ON THE RIGHT-DEFINITE AND LEFT-DEFINITE SPECTRAL THEORY OF
THE LEGENDRE POLYNOMIALS

J. ARVESU®™ L. L. LITTLEJOHN®* AND F. MARCELLAN®™

ABSTRACT. In this paper, we further develop the left-definite and right-definite spectral theory
associated with the self-adjoint differential operator A in L?*(—1,1), generated from the classical
second-order Legendre differential equation, having the sequence of Legendre polynomials as eigen-
functions. Specifically, we determine the first three left-definite spaces associated with the pair
(L?(—1,1), A). As a consequence of these results, we determine the explicit domain of both the
associated left-definite operator Ay, first observed by Everitt, and the self-adjoint operator AY? 1n
addition, we give a new characterization of the domain D(A) of A and, as a corollary, we present a
new proof of the Everitt-Mari¢ result which gives optimal global smoothness of functions in D(A).

1. INTRODUCTION

One of the prime examples to illustrate the Glazman-Krein-Naimark (GKN) (see [1, Chapter
VII and Appendix I] and [10, Chapters IV and V]) theory of self-adjoint operator extensions of
formally symmetric, singular differential equations is the classical Legendre differential equation,
defined by

(1.1) Oyl(t) = = —(1 — )" () + 2t/ (t) + ky(t) (€ (~1,1))
=— (A=) +ky(t)
= My(t),

where k is a fixed, positive real number; see the operator-theoretical account of this example in,
for example, [1, Appendix II, pages 206-210], [4] and [7]. This differential equation, which was
first analyzed by Titchmarsh (see [17, Sections 4.3-4.7]) in the right-definite setting L?(—1,1), is
important in many areas of mathematical analysis, physics, applied mathematics, and engineering,
including signal processing and sampling theory. Certainly, part of the reason for the importance of
equation (1.1) stems from the fact that the m'® Legendre polynomial P,,(t) (m € Np) is a solution
of this equation when A = A\, :=m(m + 1) + k.

The classical self-adjoint Legendre operator A in the Hilbert space L?(—1,1), generated from
¢[-], which has the Legendre polynomials as eigenfunctions is well known to be a strictly positive
operator. Consequently, due to a recent general left-definite theory developed for such operators
by Littlejohn and Wellman (see [8]), there are a continuum of left-definite Hilbert spaces {Hy }r>o
and left-definite operators {A,},~o associated with the pair (L%(—1,1), A); see Section 4 below for
specific details. To date, the literature that deals with the left-definite functional analytic aspects
of the Legendre expression (1.1) is restricted to the first left-definite space Hjp; for example, see
the contributions [4], [7], [9], [11], [12], and [13]. The space H; is the setting for some interesting
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properties of (1.1); indeed, it was Pleijel in [13, p. 398] who first observed that the Legendre
equation changes from being limit-circle at ¢ = +1 in L?(—1,1) to being limit-point at ¢ = £1 in
H;. Moreover, Everitt [4] first considered a spectral resolution A, which he called the left-definite
operator, of (1.1) in H; having the Legendre polynomials as eigenfunctions. In [5] and [7], the
authors show that A; is a restriction of the differential operator A (considered as an operator in
H;) and they also obtain a characterization of the domain of A;.

In this paper, we further discuss the left-definite theory - and as a consequence, the classical
right-definite theory - associated with (1.1). We will see that, based on results in [8], it is the case
that H; = D(A'Y?) and D(A;) = Hs, the third left-definite space associated with (L?(—1,1), A);
in fact, we explicitly determine these two function sets. Moreover, we show that D(A) = Ha; this
is a new characterization of the classical right-definite domain D(A). As an application of this new
characterization of D(A), we give another proof of the Everitt-Mari¢ result:

feDA) = fel?-1,1).

The original intent of the Littlejohn-Wellman paper [8] was to obtain a general left-definite theory
associated with a given self-adjoint, strictly positive operator B in a Hilbert space H; that is to
say, a theory that would provide an umbrella for the many examples which appear in the literature
(see [8] for further references). To the surprise of both authors, this general theory also provided
much new information about the original operator B and its powers B" (r > 0); see Theorem 4.1
and Corollary 4.1 in Section 4.

