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ABSTRACT. In this paper we consider analytical and numerical solutions to the Dirichlet
boundary value problem for the biharmonic partial differential equation, on a disk of finite
radius in the plane. The physical interpretation of these solutions is that of the harmonic
oscillations of a thin, clamped plate.

For the linear, fourth-order, biharmonic partial differential equation in the plane, it is
well known that the solution method of separation in polar co-ordinates, is not possible,
in general. However, in this paper, for circular domains in the plane, it is shown that a
method, here called quasi-separation of variables, does lead to solutions of the partial differ-
ential equation. These solutions are products of solutions of two ordinary linear differential
equations; a fourth-order radial equation, and a second-order angular differential equation.

To be expected, without complete separation of the polar variables, there is some re-
striction on the range of these solutions in comparison with the corresponding separated
solutions of the second-order harmonic differential equation in the plane. Notwithstanding
these restrictions the quasi-separation method leads to solutions of the Dirichlet boundary
value problem on a disk with centre at the origin, with boundary conditions determined by
the solution and its inward drawn normal taking the values zero on the edge of the disk.

One significant feature for these biharmonic boundary value problems, in general, fol-
lows from the form of the biharmonic differential expression when represented in polar
co-ordinates. In this form the differential expression has a singularity at the origin, in the
radial variable. This singularity translates to a singularity at the origin of the fourth-order
radial separated equation; this singularity necessitates the application of a third bound-
ary condition in order to determine a self-adjoint solution to the Dirichlet boundary value
problem.

The penultimate section of the paper reports on numerical solutions to the Dirichlet
boundary value problem; these results are also presented graphically. Two specific cases are
studied in detail and numerical values of the eigenvalues are compared with results obtained
in earlier studies.
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1. INTRODUCTION

This paper is concerned with the Dirichlet problem for the biharmonic partial differential
equations, on a bounded region of the plane R2. In particular, we study this problem when the
biharmonic differential expression is represented in polar co-ordinates (r, ) with r € (0, c0)
and 6 € [0, 2.

In polar co-ordinates the Laplace differential expression A is
B 82U+181}+ 1 0%

o2 ror  r200%
From this result it follows, in the same co-ordinate system, that the biharmonic differential
expression A? has the form

M 2 M 10% 20% 2 v 10% 40* 10dv
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For the Laplace expression A the associated Helmholtz partial differential equation is,
where A is a spectral parameter,

(1.3) —(Av)(r,0) = Av(r,0) for all r € (0,00) and 6 € [0, 27).

(1.1) Av

(1.2) A%v=

For the biharmonic expression the corresponding partial differential equation is

(1.4) (A%v)(r,0) = Av(r,0) for all r € (0,00) and 6 € [0, 27).
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Here, in both cases, A € C is a parameter, which is to play the role of spectral parameter for
operators in the Hilbert function space of integrable-square functions L?(IR?), or a subspace
thereof.

In particular, we are concerned with the Dirichlet boundary value problem for the dif-
ferential equation (1.2), when the region concerned is the open disk Dg, of the plane R?,
defined by, for some given R € (0, 00),

(1.5) Dpr:={(r,0) :r € (0,R) and 6 € [0, 27]}.

In this case the Dirichlet problem is determined by requiring a solution of (1.4) to satisfy
the boundary conditions

(1.6) v(R,0) = aiv(R, 0) =0 for all 6 € [0, 27),
n

where n denotes the inward drawn unit normal to the boundary 0Dpg of the disk Dp.
We make two essential points concerning the form of our solution of the Dirichlet boundary
value problem and the analytical methods adopted in this paper:.

(1) In this paper a complete solution of this biharmonic Dirichlet problem consists of
using the symmetric partial differential expression (1.2), the differential equation (1.4)
and the boundary conditions (1.6), to construct a self-adjoint differential operator,
say T, in the Hilbert function space L?(Dg), or some subspace thereof. The properties
of the operator T are then considered as the solution of the Dirichlet problem.

For the biharmonic Dirichlet boundary value problem we give two complete exam-
ples of such self-adjoint operators in Section 8, and the resulting regularity properties
of the boundary value problems in Section 9.

To determine such an operator T we require not only the outer boundary conditions
(1.6) but also a boundary condition at the origin of the disk Dpg; this requirement is
due to the presence of the singular factors 2,773, r~%in the differential expression
(1.2); see [6, Chapter 5, Section 5.5] for a remark on the abstract determination of
the Friedrichs extension.

(2) The methods employed in this paper are essentially the application of classical anal-
ysis to construct such self-adjoint representations in Hilbert function spaces.

Abstract methods applied to construct self-adjoint representations are given in [6,
Chapter 5, Section 5.5], and in [13, Section 4, Page 49].

As to the contents of this paper in Section 2 we give some essential properties of the
Laplace and biharmonic differential expressions; in Section 3 we state and prove a critical
result which is essential to the introduction of the methods of quasi-separation. In Section
4 we give the form of quasi-separated solutions of the biharmonic equation (1.4); in Section
5 we introduce the fourth-order Bessel-type ordinary differential equations; in Section 6
we define the Friedrichs and Comparison ordinary differential operators and detail their
spectral properties; in Section 7 we connect these spectral properties with Bessel functions
of order 2. These results lead to Section 8 where we define two self-adjoint operators, out
of a continuum of such operators, which on subspaces of L?(Dg) provide solutions to the
biharmonic Dirichlet boundary value problem on the disk Dg. In Section 9 we comment
on some aspects of these solutions in terms of the boundary conditions on the boundary
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0Dp of the disk, and on the requirement to introduce a boundary condition at the centre
0 of the disk; also in this section we discuss the regularity of our solutions to the Dirichlet
boundary value problem. In Section 10 we present some numerical results for the solutions of
the Dirichlet boundary value problem; these results are based on the explicit representation
of the eigenvalues and eigenfunctions, of the biharmonic operator, in terms of the classical
Bessel functions of order 2; also in this section we relate our results to certain numerical
results in the application references quoted at the end of the paper. Finally, in Section 11 we
indicate how the methods used in this paper can be applied to consideration of the Dirichlet
boundary value problem for other domains of the plane R?; all of these domains are required
to have angular symmetry.

