(t)}5°_, is a complete orthogonal set in
Wy.

Theorem 4.2. The Hermite polynomials {Hy,(t)}5°_, form a complete orthogonal set in the space
Wh. In particular, the space P of polynomials is dense in W,.
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Proof. Let f € Wy; in particular, f(") € L?((—o0, o0); exp(—t2)). Consequently, from the complete-
ness and orthonormality of {H,,(t)}%°_, in L?((—o0, c0); exp(—t?)), it follows that

m=0

Z cmpHm — ™ as r — oo in L?((—o00, 00); exp(—t?)),

m=0

where the numbers {cp,n}3_, C £2 are the Fourier coefficients of f (n) defined by
o
Cmn =/ FO () Hp (t) exp(—t2)dt  (m € Np).
—0o0

For r > n, define the polynomials

T

Cm—n,n
4.6 (1) = : H,(t
(see (3.3)). Then, using the derivative formula (3.3) for the Hermite polynomials, we see that
T 5 .
; Cm—n,n2j/2(P(ma.7))1/2 .
(4'7) ps'])(t) = Z 2n/2(P(m n))1/2 Hm*](t) (.7 = 1727"')7
m=n ?

and, in particular, as r — oo,

T

M = Z cmennHm—n — f™ in L((—o0, 00); exp(—t2)).

m=n

Furthermore, from [8, Theorem 3.12], there exists a subsequence {p&?)} of {psn)} such that

(4.8) p{M(t) = fM(t) ae. t R
2i/2(p \\1/2
Returning to (4.7), observe that since o2 EPE:: "]7’),))))1/2 —0asm —ooforj=0,1,...n—1, we see

that

{cm_n,n2j/2<P<m,j))1/2 }°°
2/2(P(m,n))/?

is a square-summable sequence. Thus, from the completeness of the Hermite polynomials { Hy, (¢)}>°_,

in L?((—o00, 00); exp(—t2)) and the Riesz-Fischer theorem (see [8, Chapter 4, Theorem 4.17]), there
exists gj € L?((—o0, 00); exp(—t?)) such that

m=n

(4.9) ) — gj in L*((—00,00);exp(—t?)) as r — oo (j = 0,1,...n —1).

Since, for a.e. a,t € (—00, ),

P00~ V) = [ P [ 1 wdu = 700 - 10V 0) (G o0,
we see that, as j — oo, '
(4.10) P = fP () + e (ae. t € (—o0,00)),
where ¢; is some constant. From (4.9), with j =n — 1, we deduce that
1) = FP V@) + ¢ (ae. t € (—00,00)).
Next, from (4.10) and one integration, we obtain

(=2 (1) —» fO2D@) + et 4+ (G- 0),

Ty
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for some constant ¢y and hence, from (4.9),
o) = F" D)+ it +cr  (ae. t € (—o0,00)).
We continue this process to see that, for j =0,1,...n — 1,
6i(®) = @) + gujor(t) (e 1€ (—00,00)),

where g, ;1 is a polynomial of degree < n — j — 1 satisfying

Gy i 1(t) = Gy a(t).
Combined with (4.9), we see that, as r — oo,

P9 = fU) 4 g iy in L*((—o0,00);exp(—t?)) (j =1,2,...n).

For each r > n, define the polynomials

and observe that
) = pi) — ¢,

= pgj) — Gn—j-1

— f(j) in L?((—o0,00); exp(—t?)).
Hence, as r — o0,

o
— 00

i . 112
15 =iz =S eitn k) [ |19) — 7| exp(—)at .
=0
]

The next result, which gives a simpler characterization of the function space V,,, follows from ideas
in the above proof of Theorem 4.2. Due to the importance of this theorem (which can be seen in the
statement of Corollary 4.1), we sketch the proof; specific details are given in Theorem 4.2.

Theorem 4.3. For each n € N,
(4.11) Vo= {f : (~00,00) = C | f € AC" ) (—00,00); £ € L2((—o00, 50); exp(—t2))}.

loc

Proof. Let n € N and recall the definition of V;, in (4.1). Define
Va={f : (~00,00) = C| f € ACy ™ (~00,00); /") € L*((~o00, 00); exp(~1))}.

loc

It is clear that V;, C V. Conversely, suppose f € V, so f(™ € L?((—o0,0);exp(—t?)) and f €

ACI((?Cfl)(—oo, 00). As shown in Theorem 4.2, as r — oo,

Z Cm,nHm — f(n) in Lz((_ooa OO);eXp(—tQ)),
m=0

where
Cram = / FO ) H, (8) exp(—t2)dt (m € Ny).

For r > n, let p,(t) be the polynomial that is defined in (4.6). Then, for any j € Ny, the j** derivative
of p, is given in (4.7) and, as in Theorem 4.2,

o™ = £ as r — 0o in L2((—00, 00); exp(—t?)),
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and, for j = 0,1,...n—1, there exists polynomials g,,_;j_1 of degree < n—j—1 satisfying q;hjq(t) =
gn—j—2(t), such that

p,(,j) — f(j) + gn—j—1 a8 T — 00 in LZ((—oo,oo);exp(—tQ)),
= [ 449,

Consequently, for each 7 = 0,1,...n—1, {psj) —qul},?in converges in L%((—o0, 00); exp(—t2)) to £,
From the completeness of L?((—oc, o0);exp(—t2)), we conclude that fU) € L?((—o0,00);exp(— 2))
for  =0,1,...n — 1. That is to say, f € V,,. This completes the proof.