The contents of this paper are as follows. In Section 2, we review some well-known properties of
the Legendre polynomials and, more generally, the Gegenbauer polynomials; these properties are
essential to establish our results. Indeed, it is the important and remarkable derivative formula of

the (orthonormal) Jacobi polynomials {P,%a”B ) (t)}2°_,, namely
d a
(1.2) SRS () = (m(m + a+ 8+ 1) PRI @),

that allows us to obtain many of our results. In Section 3, we briefly discuss the self-adjoint operator
A, generated by (1.1), that has the Legendre polynomials as eigenfunctions. Section 4 summarizes
the general left-definite theory established in [8]. In Section 5, we apply these results to obtain the
first left-definite space H; associated with the Legendre self-adjoint operator A. This space had
previously been first found and studied by Everitt [4], and later by Loveland in [9] and Onyango-
Otieno in [11]. In Section 6, we determine explicitly the second and third left-definite spaces
associated with A. As a consequence of these results, we obtain our new characterization of D(A)
and an alternative proof of the Everitt-Mari¢ result; these results are presented in Section 7. Lastly,
in Section 8, we obtain an explicit characterization of the domain of the first left-definite operator
Aq. In a personal communication with Professor W. N. Everitt, these authors have learned that
Everitt and V. Mari¢ had earlier obtained this same characterization and their result is included
in [5].

For the remainder of this paper, we adopt the usual mathematical notation. For example, R
and C represent, respectively, the real and complex number fields, N the set of positive integers
{1,2,3,...}, and Ny = {0,1,2,...} the set of non-negative integers. The generic phrase “(z € K)”,
for example, means “for all z € K”. Lastly, the set P denotes the space of all polynomials p(t),
with complex coefficients, of the real variable ¢.
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2. SOME PROPERTIES OF THE LEGENDRE AND ULTRASPHERICAL POLYNOMIALS

For fixed a, 8 > —1, the Jacobi polynomials {Pr(na’ﬁ )() o0 _p, defined (see [16, page 68, formula
4.3.2]) by

km(aaﬁ) - m+ o m+ﬁ o
(a,8) — _ 1\ m—r
1) P > (2 (") e vy e,
where
(e, §) = 2Ot B DY2(C(m+a+ B+ 1)) /2 (m)!/2

AP et BT (m 4+ o+ 1) 2(T (m + B+ 1))1/2
form a complete orthonormal set in the Hilbert space
(22) LE 5(=1,1) := L2((=1,1): (1 = )*(1 + 1))

of Lebesgue measurable functions f : (—1,1) — C satisfying [|f||, 5 < oo, where |||, 5 is the norm
generated from the inner product (-,-), 3, defined by

1
(2.3 (s )as = + ST - 0%+ 0Pd (fog € L2 5(~1,1));

in short, {Pr(na’ﬁ ) (1)}, satisfy

1
(2.4) / T POAWPOA W1 — (1 + 0t = Sup (mom € No),
-1

where 6y, n, is the Kronecker delta symbol. When o = = 0, we denote the inner product (-,-)o0
by (+,-) and the corresponding space L%,O(—l, 1) by the more familiar L?(—1,1). When o = 3 =
0, these polynomials are called the Legendre polynomials and it is customary to write, in this
case, P,g? 0) (t) = Py (t). Moreover, throughout this paper, we shall make use of the Gegenbauer
polynomials {P,(nj’j)(t) o o for j € Ny. In particular, from (1.2), it follows that the Legendre
sequence { P, (t)}5°_, satisfies the derivative formula

(2.5) ;Z.Pm(t) = c(m, §)PY)(t)  (m € Ng;j=0,1,...m),
where

, m+j)! ,
(2.6) c(m,j) = H (1=0,1,...m).

For various properties of the Jacobi (and, in particular, Legendre and Gegenbauer) polynomials,
we refer the reader to the classical treatise of Szegd (see [16, Chapter IV]).

3. RIGHT-DEFINITE THEORY OF THE LEGENDRE POLYNOMIALS

We now briefly discuss the right-definite operator-theoretic aspects of the Legendre differential
expression (1.1). For a thorough analytic and functional analytic discussion of this expression,
see [4], [7], [9], and [11]. Another excellent account of the right-definite operator theoretic results
concerning the Legendre equation can be found in [1, Appendix II, pages 206-210).

In general, if the minimal operator Lg, associated with a formally symmetric differential expres-
sion m[-] defined on a real interval I = (a, b) has equal deficiency indices in L?(I), then the domain
of each self-adjoint extension of Lo in L?(I) is obtained by restricting the domain D(L£) of the max-
imal operator £ = L to those functions that satisfy certain boundary conditions. The number of
boundary conditions is determined by the deficiency index of the minimal operator and the nature
of the boundary conditions is explicitly described in the so-called Glazman-Krein-Naimark (GKN)
theory (see Theorem 4 in [10, Chapter V, Section 18.1 |). For the Legendre expression ¢[-], given
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in (1.1), we note that it is limit-circle at both endpoints ¢ = #1 in the space L?(—1,1), which is
called the right-definite setting for £[-].
The mazimal domain A in L?(—1,1) for the Legendre differential expression £[-] is defined to be
A= {f:(-1,1) > C|f.f' € ACie(=1,1); £, [f] € L*(-1, )},

and the mazimal operator L associated with ¢[-] is given by

LI =L (feDL):=A).