2. DIFFERENTIAL EXPRESSIONS

It is known that for the Laplace expression (1.1) the differential equation (1.3) is separable
into a product of two factors. These factors give rise to two ordinary differential equations
with solutions R(-) and O(-) depending, respectively, on the radial variable r and the angular
variable 6; the product R(-)©(-) is then a solution of the partial differential equation (1.3).
These separated differential equations take the form, writing A = \2,

(2.1) —(rR'(r)) + gR(r) = MrR(r) for all r € (0, 00)
and
(2.2) —0"(9) = KO(0) for all 0 € [0, 27],

where K is a separation parameter. Both the differential equations (2.1) and (2.2) are
examples of Sturm-Liouville equations; the equation (2.1) is a form of the classical Bessel
differential equation. Using the solutions of the two differential equations (2.1) and (2.2)
it is possible to construct self-adjoint representations of solutions to the Dirichlet boundary
value problem for the Laplacian on the disk Dpg; for an extensive study of these Laplacian
self-adjoint representations see [13, Section 5.2]; in particular, the results in [13, Section 5.1,
pages 82 to 96] where the classical properties of these self-adjoints representations are linked
to the corresponding abstract study in the W?2(Dpg) Sobolev spaces.

Conversely, it is known that for the biharmonic expression (1.2) the differential equation
(1.4) is not separable in this polar co-ordinate system. However, we shall show that a quasi-
form of separation of the polar biharmonic equation is possible and that this process leads
to solutions, for all values of the spectral parameter A, which are products of Bessel and
trigonometrical functions.

The genesis of the results in this paper stems from the introduction, see the paper [10], of
the structured Bessel-type linear ordinary differential equations of order 2n where n € N; the
case n = 1 gives the classical Bessel equation. In particular the case when n = 2 introduced
the fourth-order Bessel-type differential equation which has been the subject of significant
study in recent years; see the references [5], [7], [15], [16], [19] and [20].

The fourth-order case of these Bessel-type differential equations takes the form

(2.3) ((ru" (r))" — (9~ + ) (r)) = N2 (AN + y)ru(r) for all r € (0, 00)
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where the real parameter v satisfies v > 0, and A € C is a complex-valued parameter. This
differential equations (2.3) has been extensively studied for v > 0 (but with the notation
v = 8M~! where M € (0,00]); see the original definition in [10], the survey paper [8] and
the technical details in [5].

The particular case of (2.3) when v =0, i.e.

(2.4) ((ru"(r))" — (97 ')/ (1)) = Aru(r) for all r € (0, 00)

has received special study recently, see [16], of which details are given below in Section 5.

We show below in Section 3 that the Bessel-type ordinary differential equation (2.4) leads
to a restricted form of separation, quasi-separation, of the biharmonic partial differential
equation (1.4); this result compares with the role played by the radial Bessel equation (2.1)
in the separation of the second-order partial differential equation (1.3). However the cost of
attempting to implement separation of the fourth-order partial differential equation (1.4),
using the radial equation (2.4), leads to a restricted form of the corresponding angular
differential equation; to be specific this angular equation is

(2.5) —0"(0) = 40(0) for all § € [0, 27],
with general solution
(2.6) ©(0) = Acos(26) + Bsin(20) for all 6 € [0, 27].

It is to be noted that in comparison with the free separation parameter K in (2.2), the
quasi-separation parameter 4 on the right-hand side of (2.5) is fixed; this result is again the
cost of the quasi-separation in the biharmonic case.

Notwithstanding this restricted form of quasi-separation we show below in Sections 4 and 5
that this method yields interesting, and possibly new, solutions to the biharmonic differential
equation (1.4).

As noted above one of the interesting possibilities of studying the Dirichlet problem for
differential equations is to seek a self-adjoint realisation of the problem in the Hilbert function
space concerned; in the case above this is the space L?(Dg). The quasi-separation method
does lead to such a realisation but only on a subspace of L?(Dg); nevertheless the solution
of the problem is defined on the whole of the disk.

3. THE PLUM LEMMA

The results in this paper depend critically on a result obtained by Michael Plum, University
of Karlsruhe in Germany, on a visit to the University of Birmingham in 2003; details are
given in the manuscript [19], but the essential features there of are given in this section. This
Plum lemma resulted from discussions based on the results in the manuscript [19]; see also
the manuscripts [15], [20], [21] and [22].

Lemma 3.1. Let the biharmonic differential expression A% be given in polar form, as in
(1.2).
Let the function u : (0,00) — C satisfy the differentiability conditions

(3.1) u'® € ACy,.(0,00) for s =0,1,2,3.
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Let the Plum factor wa g(-) be defined by

(3.2) wa p(0) := Acos(20) + Bsin(20) for all § € [0,27),

where A, B € C and |A]> + |B|* > 0.
Then, for almost all (Lebesgue) r € (0,00) and all 6 € [0, 27)

[(r"(r))" = (9" ()] wa,5(6).

Conversely, if the identity (3.3) is satisfied for some factor w : [0,27] — C with w €
CWI[0,27] and for almost r € (0,00), then w has to take the form (3.2) for some A, B € C.

(3.3) A? [u(r)wa p(8)] =

S =

Proof. Firstly, since u'® € AC,.(0,00) it follows that the derivative u®) is defined almost
everywhere on (0,00), and thus we can apply the biharmonic differential expression to wu.
Since u depends only on the radial co-ordinate r a calculation shows, using (1.2), that

(3.4) Aufr) = © [ () — ()],

Secondly, the terms in (1.2) that contain only differentiation with respect to the variable
¢ cancel out due to the choice of the factor wy p, i.e.

1 64wA7B 4 aQU)AB
T

Thirdly, for the terms in (1.2) that contain differentiation with respect to both variables
r and 6 we have

(36) (%% — %%) [U(T)U)/LB(H)] = —1 [(87”71u/(r)/] .

r

(3.5) - 0.

Finally combining (1.2) with (3.4), (3.5) and (3.6) we obtain (3.3).
The converse result follows from reversing the argument which gives (3.3). O
4. SOLUTIONS TO THE BIHARMONIC EQUATION

The quasi-separation result of Section 3 suggests that solutions of the biharmonic differ-
ential equation (1.4) can to be found in the form

(4.1) v(r,0) = u(r)wa () for all r € (0,00) and 6 € [0, 27).
Inserting (4.1) into (1.2) gives, for all r € (0,00) and 6 € [0, 27),

(4.2) A?[v(r,0)] — Av(r,0) = [(ru”(’r))” — (9r’1u’(r))’} wap(0) — Au(r)wa p(0).

S|

Thus we have

Lemma 4.1. The biharmonic partial differential equation (1.4), i.e.

(4.3) (A%0)(r,0) — Av(r,0) = 0 for all v € (0,00) and 6 € [0,27)
has a solution of the form v(r,0) given by (4.1) i.e.

(4.4) v(r,0) = u(r)wa g(f) for allr € (0,00) and 6 € [0, 27),



BIHARMONIC EQUATION 7

for any A, B € C, if and only if the radial factor u(-) satisfies the linear ordinary differential
equation

(4.5) [(ru”(r))" = (9~ (r))'] = Au(r) for all 1 € (0, 00).

1
r
Remark 4.1. For any choice of A, B € C the angular factor wa p(-) has at most a finite
number of zeros in the interval [0,27); at such points the solution v(r,6) is null for all
r € (0,00) and for all A € C.