We are now in position to prove the main result of this section.

Theorem 4.4. For k > 0, let A : D(A) C L?((—o0,00); exp(—t?)) — L?((—o0,00);exp(—t?)) de-
note the self-adjoint operator, defined in (3.6), (3.10), and (3.11), having the Hermite polynomials
{Hn(t)}°_o as eigenfunctions. For each n € N, let V,, be given as in (4.1) or (4.11) and let (-,-)n
denote the inner product defined in (3.29). Then Wy, = (Va, (+,*)n) is the n' left-definite space for the
pair (L2((—o0, 00); exp(—t2)), A). Moreover, the Hermite polynomials {H,,(t)}_, form a complete
orthogonal set in Wy, satisfying the orthogonality relation (3.31). Furthermore, define

Ap : D(Ay) C W, — Wy

by

Anf =1Lu(f] (f € D(An) :=Vayo),
where Ly[-] is the Hermite differential expression defined in (1.2). Then A, is a self-adjoint dif-
ferential operator in Wy, ; more specifically, A, is n'* left-definite operator associated with the pair
(L%((—o00, 00); exp(—t?)), A). Furthermore, the Hermite polynomials {Hn,(t)}5S_, are eigenfunctions
of Ay, and the spectrum of A, is given by

o(4y) ={2m+k | me Ny }.

Proof. To show that W, is the n'® left-definite space for the pair (L%((—o0, 00); exp(—t2)), 4), we
must show that the five conditions in Definition 2.1 are satisfied.

(i) Wy, is complete:

The proof of (i) is given in Theorems 4.1 and 4.3.

(ii) D(A") C Wy C L?((—00,00); exp(—t%)):

Let f € D(A™). Since the Hermite polynomials {H,,(t)}o°_, form a complete orthonormal set in
L?((—o00,00); exp(—t2)), we see that

(4.12) pi = f in L*((—00,00);exp(—t7))  (j — 0),
where
J
= Z cmHp (T
m=0
and {c, }%°_, are the Fourier coefficients of f in L?((—o0, 00);exp(—t?)) defined by
cm = (f, H / f(t)Hp(t) exp(—t?)dt  (m € Ny).

Since A" f € L%((—o00,00);exp(—t?)), we see that

Y amHpy = A™f in L*((—o00,00);exp(—t%))  (j = o0),

m=0
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where
om = (A"f, Hn) = (f, A"Hp) = 2m)"(f, Hp) = (2m)"cm;
that is to say,
A™pj — A™f in L*((—o0,00);exp(—t%)) (j — oo).
Moreover, from (3.30), we see that

2
Ip;j = prll;, = (A"[pj — pr], pj — pr)
— 0 as 3,r = o0

that is to say, {pj};?io is Cauchy in W,,. From Theorem 4.1, we see that there exists ¢ € W,
C L?((—00, 00); exp(—t?)) such that

pj = gin W, (j— o00).
Furthermore, by definition of (-,-),, and the fact that co(n, k) = k™ for k£ > 0, we see that

(pj —9.pj — 9)n > k" (pj — 9,05 — 9);

hence
(4.13) pj — g in L?((—o0, 00); exp(—t?)).

Comparing (4.12) and (4.13), we see that f = g € W,,; this completes the proof of (ii).

(iii) D(A™) is dense in Wi,:

Since polynomials are contained in D(A™) and are dense in W,, (see Theorem 4.2), it is clear that
(iii) is valid. Furthermore, from Theorem 4.2, we see that {H,,(t)}>_, forms a complete orthogonal
set in Wy,; see also (3.31).

(iv) (f, f)n = E"(f, f) for all f € Vy:

This is clear from the definition of (-,-),, the positivity of the coefficients ¢j(n, k), and the fact that
co(n, k) = k™.

(v) (f,9)n = (A"f,g) for f € D(A") and g € Vy,:

Observe that this identity is true for any f, g € P; indeed, this is seen in (3.30). Let f € D(A™) C W,
and g € W,,; since polynomials are dense in both W,, and L2((—o0, 00); exp(—t2)) and convergence
in W,, implies convergence in L?((—oo, 00); exp(—t?)), there exists sequences of polynomials {p; }52o
and {qj};-";o such that, as j — oo,

pj — f in Wy, A"p; — A™f in L*((—o0, 00);exp(—t?)) (see the proof of part (ii)),
and
gj — g in W, and L?((—o0, 00); exp(—t?)).
Hence, from (3.30),
(A%[f],9) = lim (A%[p;], ¢j) = lim (pj, gj)n = (£, 9)n-
This proves (v). The rest of the proof follows immediately from Theorems 2.2 and 2.3. O

The following corollary follows immediately from this Theorems 4.4 and 4.3, as well as (2.1).
Remarkably, it characterizes the domain of each of the integral powers of A. In particular, the
characterization given below of the domain D(A) of the classical Hermite differential operator A
having the Hermite polynomials as eigenfunctions seems to be new.
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Corollary 4.1. For each n € N, the domain D(A™) of the n'* power A™ of the classical self-adjoint
operator A, defined in (3.10), (3.6), and (3.11), is given by

D(A™) = Vo, = {f : (—00,00) = C | f € ACL" ™ (—00,00); f*™ € L2((—o00,00); exp(—t))}.

loc

In particular,

D(A) = Vo = {f : (~00,00) = C | f € ACYV (=00, 00); f"" € L((—00, 0); exp(—t2))}.

loc
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