Observe that, for each m € Ny, the m'* Legendre polynomial P,(-) € A. For f,g € A, we have
Green’s formula

+1 _ +1
(3.1) / AA®g)dt = [f.g]1) = £, 91D+ [ - FO)lgl (B,

—1 _

where [-,-](:) : A x A x (=1,1) — C is the sesquilinear form defined by

£l = =1 =) [F (09(®) — FOTD]  (frg€ A te(-1,1)).
By definition of A, the limits
/5 9)(£1) /5 91(8);

exist, and are finite, for each f,g € A. In particular, we note that 1 € A and
15 (1 42\ ¢!
1)1 = Jim (1 - 2)7(0).

= lim
t—=+1

The minimal operator Lo in L*(—1,1) associated with £[-] is defined by
Lof =Lf] (F€D(Lo):={f € Al[f,gl(£1) =0 for all g € A}).

It is well known (see [10]) that Lo is a closed, symmetric operator in L?(—1,1) with £ = £ and
L* = L.

From the GKN theory (see [10]), the operator A : D(A) C L?(—1,1) — L?(—1,1) defined by
(3.2) (AN = (A (ae. te (—1,1))
(3.3 feD(A) = {f € A [ 1(=1) =0}

is self-adjoint. Moreover, the spectrum of A is given by o(A) = {m(m + 1) + k | m € Ny} and the
Legendre polynomials { P, (-)}2°_, are eigenfunctions of A. In fact, for each m € Ny,

(APp)(t) = (m(m+1) + k)Ppu(t) (te(=1,1)).

Furthermore, A is the Friedrich’s extension of the minimal operator Ly (see, for example, [6]). In
particular, this means that the limits

(3.4 lim (1) (f €D(4))

exist and are finite (see [4, Section 3]). In fact, it is well known that the condition (3.4) is equivalent
to the boundary condition [f, 1](+1) = 0 (f € D(A)) (see [4]). As a consequence of this equivalence,
the following important facts concerning D(A) can be easily established.

Proposition 3.1. Let f,g € D(A). Then
(i) flag/ S L%,l(_lv 1);

(i)
+1 - +1 -
(35) (r9)= [ anwadie= [ [0 -7 070 + k050 dr

-1 -1
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Proof. Let f,g € D(A); fix 0 < T < 1. After one integration by parts, we see that

T - _ _ T _
6o) [ {0-Areg ks a = 027050 [+ [ (Ap@aia

By definition of D(A), the integral on the right-hand side of (3.6) is finite as T — 1; moreover,
from (3.4) and the (equivalent) boundary condition lim;_,41(1 — #2) /() = 0, we see that
(1 -T2 f(T)g(T) — 0 as T — +1.

Hence, the limit on the left-hand side of (3.5) exists and is finite and, consequently, both (i) and
(ii) follow. O

The identity in (3.5) is known as Dirichlet’s formula. Notice, since (1 —t?) > 0 on (—1,1), we
have

(3.7) (Af, [) Z k(f, [)  (f € D(A));

that is to say, A is bounded below by kI, where I is the identity operator in L?(—1,1).

We remark that Everitt [4, page 97] obtains several equivalent characterizations of functions in the
domain D(A) of A. Likewise, the authors in [6, Lemma 2, page 774] derive further characterizations
for functions in the domain of the Friedrich’s extensions for a large class (which includes the
Legendre equation) of Sturm-Liouville second-order differential expressions on (a, b) which are limit-
circle at both endpoints a and b. We note that we will obtain a new characterization of D(A) in
Section 7 (see Theorem 7.1 and Corollary 7.1).

4. GENERAL LEFT-DEFINITE THEORY

Suppose B is a self-adjoint operator in a Hilbert space H, with inner product (-,-)g, that is
bounded below by ¢l for some ¢ > 0; that is,

(Bz,z)g > c(z,x)ug (x € D(B)).
In [8], the authors define the notion of an " left-definite space associated with the pair (H, B).

Definition 4.1. Let r > 0 and suppose V, is a linear manifold of the Hilbert space H and (-,-),
is an inner product on V, x V.. Let H, = (V,, (+,-),) denote the resulting inner product space. We
say that H, is an v left-definite space associated with the pair (H, B) if each of the following
conditions hold:

(1) H, is a Hilbert space,

(2) D(B") is a linear manifold of Vy,

(8) D(B") is dense in Hy,

(4) (‘T?"I;)r > (LE,QS)H (x €Vy), and

(5) (0,9), = (B'a,y)y  (w € D(B), y e Vp).