Remark 4.2. In the existing literature biharmonic eigenfunction theory on a disk has been
developed mainly by factorising the biharmonic partial differential expression (1.2) into two
second-order expressions, see for example [4, Chapter 5, Section 6]; we have commented on
this method in Section 5.

In this paper we study the complete fourth-order differential ordinary differential equation
given by (4.5).

5. BESSEL-TYPE DIFFERENTIAL EQUATIONS
Writing the ordinary equation (4.5) in the form, replacing A by A%,
(5.1) (ru”(r))" — (9~ (r))" = Mru(r) for all r € (0, 00),

it follows that this equation is a special case of the family of fourth-order Bessel-type differ-
ential equations

(5.2) ((ru (r))" = (9 4+ ) (r)) = N2 (A% + 4)ru(r) for all r € (0, 00)

where the real parameter ~ satisfies v > 0, and A € C is a complex-valued parameter.

The differential equations (5.2) has been extensively studied for v > 0 (but with the
notation v = 8M ! where M € (0, cc]); see the original definition in [10], the survey paper
[8] and the technical details in [5].

Considered in the complex plane, i.e. with r € C, both the differential equations (5.1)
and (5.2) have a regular singularity at the origin 0 and an irregularity singularity at infinity.
The Frobenius indicial roots at 0, for both equations, are {4,2,0,—2}; these indices are
independent of the parameter .

When v > 0 the establishment of a linearly independent basis of solutions for the equation
(5.2) is given in the survey paper [8]. From these studies it may be shown, see [16] and [9,
Section 4], that a solution basis of the differential equation (5.1), is, for all r € (0,00) and
all A € C,

(5.3) {J2(Ar), Ia(Ar), Ya(Ar), Ko (Ar)},

involving the classical Bessel functions of the first and second kind, as well as the correspond-
ing modified Bessel functions; see [23, Chapter III] for the properties of these functions.

This form of the solutions of the differential equation (5.1) suggests that this fourth-order
equation

(5.4) ! ((W'(T))" - <?u/(7’))/> — Xu(r) = 0 for all 7 € (0, 00)
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can be factorised and written as a product of the two second-order Bessel differential equa-
tions

2 2 2 2
(5.5) (d— + 1d 2 + /\2) (d— + LU /\2) u(r) =0 for all r € (0,00).

dr?  rdr 12 dr?  rdr r?

This result holds good; it can be checked by hand, but use of the Maple program is recom-
mended. Each of these second-order differential equations can be used in the study of the
fourth—order differential equation; see ([4, Chapter 5, Section 6]) and Example 8.9 in [24,
Chapter 8, Section 5].

6. BESSEL-TYPE DIFFERENTIAL OPERATORS

6.1. Definition. In order to define a self-adjoint operator in a Hilbert function space that
represents a solution of the polar biharmonic boundary value problem given in (1.4) and (1.6),
we first introduce a self-adjoint operator generated by the Bessel-type differential equation
(5.1) and its spectral parameter A.This operator is defined in the weighted Hilbert function
space L2((0, R);r), where R is the given radius of the disk Dy as defined in Section 1, and
the variable r € [0, R] acts as the weight. Thus the space L*((0, R);r) is the collection of all
Lebesgue measurable functions f : (0, R) — C with norm and inner-product

(6.1) Hflﬁzi:/o Lf()]* rdr and (£, 9)r 12/0 f(r)g(r) rdr.

In this account we follow the details given in the paper [5, Sections 4 to 10] for results and
proofs, note that these results hold for the differential equation (5.2); nevertheless all these
also hold for the case when v = 0 and so apply to the equation (5.1).

We note that the differential equation (5.1), as considered on the interval (0, R], has a
regular endpoint at R but a singular endpoint at 0.

To define the required differential operator in this space we first define the differential
expression N|[-], see (5.1), with domain D(N) as follows:

(6.2) D(N):={f:(0,R] = C: f¥ € ACy.(0, R] for s = 0,1, 2,3},
and then for all f € D(N)
(6.3) N{fl(r) = (f"(r))" = (9r=" f'(r))" for all 7 € (0, R];
it follows that
N : D(N) — L .(0,R)].

The Green’s formula for N on any compact interval [, R] C (0, R] takes the form, for all
f:9 € D(N),

R —_—
(6.4) [ {goNine) - 10¥E0) ) dr = (Fglwo)]
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where the symplectic form [, |y () : D(N)x D(N) x (0, R] — C is given by, for all r € (0, R],
[f: 9ln(r) =g(r)(rf"(r)) = (rg"(r)) f(r)
—r (g (r)f(r)=g"(r)f'(r)
(6.5) =9 (@) f'(r) =7 () f(r)) -

The maximal operator T} generated by the differential expression N in L%((0, R);r) is
defined by

(6.6) D(Ty) = {f € D(N): f,r7'N(f) € L*((0, R);r)}
and
(6.7) Tif :=r"'N(f) for all f € D(Ty).

Lemma 6.1. From the Green’s formula (6.4) it follows that at the singular endpoint 0 the
symplectic form (6.5) has a finite limit

(6.8) [f,gln(r) € C for all f,g € D(Ty).

From [5, Section 8] we note that all the elements f of D(T1) satisfy, notwithstanding the
singularity for N at the singular endpoint 07,

(6.9) fe AC[0,R] f'€ AC[0,R] and f'(0) =0 f" € AC\.(0,R] and " € C[0, R].
From [5, Lemma 9.1] the functions 1,7% on [0, R] belong to D(T}) and satisfy

lim
r—0+

(6.10) [1,1](07) = [r*,7*](0%) = 0 and [1,7*](0") = 16
From [5, Lemma 9.2] the following identities hold for all f € D(T})
(6.11) [£,1)(0%) = —8£7(0) and [, (0%) = 16£(0)

The minimal operator Ty generated by the differential expression N|-| is defined by, see
[18, Chapter V, Section 17.5, VI] and [5, Section 5, (5.4) and (5.5), and Section 9, Corollary
9.1],

(6.12) D(Ty) = {f € D(T1) : f(0) = f"(0) = 0 and f*(R) =0 for s = 0,1,2,3},

and

(6.13) Tof :==r ' N[f] for all f € D(Typ).
The operators Ty and T have the adjoint properties, see [18, Chapter V, Section 17],

The operator Tj is closed and symmetric; the operator T} is closed in the Hilbert space
L*((0, R);r). If T is a self-adjoint operator generated by N|[-] in this space then

(6.15) T, CT CT.