The terminology left-definite originates in previous work of Schifke and Schneider [15]. It is not
clear, from the definition, if such a self-adjoint operator B generates an r** left-definite space for a
given 7 > 0. However, in [8], the authors prove the following existence and uniqueness theorem for
self-adjoint operators B that are bounded below:

Theorem 4.1. (see [8, Theorem 3.1]) Suppose B : D(B) C H — H is a self-adjoint operator that
is bounded below by cI, for some ¢ > 0. Let r > 0. Define H, = (V,., (-,-)r) by
(4.1) V, = D(B"/?),
and

(2,9)r = (B2, B"Py)u  (x,y € V;).
Then H, is a left-definite space associated with the pair (H, B"). Moreover, suppose H, := (V,., (-, *),)
and H.. = (V! (-,)") are r'"" left-definite spaces associated with the pair (H, B). Then V, = V! and
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(z,y)r = (z,y), for allx,y € V, =V!; i.e. H, = H. That is to say, H, = (V;, (-,")y) is the unique
left-definite space associated with (H, B). Furthermore,

(4.2) V,cVs (0<s<r).
The following corollary follows immediately from this existence and uniqueness theorem.

Corollary 4.1. Under the conditions of the above theorem, we have D(B") = Vi, for all v > 0; in
particular, D(B'/?) = Vi and D(B) = V.

The characterization that D(B) = V5 is essential in our new characterization of D(A), where
A is the self-adjoint Legendre operator defined in (3.2) and (3.3). We note that Theorem 4.1 and
Corollary 4.1 are applicable to this Legendre operator A since it was established in the previous

section that A is self-adjoint and is bounded below in L?(—1,1) by kI, where k > 0.
In [8], the authors give the following definition of a left-definite operator.

Definition 4.2. Suppose B : D(B) C H — H is a self-adjoint operator that is bounded below in
H by cI where ¢ > 0. Let v > 0 and suppose that H, is the r'" left-definite space associated with
(H, B). If there exists a self-adjoint operator B, : D(B,) C H, — H, that is a restriction of B, that
18 to say,
B,x = Bz
x € D(B,) C D(B),
we call such an operator an v left-definite operator associated with (H,B).
In [8], the following theorem is obtained:

Theorem 4.2. (see [8, Theorems 3.2, 3.6, and 3.7]) Suppose B is a self-adjoint operator in a
Hilbert space H that is bounded below by cI for some ¢ > 0. For each r >0, let H, = (V,, (-,-)r) be
the rth left-definite space associated with (H, B). Define B, : D(B,) C H, — H, by
B,x = Bz
z € D(B,): = Vpyg = D(BUH2/2),
Then B, is a left-definite operator associated with (H, B). Furthermore, if there exists a self-adjoint
operator Bl : D(B)) C H, — H, such that Bz = Bz for all z € D(B].) C D(B), then B, = By.. In
addition, each B, is bounded below by cI in H, and o(B,) = o(B). Lastly, if {pn}2, is a complete

orthogonal set of eigenfunctions of B in H then, for each r > 0, {©n}22 is a complete orthogonal
set of eigenfunctions of B, in H,.

5. THE FIRST LEFT-DEFINITE SPACE FOR (L?(—1,1), A)

Let A denote the self-adjoint Legendre operator defined in (3.2) and (3.3). According to Corollary
4.1, the first left-definite Hilbert space Hj associated with the pair (L?(—1,1), A) is the domain
D(AY?) of A. Everitt first defined this space H; in [4].

Definition 5.1. Let

(5.1) Vi={f:(-1,1) > C| f € ACie(—1,1); f € L*(—=1,1); f € LT ;(—1,1)},
and define (+,-)1 on Vi x V1 by

+1 - .
(52) (Fons= [ [0 =705 + k(03] ar

Finally, let
(5.3) Hy = (V1, (-, )1)-
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Note, from (3.5) that

(5.4) (Af.9) = (f,9)1 (f.9 € D(A))

We omit the proof of the next theorem that says H; is the first left-definite space associated
with the pair (L?(—1,1), A); indeed, a close examination of the proofs in [4] and [9] show that, for
r = 1, properties (i)-(v) in Definition 4.1 are satisfied.

Theorem 5.1. The space Hy = (Vi, (+,-)1), defined in (5.1), (5.2), and (5.3), is the first left-definite

space associated with (L?>(—1,1), A), where A is the Legendre self-adjoint operator defined in (3.2)
and (3.3).

In [4] and [9], the authors prove, using operator-theoretic ideas, that the Legendre polynomials
{Pn(-)}2°_, form a complete orthogonal set in H;. We now give another, more constructive proof,
of this result; this method of proof leads to a new, simpler characterization of H; (see Theorem
5.3).

Theorem 5.2. The Legendre polynomials {Pp(-)}5°_o form a complete orthogonal set in Hy.

Proof. First, an elementary calculation, using (2.4) and (2.5), shows that

(5.5) (P, Po)1 = (m(m+1) 4+ k) 0mpn (m,n € Np).

To show that {P,(-)}>°_, is complete in Hj, it suffices (see [14, Theorem 4.18]) to show that P
is dense in Hi. To this end, let f € Hy; in particular, f’ € L%’l(—l, 1). Since {Pr(nl’l)(-) o s a
complete orthonormal set in Lil(—l, 1), we see that

T
(5.6) Z dp PEY — fas 1+ — oo in Lil(—l, 1),
m=0
where {d,}°_ € % (square-summable sequences of complex numbers) is the sequence of Fourier
coefficients of f’ in Lil(—l, 1), given by

+1
= (f', P )11 = / FOPIY@) (1 = 2)dt  (m € Np).

-1
For r > 1, define the polynomials

o~ c(m, 1)
in particular, from (5.6),
T
(5.7) po=Y" dur PV — f in L2,(-1,1).
m=1

o0
Furthermore, since{ i?fll)} . € (2, there exists g € L?(—1,1) such that
) m=

(5.8) pr — g in L*(—1,1)
and a subsequence {p,;}52; of {p,} such that
(5.9) pr;(t) — g(t) (ae. te(—~1,1)).
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Moreover, since pj. — f"in L3 (=1,1) and f € ACioc(—1,1), we have
t t
(5.10) pr; (t) — pr; (to) :/ p;]_ (wydu — [ f(u)du= f(t) — f(to) (t,to € (—1,1)).
to to
Choose tg € (—1,1) so that p,(to) — g(to). Letting j — oo in (5.10), we see that
(5.11) g(t)=f(t)+c (ae. te(—1,1))
where ¢ = g(to) — f(to). Define, for each integer r > 1, m,(t) = p,(t) — c. From (5.7) and (5.8), we
see that
T —g—c=fin L*(—1,1),
and
mo=p, — f in L%,l(_la 1).
Hence
2
1F = mell} = |F" =]y + R =l
— 0 as r — oo.

Hence the set P of polynomials is dense in H; and, consequently, the Legendre polynomials
{Pn(-)}_, form a complete orthogonal set in Hj. O

We now show that it is possible to simplify the original definition of the function space V.
Theorem 5.3. The vector space Vi, defined in (5.1), is given by
Vi={f:(-1,1) 5> C|f € ACloo(~1,1); f' € L} ; (-1, 1)}.
Proof. Define
Vi ={f:(-1,1) > C|f € ACloc(—1,1); f' € LT ;(-1,1)}.
Clearly, V4 C V{. Conversely, let f € V{ so f' € L%l(—l, 1). From the completeness of the ortho-

normal set {Pr(nl’l)(-)}ﬁzo in Lil(—l, 1), we see that
T
Z P — fas r — 00 in Lil(fl, 1),
m=0

where »
am = (1P = [ FOPEDO0 - £)de (m e No)
-1
As in the proof of Theorem 5.2, define for r > 1,

T

pt) =3 mpm@),

m=1

where {Pp,(-)}5°_, are the Legendre polynomials and ¢(m, 1) = y/m(m + 1). As seen in Theorem
5.2, there exists g € L?(—1,1) such that

pr— gas T — oo in L2(—1,1),
pl. — flasr — oo in Lil(—l, 1)
where f and g are connected through the identity
gt)=f(t)+c (ae. te(—1,1))

for some constant ¢ € C. In particular, f € L?(—1,1). Consequently, V/ C V; and this completes
the proof. O

From Theorem 5.3 and Corollary 4.1, the following result is immediate.
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Corollary 5.1. The domain of the self-adjoint operator AY2, the positive square root of the Le-
gendre operator A defined in (3.2) and (3.3), is given by

D(Al/Q) = {f : (_L 1) —C |f € ACIOC(_17 1)7f(]) € sz',j(_lv 1) fOTj = 07 1}
= {f : (_L 1) —C |f € ACIOC(_17 1)7f, S L%,l(_L 1)}

6. THE SECOND AND THIRD LEFT-DEFINITE SPACES FOR (L?(—1,1), A)
We begin by defining the following two inner product spaces.
Definition 6.1. Let
(6.1) Vo= {f:(-1,1) > C| f,f' € ACioc(—1,1); f¥) € L% (~1,1) (j =0,1,2)},
and
(6.2) Vai={f:(-1,1) > C| f, f', f" € ACioe(~1,1); f9) € L2 ;(~1,1) ( =0,1,2,3)}.
Define (-,-)j : Vj x V; = C (j = 1,2), respectively, by
+1 - o -
63)  (fghi= [ [PROGE + 200+ DI OTD - 2) + £ OTO - 2] d,

-1
and

+1 o _
(f.9)s = / [k f(£)g(t) + (3k* + 6k +4) f'(t)g' () (1 — t?)