With this information to hand we can define self-adjoint operators T in L*((0, R); ) which
are restrictions of the maximal operator 7). These operators are determined by placing
boundary conditions on the elements of D(7T}), according to the general theory developed in
the texts [18, Chapter V, Section 18.1, Theorem 4], [12, Chapter V, Section 4, in particular
pages 105 to 107] and [11, Setion 4, Theorem 1], to give the domain of 7'
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The more detailed information in [5, Section 6 and Section 10] gives the classification of the
differential expression N in L*((0, R);r) as (3, 3) for the singular endpoint 0" and (4,4) for
the regular endpoint R. With this information we can apply the general theory of differential
operators as given in [18, Section 18.1, Theorem 4] and [12, Chapter V, Section 4, Example 2,
case order 4, d = 3] to see that we require three independent symmetric boundary conditions
to determine any self-adjoint restriction 7" of the maximal operator T;. Here in this paper
we take the case of separated conditions with one condition at the singular endpoint 0", and
two independent conditions at the regular endpoint R.

These boundary conditions are determined by a set of three elements {yg, ¢1, p2) taken
from the maximal domain D(T}), where ¢q has non-null local support at 0%, and ¢4, @5 have
linearly independent local support at R_; together they satisfy the symmetric conditions

(6.16) [0, ©0](0F) = 0 and [, ] (R) = 0 for s,t = 1,2.

The self-adjoint operator T is then determined by

(6.17) D(T) = {f € D(T}) : [£.0)(0) = 0 and [£,0,](R) = 0 for s = 1,2}
and

(6.18) (Tf)(r) :=r *N[f](r) for all € (0, R] and all f € D(T).

To determine the particular self-adjoint operators required for the biharmonic boundary
value problem we choose the boundary conditions as follows:

(1) For the singular endpoint 0" we impose either the Friedrichs boundary condition
(here we invoke the result in [14] and the application thereof as in [5, Section 15] to
justify the use of the term Friedrichs) to determine the self-adjoint operator Tp; or
the Comparison boundary condition to determine the self-adjoint operator 7.

(1) For the Friedrichs boundary condition to give T we define

(619) SOO,F(T) . i

T
16

in some neighbourhood of 0, which gives from (6.11) the required condition on

elements of D(T})

(6.20) [f, ¢0.r)(07) = f(07) = 0.
(7i) For the Comparison boundary condition to give Tx we define
1
(6.21) wo.c(r) = 3

in some neighbourhood of 0%, which gives, again from (6.11), the required con-
dition on elements of D(7})

(6.22) [f:¢0,c](07) = f7(0F) = 0.
(2) At the regular endpoint R, for both the Friedrichs and the Comparison operators,

the boundary conditions are determined by taking @i,y as real solutions of the
differential equation N[p] = 0 with initial conditions at R

H(R)=0 ¢(R)=0 ¢lI(R)=0 ¢(R)=-R"!
02 {20 SIS A m = he
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to give two independent boundary conditions, satisfying the symmetry condition

(6.24) [0s, @] (R) =0 for s,t =1,2.
This choice then gives the required conditions on the elements of D(7})
(6.25) [, ¢1](R) = f(R) = 0 and [f, @2](R) = f'(R) =0.

Taken together these conditions give the explicit form of the boundary conditions, see
(6.11) and (6.18),

(7) as the boundary conditions to determine the domain D(Tr) of the Friedrichs self-
adjoint operator Tx
(6.26) f(0F)=0 and f(R)=f'(R)=0

(i7) as the boundary conditions to determine the domain D(Tk) of the Comparison
self-adjoint operator T

(6.27) f7(07) =0 and f(R)= f'(R)=0.
Lemma 6.2. We have the Dirichlet identities for T and T¢

(Trf, f)r = /0 (Tr ) () F () dr

(6.28) = /0 {r |1 F" () 4+ 9~ | f ()} dr for all f € D(Tg)

and

(Tcf, fr :/o (Tof)(r)f(r)r dr

(6.29) = /0 {r |f”(7“)|2 +9r1 |f/(r)\2} dr for all f € D(T¢).

Proof. See [5, Section 4, (4.7) and (4.9)]. O

6.2. Properties. We now consider the spectral properties of the operators Tr and Ty in
the complex plane C, with complex parameter A.

We state the properties of the Friedrichs differential operator Tx in the following theorem;
the results for the operator T are similar.

Theorem 6.1. Let the differential operator Tr, with domain D(Tr) in the Hilbert function
space L*((0, R);7), be defined by (6.17) with boundary conditions (6.18) (equivalently by the
boundary conditions in explicit form (6.26)); then:

(1) Tr is self-adjoint in L*((0, R);T), is real, bounded below and has a positive lower
bound in this space.
(2) T has an empty essential spectrum and a discrete spectrum of eigenvalues {AL :n €
No} with (allowing for multiplicity)
(6.30) 0< A <A< AD<AF oo and lim AL = +oo;

n—-4o0o

each eigenvalue has finite multiplicity.
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(3)

(6.31)

(4)
(6.32)

Proof.

(6.33)
(2)

(3)

(4)
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Tr has a corresponding set of orthogonal eigenvectors {4f : n € Ny} which are
complete in L*((0, R);r). The eigenvectors {r : n € Ny} all belong to the domain
D(Ty) and satisfy

TepE = AZrpE for all n € N.
Tr is bounded below in L*((0, R);r), i.e.
(TFf)f)R Z A()F(f7f)R fOT’ all f € D<TF)7

where AL > 0.

(1) For the self-adjoint property see Section 6.1 above; from the Dirichlet identity
(6.28) we obtain

(Tpf, f)R > 0 for all f S D(TF)

The proof of this result follows from the analysis in the paper [5]; see the definition of
the operator 77, in [5, Section 13, (13.5)], and then the subsequent proof [5, Section
13, (13.9)] that the essential spectrum of the operator 77, is empty. These methods
apply to the operator T to give the essential spectrum is empty; the general theory of
linear operators in Hilbert space given in [18, Chapter IV, Section 12.5] then implies
that the spectrum of T is discrete and consists only of separated eigenvalues; the
countable number of the set of eigenvalues follows from the dimension of the Hilbert
space L2((0, R);r). The spectrum of Tr, as a differential operator, is unbounded
above.

The order of the differential expression N[-] implies the spectral multiplicity of
any eigenvalue cannot exceed 4; see below when the identification of the eigenvectors
{oF" :n € Ny} is made as solutions of the differential equation (5.1).

The completeness of the set of eigenvectors in L%((0, R);r) follows from the given
spectral properties of the self-adjoint operator Tp. The results (6.31) follows from
the construction of the sequence {¥f" : n € Ny}.
The spectral properties of Ty imply this operator is bounded below in L?((0, R);r),
and that the lower bound is as given in (6.32) involving the first eigenvalue Al’; here
Al > 0 follows from the Dirichlet identity (6.28) on inserting f = ¢

O

There is a similar theorem and proof for the Comparison operator T, with notations

D(T¢),

A¢ and .

7. CONNECTIONS

In this section we bring together the results from the Bessel-type differential equation as
given in Section 5, and the results from the Bessel-type differential operator in Section 6.

We state this theorem for the Friedrichs operator Tr; there is a similar theorem for the
Comparison operator T¢.
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Theorem 7.1. (1) The eigenvectors {pF : n € No} of item 3 of Theorem 6.1 are the
eigenfunctions of the differential boundary value problem, see (5.1),

(7.1) N[u)(r) = Mru(r) for all r € (0, R]
with boundary conditions
(7.2) uw(0%) =0 and u(R) = v'(R) = 0.

(2) The eigenvalues {\ : n € Ny} of this boundary value problem are positive and related
to the eigenvalues {AL : n € Ny}, of the operator Tr, by AL being the positive 4™ root
of the positive number AL, i.e.

(7.3) (AR)" = AL

(Note that we refer to both the sets {A,, : n € No} and {\, : n € No} as eigenvalues
associated with the operator and differential boundary value problems.)

(3) The eigenfunctions {1f : n € Ny}, as solutions of (7.1), are dependent only upon the
two Bessel solutions {Jo(AEr), I,(AE'r)}, taken from the general basis, see (5.3), with
A=\

{J2(Ar), I (Ar), Yo (Ar), Ko(Ar)}.

(4) The parameter X is an eigenvalue from the set {\I' : n € Ng} if and only if X is a

positive zero of the complex entire function defined on the complex plane C by

(7.4) A Jo(AR) (diif?(m)) (R) — (%JQ(ATO (R)L(AR).

(5) The multiplicity of any eigenvalue AL of the operator Tr does not exceed the number
2.

Proof. (1) This result follows from the definition of the self-adjoint operator Tx given by
(6.7), and the form of the boundary conditions (6.26).

(2) It is also clear from the definition (6.18) of T and the differential equation (7.1) that
we can identify the eigenvalues AZ with AZ', for all n € Np; see again (7.3).

(3) For any n € Ny the eigenvalue A\I" of the operator T gives the corresponding eigenvec-
tor I as an eigenfunction of the differential equation (7.1), and so can be represented
as linearly dependent upon the basis of solutions {Jo(Ar), Io(Ar), Ya(Ar), Ka(Ar)}. If
Y is to satisfy the singular Frobenius boundary condition (6.20) at the origin, i.e.
YE(0T) = 0, then it is clear from the properties of the Bessel functions Y5(Ar) and
Ky (Ar) that these two solutions, nor any linear combination of them, cannot be
involved in this representation. Thus we can write

(7.5) VE(r) = ap o AEr) + B l(AEr) for all r € (0, R,

where «,,, 3, are numbers, not both zero, dependent upon the integer n € Nj.

(4) Given the eigenvalue A\X then with the representation (7.5) of 92 we seek the conse-
quences from the property that 1% satisfies the two regular boundary conditions at
the endpoint R, i.e.

(76) utm) = (o) () =0
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Substituting from (7.5) into (7.6) we obtain the two linear equations to determine
the pair {a,, 3}

anJo(AFR) + B, ,(\FR) =0

an (402080 ) () + 5 (8O0 ) (1) =0

This determination thus depends upon consideration of the matrix D,,, as depen-
dent upon the integer n € Ny, defined by

T2 (A R) LA R)

D= (%JQ(Aff)) (R) (d%fz@fﬂ) (R)

Since we are given the existence of the non-null pair {«a,, 3,} it follows that
rank(D,) < 1;
this result gives the required property (7.4).

Conversely, given A\ as a positive zero of the analytic function (7.4) then there
exists a non-null pair {«, #} such that the solution

Y(r) = ady(Ar) + Bla(Ar) for all r € (0, R)
satisfies the boundary conditions
Y(R) =1'(R) =0.

The boundary condition ¥(0%) = 0 is automatically satisfied from the properties of
the solutions J; and I, at the singular endpoint 0. Thus v is an eigenfunction of the
boundary value problem and so, in view of the completeness of the set {1)f : n € Ny}
of eigenfunctions in the space L*((0, R];r), as in Theorem (6.1), the given A must
belong to the set of eigenvalues {\' : n € Ny}.

It is clear from the two equations (7.7) and (7.8) that the number of independent
solutions to give the pair {«a,, 3,} to determine the geometric multiplicity of the
eigenvalue \I' depends upon rank D,, as follows:

Geometric multiplicity of A, | Rank of matrix D,
1 1
2 0

This establishes the geometric multiplicity result for AL and so for the differential
operator Tr.

O

We point out that the property (7.4) is also used in [4] and in [24]. It is evident that (7.4)
also has a zero at the point 0 € C; however when A = 0 it may be seen that a solution base
for (5.1) is {1,72,r* r=2} and so 0 is not an eigenvalue for either of the self-adjoint operators
Tr and T¢.
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There is a similar theorem for the Comparison operator but with the following changes;
we show only the changes that are essential, otherwise the results and their proofs follow as
for the Friedrichs case.

(7)

(7.12)

In the statement of the theorem part of item 3 is changed to:

For any n € Ny the eigenvalue S of the operator T¢ gives the corresponding eigen-
vector ¢ as an eigenfunction of the differential equation (7.1), and so can represented
as linearly dependent upon the basis of solutions {Jo(Ar), Iy(Ar), Ya(Ar), Ko(Ar)}. If
the eigenfunction ¢ is to satisfy the singular Comparison boundary condition at the
origin, i.e.

@ o +
(Gv50) 0 =0,
then it is clear from the solution properties of the four Bessel functions given in (5.3)

2
that only the two solutions J, — Is and Y5 + — K5 can be used to represent wg , 1.€.
T

VO (r) = an (Jo — L) (\r) + B (Yz + %KQ) (ACr) for all r € (0, R],

for some non-null pair {a,, 8,}.
In the statement of the theorem part of item 4 is changed to:

The parameter \ is an eigenvalue from the set {\¢ : n € Ny} if and only if ) is a
positive zero of the complex function defined on the complex plane C\ (oo, 0] by

A () = ) () (5 (e + 250 ) )
_ <d% (o) — Ig()\r))) (R) (}@(Ar) + %fgw)) (R).

The need for the replacement of C by C\(—o0,0] in this statement is due to the

presence of logarithmic terms in the solutions Y3(Ar) and Ks(Ar). With this change
made the analytic function (7.12) is regular in the open set C\(—o0,0].

8. BIHARMONIC OPERATORS

Let L?(Dg) denote the Lebesgue function space on Dg, i.e.