-1
+(3k +8) " (1)g" (1) (1 — £2)* + £ ()g" (H)(1 — ¢*)%]dt
Finally, let

(6.4) Hy == (Va, (+,+)2),
and
(6.5) Hj = (V3,(-,")3)-
We note that these spaces, and in particular their associated inner products, are essentially
determined from the formal square ¢2[-] = ¢[¢[-]] and cube ¢3[] = £[¢?[]] of the Legendre expression

([-] defined in (1.1); see Property 5 of Definition 4.1. Indeed,

Cly = (1= )%"(1)" =20k + 1) (1= )/ (1) + Ky ),
and
Clt) == (1= )%"®)" + Bk +8) (1 - )%"(1)"
— (3K2+ 6k +4) (1 — )y (1)) + KPy(2).

In this section, we outline only the proof that the space Hs is the second left-definite space
associated with (L?(—1,1), A). Many of the arguments carry over mutatis mutandis to those used
in [4], [9], and in the last section. However, there are a few subtle differences that will warrant
a careful analysis of Hy. We shall omit the proof that Hjs is the third left-definite space for
(LQ(fla 1)7 A)

We begin with the completeness of these spaces.

Theorem 6.1. The inner product spaces Ho and Hs are Hilbert spaces.
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Proof. 1t is clear that (-,-)2 is an inner product for on Vo x Va; moreover (see (4) of Definition 4.1),
it is easy to see that Hy C L?(—1,1) and

(6.6) (£, D2 =K (f, ) (f € V).
Suppose {fm }5o_, is a Cauchy sequence in Hp; since
2 2
(6.7) 1 mll3 = 211l 20k + 1) [ Fall7 o+ 1752
we see that {f/}1°°_ is Cauchy in L%Q(—l, 1). Hence there exists g3 € L%g(—l, 1) such that
(6.8) fo = g3 in L o(—1,1).
Since each f] € ACjoc(—1,1), we have for fixed ¢,ty € (—1,1) with tp < ¢,
t t
(6.9) fm@®) = frto) = | fr(w)du — [ gs(u)du
to to
and g3 € Li, (—1,1). From (6.7), we see that {f/,}>°_g is also Cauchy in L} ,(—1,1) so there exists
a function go € Lil(—l, 1) with
(6.10) fon = g2 in L3 (—1,1)
and, for all ¢,¢; € (—1,1),
t t
(6.11) fn(®) = fm(t) = | fr(wdu— [ ga(u)du.
t1 t1

There exists a subsequence { f}, |} of {f;,} such that

P ) = g2(t)  (ae. t e (=1,1)).
Choose tg in (6.9) such that f;, (to) — g2(to) as 7 — oco. Passing through this subsequence, we
see from (6.9) that

92(t) — g2(to) :/ g3(u)du (ae. t € (—1,1)).

to
Hence
(6.12) 92 € ACoe(—1,1),
and
(6.13) gy(t) = g3(t) ae. t € (—1,1).

Returning to (6.7), we have that {f,,}%°_, is Cauchy in L?(—1,1) so there exists g1 € L*(—1,1)
with

and there exists a subsequence { fmr,z} of {fn} such that
Fmna(t) = g1(t) ace. t € (—1,1).

In (6.11), choose t; € (—1,1) such that fy,, ,(t1) — g1(t1); passing through this subsequence, we
see from (6.11) that

gl(t)—gl(tl):/tgg(u)du (ae. t € (—1,1)).

t1
Hence
(615) g1 S ACIOC(_1? 1)7
and

(6.16) g1(t) = g2(t) ae. t € (—1,1);
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consequently, from (6.13),

(6.17) G = gh(t) = g5(t) (ae. t € (~1,1)).
Equalities (6.16) and (6.17), together with (6.8), (6.10), (6.12), (6.14), and (6.15) show that g; € V»
and

1fm = 9113 = k2 fon — o> + 206 + 1) || £ = gt I, + £ = 7[5

=k | fm — 1l* + 20k + 1) || £, — 92Hi1+Hf7'r/L—93H§’2
— 0 as m — oo.
This shows that Hs is complete. ]

We next outline the analog of Theorem 5.2 for the space Hs; the proof for Hs is similar.

Theorem 6.2. The Legendre polynomials { Py, (-)}2°_ form a complete orthogonal set in Hy and
Hs.

Proof. A calculation shows that

(6.18) (Pry Po)a = (k+m(m +1))%6,m (n,m € Np),

50 { P () }5°_4 is an orthogonal set in Hy. As in Theorem 5.2, we show that P is dense in Ha. Let

[ € Hy; in particular, f” € L3 5(—1,1). From the completeness of {P(2 2)( V¥ee_o in L3 5(—1,1), we
see that

6.19 dp P22 — f"asr —ooin L24(—1,1),
m 2,2
where
dm = f”( )P (1)(1 = %)%dt (m € No).

Similar to the proof of Theorem 5.2, define the polynomials

r

pt) = Y R0 (r22),

m=2 ¢
where ¢(m, j) is defined in (2.6). Then

T

(6.20) PO = 30 e, PG (G € No),

and, from 6.19, we see that

=Y dpa PP — {7 in L3,(-1,1).

m=2

Furthermore, there exists a subsequence {p  } of {p;/} such that
W) = 1) (e te (—1,1)).

With regards to (6.20), for j = 0 and 1, we observe that CEZJ; — 0 so that {dmchc(g;j) _, €L

for j = 0,1. Consequently, from the completeness of { Py ”)() there exists go € L?(—1,1),
g1 € L1,1( , 1) such that

m=0>

(6.21) pr — go in L*(=1,1),
and
(6.22) pr — g1 in Li 1 (=1,1).
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Furthermore, there exist subsequences {p;. ,} of {p;  } and {p,} of {pr,,} such that

(6.23) P (0) = a(t) (ae. b€ (~1,1)),
and
(6.24) pris(t) = go(t) (ae. t € (=1,1)).
Moreover, since f' € ACyoc(—1,1), we see that
t t
(6.25) Py, () = D), (1) = / . (wydu — [ f"(uw)du = f'(t) = f'(tr),
t1 t1

where ¢, is chosen such that p,. ,(t1) — g1(t1). Hence, from (6.23), we see that

(6.26) at)=f't)+c (ae te(-1,1)),
where ¢ = g1(t1) — f'(t1). In (6.25), pass through the subsequence {p;, ,} and integrate (6.25) from
ty to t, where t2 is chosen such that p;, ;(t2) — go(t2). As j — oo, we see
(6.27) go(t) = f(t) +ct+c1 (ae. te(—1,1)),
for some constant c¢;. Define, for each integer r > 2, m,.(t) = p,(t) — ¢t — ¢1. Then
T — go — ¢t — ¢y = f in L*(—1,1),
m=p.—c—g1—c=fin Lil(—l, 1),
and
m =pll = f"in L3 ,(—1,1).
Hence
2 2 2 2
1f = mlly = B2\ f = mell® + 20k + 1) |[ £ =m0 [y + 177 = 75
— 0 asr — oo.

Therefore P is dense in H and, consequently, the Legendre polynomials { P, (-) }°_, are a complete
orthogonal set in Hs. O

We are now in position to prove the following theorem; again, we outline this proof for Hs only.
Theorem 6.3. Let A denote the self-adjoint operator in L?>(—1,1) that is defined in (3.2) and
(3.3). Then
(i) the second left-definite space associated with (L?(—1,1), A) is Hs, defined in (6.4).

(ii) the third left-definite space associated with (L*(—1,1), A) is Hs, defined in (6.5).

Proof. We need to prove that Hy satisfies the five conditions in Definition 4.1 when r = 2.
(i) Hy is complete :

See Theorem 6.1.

(ii) D(A?) is a linear manifold of V5 :

First, a calculation shows that

(6.28) (4%p,q) = (p.q)2 (p,q €P).

Let f € D(A?); since the Legendre polynomials {P,(-)}%°_, are a complete orthonormal set in
L?(—1,1), we see that

(6.29) pj — fin L*(—1,1),

where

J
p;(t) = Z am P (t) and oy, = (f, By, for each m € Ny.

m=0
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Since A%f € L?(—1,1),

J
> BmPn — A% f in L*(—1,1),
m=0
where
Bm = (A2f, Pm) (m € NO)
From the self-adjointness of A2, we see that
(A%f, Pn) = (f, A*Pr) = (m(m +1) + k)* (£, P) = (m(m + 1) + k)*
that is to say,
B = (m(m+1) +k)* am  (m € Np).
Hence,

Moreover, from (6.28), we see that

Hpj _er; = (A2(pj _pr)apj _pr)
— 0 as j,r — o0;
that is to say, {p;}32 is Cauchy in Hs. From the completeness of Hz, there exists g € V2 C L2(—1,1)
such that
p; — g in Hs.
Furthermore, by definition of (-,-)2, we see that

(pj = 9:0j — 9)2 > K*(pj — 9,0} — 9);
hence
(6.30) p; — g in L*(-1,1).
Comparing (6.29) and (6.30), we have f € V3.
(iii) D(A?) is dense in H :
This follows since P is dense in Hy (Theorem 6.2) and P C D(A?).
(iv) (£, 22 kK*(f.f) (feVa):

This was seen in (6.6).