(7)
(i)

(iid)

(8.1)

the set of f: D — C with f Lebesgue measurable on Dp
f satisfies

/ | f(r, 9)\2 rdrdf < oo
Dpg

with the inner-product

(F.g) = [ Fr.0)5(r,0) rdrdo /0 /0 ", 0)5(r, 0) rdrdd),

Dpgr

where g denotes complex conjugation.
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Then L?(Dg) is a Hilbert function space.

We now define a self-adjoint partial differential operators in a subspace of the Lebesgue
function space L?(Dg), which represents solutions to the biharmonic polar boundary value
problem as stated in Section 1.

Define the Plum factor wy p : [0,27] — C, where the parameters A, B € C with |A]* +

|B]> > 0, by

(8.2) wa p(0) := Acos(20) + Bsin(20) for all 6 € [0, 27].
We define the space L p(Dg) with elements F' = (F, f), where f € L*((0, R);7),

(8.3) F(r,0) := f(r)wag(0) for all € (0, R) and all 8 € [0, 27];
similarly for elements (G, ¢) and (H, h). Further define the inner-product

R p2m
(8.4) (F,G)ap = / / f(r)wap(0)g(r)wap(0) rdrdd,

o Jo
and norm
) R p2m ) )
55 1= [ [ 100 boan@) rards
o Jo

From these definitions it follows that F' € L*(Dg), and that L7 5(Dg) is a closed subspace
of LQ(DR)

8.1. The Friedrichs case. We now define the Friedrichs operator in the space L2A7 5(DRr)
Tap: D(Tap) C LY 5(Dr) — L 5(Dr)

by

(8.6) D(Tap) ={(F,f) € L,24,B(DR) :feD(Tr)}

where the domain D(T) is defined in (6.17) of Section 6.1, and then

(8.7) (TapE)(r,0) := (Tpf)(r)wap(f) for all r € (0, R] and all § € [0, 27],

with F' as in (8.3).
The essential spectral properties of the operator T 4 p are given in the following theorem:

Theorem 8.1. We have

(1) Tap is a symmetric operator in the Hilbert space L% p(Dg)

(2) Ta,p is bounded below in the Hilbert space LY p(Dp)

(3) Ta,p is self-adjoint in the Hilbert space LY 5(Dr)

(4) The spectrum of T 4 p includes as eigenvalues all the eigenvalues {AL : n € No} of
the ordinary differential operator Tg, see (6.30)

(5) The eigenvectors {\IJ%A’B) :n € No} of Tap at the eigenvalues {AL : n € Ny} are
given by, for all n € Ny,

(8.8) WAB(r 0) = (WAB) FY(r 0) .= F (1wa p(0) for all v € (0, R] and all 6 € [0, 27],
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where {pX : n € Ng} are the eigenvectors of the operator Tp; these eigenvectors of
T 4 p satisfy the boundary conditions, for all 6 € [0,27] and all n € Ny,

(8.9) vAB (0t 9) =0, TAP(R ) =0 and (d%\p;w(r, 9)) (R) = 0.

(6) The eigenvectors {\IJ 4B e No} are orthogonal and complete in the space L 5(Dp).

(7) The essential spectrum of T 4 g is empty.
(8) The spectrum of T 4 p consists only of the eigenvalues {AL : n € Ny} and is indepen-
dent of the choice of the parameters A and B in the Plum factor wa p.

Proof. Many of these properties of T4 p follow from the corresponding properties of the
ordinary differential operator T" in Section 6.

(1) We have from the symmetry of Tx in L?((0, R);7) the Hermitian property of T4 s

(TapF.G)yp= / / " (Tef) (M was(0)3(r) 0 5(6) rdrds

_ / 0 " (P was(6) (Trg) (r)as(6) rdrds
= (F, TA,BG)A,B

for all F,G € D(T ). Further the domain D(T4,p) is dense in L 5(Dg) on using
the result that D(T) is dense in L?((0, R); 7); this establishes the symmetry of T 4 5.
(2) We have, on using (6.32) for the operator T,

(TapF.F), / / (Trf) (rYwa,p(8)f(r)wa,p(8) rdrdd

- / (T f) (r)F(r) rdr / w0 do

0 0

R 21

> A8 [P v [ was(] s
0 0

=AJ|F|% 5 forall F € D(Tap).

(3) Since both the symmetric operators Tr and T4 g have a positive lower bound the
point —1 belongs to the resolvent sets of both operators; since Tr is self-adjoint the
set

{Tef+1If:fe€D(T)}=L*0,R);7);
from the definition of T4 p it then follows that the set

{TupF +1F:F e D(Tap)} =L 5(Dr);

this implies that T 4 p is self-adjoint in Lin(DR).

(4) The eigenvalues of the self-adjoint operator Tr in L*((0, R);r) are {AL : n € Ny},
as given in (6.30); from the definition of T4 p it follows that {AZ : n € Ny} are all
eigenvalues of T4 p; this implies that the eigenvalues {AL : n € Ny} are contained in
the spectrum of T4 p.
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(5) From the definition of T 4 p it now follows that the eigenvectors {\If,(lA’B) :n € Ny} of
T 4 p at these eigenvalues are given by, for all n € Ny,

TAB) (r 0) = (WAB) FY(r 0) := o (1 wy p(0) for all r € (0, R] and all § € [0, 2n];

n

also that, on examination, these eigenvectors of T 4 p satisfy the boundary conditions,
for all 6 € [0, 27],

d
Bt ) =0, TAB(R ) =0 and (d—\pgj‘vB)(r, 9)) (R) =0.
r
(6) From this definition of the eigenvectors for T 4 g it then follows from the completeness
of the eigenvectors {¢f" : n € Ny} of T that the eigenvectors {\II%A’B) :n € Ng} are
orthogonal and complete in the space L124’ 5(DRr).

(7) The completeness of the eigenvectors { o) n e Ny} implies that there can be no
additional points in the spectrum of T 4 p other than the eigenvalues {AL : n € Ny};
thus the essential spectrum of T4 p is empty.

(8) This result follows from the proofs of items 4 and 7.

O

Corollary 8.1. The eigenvectors {\P%A’B) :n € Ng} are orthogonal but not complete in the
Hilbert space L*(Dg).

Proof. The orthogonality property is clear; the restriction of the § component in the eigen-
vectors to the Plum factor wa p implies that completeness in L?(Dg) is not possible. 0]

Remark 8.1. We note that the definition of the biharmonic operator T 4 5 depends upon
the choice of the parameters A, B in the definition of the Plum factor wa g in (8.2).

Remark 8.2. As in Section 6, see (1) above (6.19), we invoke the result in [14] and the
application thereof as in [5, Section 15|, to justify the use of the term Friedrichs for the
operator T4 p.