(v) (f,9)2 = (A%f,9) (f €D(A?), geVa):

Let f € D(A?) C Va and g € Vh. Since polynomials are dense in both Hs and L?(—1,1) and
convergence in Hy implies convergence in L?(—1, 1) (from property (iv) above), there exist sequences
of polynomials {p;}22,, {g;}32, such that

pj — fin Hy, A%p; — A%f in L*(—1,1)

and
¢j — g in Hy and L*(—1,1).
Consequently, from (6.28), we see that
(A%f,9) = lim (A%pj,q) = lim (pjq))2 = (f,9)2-

This proves (v) and completes the proof of the theorem. O
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7. A NEW CHARACTERIZATION OF D(A) AND A NEW PROOF OF THE EVERITT-MARIC RESULT

We begin by simplifying the definition of Vs, given in Definition 6.1. We omit the proof since it
is similar to the proof of Theorem 5.3 (using the arguments of Theorem 6.2).

Theorem 7.1. The vector space Vo, defined in (6.1), is given by
(7.1) Vo={f:(=1,1) = C| f, ' € AC1oe(=1,1); (1 =t} f" € L*(—-1,1)}.
Our first application combines Corollary 4.1, Theorem 6.3, and Theorem 7.1.

Corollary 7.1. The domain D(A) of the Legendre self-adjoint operator A, defined in (3.2) and
(3.3), is given by

D(A) ={f:(-1,1) > C| f,f' € ACie(~1,1); fV) € L ;(~1,1) (j =0,1,2)}
={f:(-1,1) 5 C| f, f € ACioe(—1,1); (1 = t*)f" € L*(—1,1)}.

Our next result gives an alternative proof of the Everitt-Mari¢ result concerning smoothness
of functions in the domain of A. The first proof of the Everitt-Mari¢ result was obtained by the
authors in [5] using the Chisholm-Everitt inequality (see [2] and [3]).

Corollary 7.2. (Everitt-Mari¢ [5]) If f € D(A), then f' € L?(—1,1).

Proof. Let f € D(A). From (3.2), (3.3), (6.1), and (7.1), we see that the functions
o llfl= -1 =) f" +2tf + kf, and (1 —t2)f"

all belong to L?(—1,1). Taking linear combinations, we find 2tf’ € L?(—1,1); that is

+1
(7.2) / 4t? }f’(t)\th < 00.
-1
Since f € ACjoc(—1,1), we see that
(7.3) fle L?-1/2,1/2).
Moreover, since 1/(4t%) <1 on [1/2,1], we see from (7.2) that
1 ) 1 ) +1 )
(7.4) / |F(@)| dt = / — A | f'(t)|dt < / 427 | f' ()| dt < occ.
1/2 12 4t 1
Similarly,
~1/2 )
(7.5) / ) dt < 0.
-1
Combining (7.3), (7.4), and (7.5), we see that f' € L?(—1,1). O

8. THE DOMAIN D(A;) OF A
We state the following theorem; the proof is similar to the proofs of Theorems 5.3 and 7.1.
Theorem 8.1. The vector space V3, defined in (6.2), is also given by
(81)  Va={f:(-1,1) = C|f.f" " € ACioe(—1,1); (1 — 2)¥2®) & [2(~1,1)}.

Observe, from (4.2), that V3 is a subspace of V;.

From Theorem 4.2, we have the following characterization of the domain of the first left-definite
operator Ay associated with (L?(—1,1), A). Everitt and Mari¢ first obtained this characterization
in [5] using the Chisholm-Everitt inequality (see [2] and [3]).
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Theorem 8.2. Let A denote the self-adjoint Legendre operator defined in (3.2) and (3.3). The first
left-definite (self-adjoint) operator Ay : D(Ay) C Hy — Hy associated with the pair (L*(—1,1), A)
s given by

A f = Af
f€D(A) =Vj,

where V3 is defined in (6.2) or (8.1). Moreover, the Legendre polynomials {Pp,(-)}o_, form a
complete orthogonal set of eigenfunctions of Ay and the spectrum of Ay is given by 0(A1) = o(A) =
{m(m+1) +k|m e Np}.

Remark In [4], the operator A; was first defined through other means. Indeed, since A is bounded
below in L2(—1, 1) by kI where k > 0, it follows that 0 € p(A), the resolvent set of A. Consequently,
Ro(A) = A1 exists as a bounded operator from L?(—1,1) onto D(A). From (5.4) and the embed-
dings D(A) C Hy C L?(—1,1), it follows that the operator B : H; — H; defined by

Bf =Rof
feD(B) = H,

is bounded, self-adjoint, and invertible with self-adjoint inverse B~!. Using the uniqueness property
of Theorem 4.2, it is the case that B~! = A;.

In [5] and [7], the authors describe A; by yet other means. Specifically, they define the operator
S: H1 — H1 by

Sf =t
(8.2) feD(S)={f e Hi|feDA);lf] € Hi},

and show that S is self-adjoint. Since D(S) C D(A), the uniqueness part of Theorem 4.2 yields
S=A;.
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