8.2. The Comparison case. We now define a Comparison operator in the space er_,’ 5(DRr)

Sap:D(Sap) C L,24,B(DR) - L,24,B(DR)

by

(8.10) D(Sap) :==A{(F.f) € L} 5(Dg) : f € D(Tc)}

where the domain D(T¢) is defined in (6.17) of Section 6.1, and then

(8.11) (SasF)(r,0) := (Tcf)(r)wap(0) for all r € (0, R] and all 6 € [0, 27].

The essential spectral properties of the operator S, p are given in the following theorem:

Theorem 8.2. We have
(1) Sa,p is a symmetric operator in the Hilbert space L% 5(Dg)
(2) Sa,p is bounded below in the Hilbert space L} 5(Dr)
(3) Sa,p is self-adjoint in the Hilbert space L} z(Dr)
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(4) The spectrum of Sa p includes as eigenvalues all the eigenvalues {AS : n € Ny} of
the ordinary differential operator Te, see (6.30).

(5) The eigenvectors {@%A’B) :n € No} of Sap at the eigenvalues {AS : n € Ny} are
given by, for all n € Ny,

(8.12)

OB (1 0) = (D) Y (r,0) := o (r)wa p(0) for all r € (0, R] and all 6 € [0,27],
where {1 : n € Ny} are the eigenvectors of the of the operator Tg; these eigenvectors
of Sa.p satisfy the boundary conditions, for all 6 € [0,27] and all n € Ny,

2
(8.13) (d—q)(A’B)(r, 9)) (0*,0)=0, OAPNR,0) =0 and (dicbgfvf‘)(r, 9)) (R) = 0.

dr2 " r

(6) The eigenvectors {@%A’B) :n € No} are orthogonal and complete in the space L) z(Dr).

(7) The essential spectrum of S p is empty.

(8) The spectrum of Sap consists only of the eigenvalues {AS : n € Ny} and is indepen-
dent of the choice of the parameters A and B in the Plum factor wa p.

Proof. We omit details of this proof since it follows closely on the proof of Theorem 8.1 for
the Friedrichs case. 0

Corollary 8.2. The eigenvectors {CI>$LA’B) :n € No} are orthogonal but not complete in the
Hilbert space L*(Dg).

Proof. The orthogonality property is clear; the restriction of the § component in the eigen-
vectors to the Plum factor w, p implies that completeness in L?(Dg) is not possible. O

Remark 8.3. We note that the definition of the biharmonic operator S4 5 depends upon
the choice of the parameters A, B in the definition of the Plum factor wa g in (8.2).

9. BIHARMONIC BOUNDARY VALUE PROBLEM

We comment in this section on some aspects of the operator theoretic solution to the
biharmonic boundary value problem as considered in Section 1.

9.1. Boundary conditions.
(7) At the regular endpoint the Dirichlet boundary conditions (1.6) are
v(R,0) =0
0
—u(R,0)=0.
2 (R6)
With the solutions of the biharmonic differential equation, see (4.3), in the quasi-
separation form (4.4)
(9.1) v(r,0) = u(r)wa () for all r € (0,00) and 0 € [0, 2)
these Dirichlet boundary conditions translate to conditions on the radial component
u given by, see (7.2),

(9.2) w(R)=0, (R)=0.
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(9.4)

(9.5)

(9.6)
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These boundary conditions are given in GKN form in (6.25) involving the two in-
dependent local boundary condition functions ¢; and ,; these functions satisfy the
GKN symmetric condition

[901, 902](3) = 0.

At the singular endpoint 07 we require just one boundary condition; there is a con-
tinuum of symmetric boundary conditions but the significant conditions are named
after Friedrichs and Comparison.

(a) For the Friedrichs case at the singular endpoint 07 we choose the GKN func-
tion to be ¢, determined locally by oo(r) = r?/16 with the symmetric property
[©0,©0](0T) = 0. The singular boundary condition is then [u,po](0T) = 0 which
translates to the explicit form, see (7.2),

u(0t) =0

when u is an element of the maximal domain D(7}). In the general theory of ordi-
nary differential operators this condition (9.4) is the classical Friedrichs boundary
condition, so significant in the consideration of mathematical models for physical
situations. This is further highlighted in Section 3 above, where it is noted that the
eigenvalues of our Friedrichs operator are included in the eigenvalues of [4, Chapter
5, Section 6] and in [24]. Note that this singular boundary condition can only be
written in the explicit form (9.4) due to the remarkable smoothness properties of the
domain D(T}) of the maximal operator T} defined in L*((0, R);r), see Lemma 6.1.

(b) For the Comparison case at the singular endpoint 0% the same remarks hold
but with ¢y determined locally by ¢o(r) = —1/8 to give

u"(0%) = 0.

(¢) Other choices of the boundary condition at the singular endpoint 0% are possi-
ble; the general condition is

[u, + Br?](07) =0

where o, 3 € R with o + 3% > 0; this construction thereby gives a continuum of
GKN symmetric boundary conditions at the endpoint 0. The Friedrichs condition is
given by the choice @« = 0 and 8 = 1, the Comparison condition by a = 1 and 3 = 0.

9.2. Regularity results. (a) In the Friedrichs case we have represented the solutions to the
biharmonic polar boundary value problem in the form of the properties of the self-adjoint
operator T4 p in the Hilbert function space L p(Dpg), see Theorem 8.1. However, these
solutions can also be represented in a classical form as follows:

Theorem 9.1. The polar biharmonic boundary value problem with partial differential equa-

tion

(9.7)

(A*0)(r,0) — Av(r,0) = 0 for all v € (0,00) and 6 € [0,2m)
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with Dirichlet boundary conditions

(9.8) v(R,0) =0

0
. — 0) =
(9.9) anv(R, )=0
has a solution v with the properties, see (9.1),

v(r,0) = u(r)wa pg(0) for allr € (0,00) and 6 € [0, 27),

and
(9.10) v(-,0) € C™M(0, R] for all 6 € [0, 27]
v(r,-) € CW0,2x] for all v € (0, R]
(9.11) v(0%,0) =0 for all § € [0, 27]
d +
(9.12) av(r, 0)) (07) =0 for all 0 € [0, 27].
These results hold if the parameter A € {AL : n € Ny} where the numbers
(9.13) 0<Ay <Af <---AF<AF -, and lim AF = 400

are defined in (6.30) of Theorem 6.1. This solution v has the form

(9.14) v(r,0) = VX (r)wa p(0) for all v € (0, R] and all § € [0, 27].

where details of the radial component ¥r and angular component wa g given in Theorem 8.1.
Proof. See the details in the statements of the Theorems quoted. O]

Remark 9.1. It is of interest to note that in terms of applications to the physical properties
of a thin circular disk, the boundary conditions (9.8) and (9.9) imply that the disk Dy is
clamped on the edge 0Dg. Additionally, in this the Friedrichs case, the boundary condition
(9.11), together with the induced property (9.12), which is not a boundary condition, imply
that the disk is also clamped at its centre 0.

(b) In the Comparison case there are entirely similar results with T4 g replaced by S4 g,
but in this case the boundary condition (9.11) is replaced by

dr?
and the induced property (9.12) still holds.

(9.15) (d—Qv(r, 9)) (0%) =0 for all 6 € [0, 27],

Remark 9.2. The interest of these results is that it shows that these solutions of the
type (9.14) of the biharmonic partial differential equation have classical fourth-order partial
derivatives; further that all the partial derivatives used in the differential equation are all
classical derivatives; that is no weak derivatives are required in this particular study of this
Dirichlet boundary value problem.
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10. NUMERICAL RESULTS

We present the first five eigenvalues for the Friedrichs and Comparison extension in the
unit disc (R = 1) using (7.4) and (7.12), respectively.

In order to construct these eigenvalues, i.e. to find the positive zeros of (7.4) and (7.12),
we employed the Matlab routine fzero and this routine is based on an algorithm presented
in [2]. The obtained values for the eigenvalues are rounded-off to three decimals and are
presented in Table 1.

We point out that for the Friedrichs case, these eigenvalues correspond to )\gj ), j=1,...,5,
of the results in [4, Ch. 5 Sect. 6]. This can be seen since the expression (7.4) is equivalent
with the final formula of [4, Ch. 5 Sect 6]. However, for the Comparison extension, the
corresponding eigenvalues do not seem to have been reported earlier in the literature.

In both cases equation (1.4) can be used to construct the free vibrations of a linear elastic,
homogeneous and isotropic plate which has a uniform thickness small in comparison with
its other dimensions. Assuming time-harmonic dependence in the free motion, v in (1.4)
is (apart from some physical constants) the transverse displacement of the plate, see for
example [1, Sect. 11].

In the context of plate theory the term “clamped” is understood to mean that the plate
is not allowed to move and not to bend at specific points. Thus the boundary conditions
in Section 9.1 (i) ensures that the (circular) plate is clamped at its outer boundary. In
the Friedrichs case, according to Remark 9.1, the physical consequence is that the plate is
clamped also at the origin. Classically, the vibrating modes have been calculated for plates
clamped only at its outer boundary, see [4, Ch. 5 Sect 6] and [1, Table 11.1]. However, some
of these modes will satisfy the condition of Section 9.3 (ii)(a) at the origin and therefore
these eigenvalues will be the same in the classical and the Friedrichs case, see further [3]
where 3-D plots are presented for the classical clamped eigenmodes.

For the comparison case a different condition, see Section 9.1 (ii)(b), is imposed at the
origin but since we were unable to locate these eigenvalues in the literature, none of the
classical clamped vibration modes appear to satisfy this condition. Thus, the comparison
case models another physical situation which seems not to have been previously studied. For
more information on the applications (in for example fluid dynamics and plate theory) and
history of the biharmonic operator, we refer to [17].

In Figure 1a) and Figure 1b), we plot the functions (7.4) and (7.12), respectively, divided
by the factor e* (we divide by this factor to ease the large oscillations present which occur due
to the growth of the Bessel function I5). In these figures the first 20 zeros of the Friedrichs
and Comparison extension, respectively, are presented. This and (7.11) seem to indicate that
the corresponding eigenvalues all are simple. Note that both the expressions (7.4) and (7.12)
are equal to zero when A\ = 0. However, as is seen from (6.30) in Theorem 6.1, A = 0 is not
eigenvalue for the Friedrichs extension, and also not an eigenvalue for the Comparison case.

We also point out that from the numerical simulations it is reasonable to conjecture that
both for the Friedrichs and the Comparison extension, the n-th eigenfunction has n zeros in
the open interval (0,1).
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TABLE 1. The first 5 eigenvalues for the Friedrich and the Comparison exten-
sion for the unit disc (results rounded off to 3 decimals)

F1GURE 1. The first 20 zeros for the Friedrichs and Comparison extensions in
the unit disc (functions scaled with the factor e=*)
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11. OTHER DOMAINS

In this paper we consider the polar Dirichlet problem for the quasi-separated biharmonic
partial differential equation, on the disk Dg := {(r,0) : r € (0, R] and 0 € [0, 27]}.
Other possible domains for which the quasi-separation method yields results are:

(1)

The annulus D, g, with 0 < p < R < 400, defined by
D, :={(r,0):r € [p,R] and 0 € [0,27]}.

Here the associated Hilbert function space L (D, r) with elements (F, f) as before,
has the inner-product, using the same Plum factor wy g,

(F,G)ap —/ / Fr)g(r) lwa,s(0)° rdrde.

The Dirichlet problem for the radial biharmonic differential equation (5.1), re-
quires the following boundary conditions applied to the elements of the domain of
the corresponding maximal operator T} in the space L*((p, R);r) see (6.6) and (6.7),

u(p) =u'(p) =0 and u(R) = u'(R) = 0.

In this case there is a unique self-adjoint TpR generated by these boundary con-
ditions in the radial Hilbert function space L?*((p, R);r), which leads to a unique
self-adjoint operator T 4 5 in the space L?A, (D, r); compare with Section 8 above.
The operator T4 p has a discrete spectrum {A?f : n € Ny}, of multiplicity not
exceeding 2 and with A" > 0.

The exterior D of the disk Dg defined by

B.={(r,0) :r € [R,00) and 6 € [0, 27]}.

Here the associated Hilbert function space L% 5(D™) with elements (F, f) as before,
has the inner-product, using the same Plum factor wy g,

FGAB—/)/ F)G(r) lwap() rdrdd.

The Dirichlet problem for the radial biharmonic differential equation (5.1), requires
the following boundary conditions applied to the elements of the domain of the cor-
responding maximal operator T} in the space L*((R,00);r), see (6.6) and (6.7),

u(R) =4/ (R) = 0.

Following the analysis in [5, Section 13| there is no requirement for a GKN boundary
condition at the singular end-point +oo.

In this case there is a unique self-adjoint operator T generated by these bound-
ary conditions in the radial Hilbert function space L?((R,0);r), which leads to a
unique self-adjoint operator T4 p in the space L% z(D"); compare with Section 8
above. Again from the analysis in [5, Section 13], the operator T 4 5 has a continuous
spectrum on [0,00) C C but no eigenvalues.
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(3) The methods considered here lead to the definition of self-adjoint operators in the
space L?(R?); here the inner product in radial terms is

(F,G)ap = /0 " /O " FF0) [was@) rdrds,

taking into account the Plum factor wa p.
For this domain we mention the Friedrichs self-adjoint operator for which we require
only one boundary condition at the origin of R?, viz the condition

u(07) = 0.

The resulting operator has no eigenvalues and a continuous spectrum on the half-line
[0.00) in C.
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