SOBOLEV ORTHOGONAL POLYNOMIALS IN TWO VARIABLES AND SECOND
ORDER PARTIAL DIFFERENTIAL EQUATIONS

1JEONGKEUN LEE AND 2L. L. LITTLEJOHN

ABSTRACT. We consider polynomials in two variables which satisfy an admissible second order partial dif-
ferential equation of the form

(*) Augy + 2Bugy + Cuyy + Dug + Euy = Au,

and are orthogonal relative to a symmetric bilinear form defined by

@(p,q) = (0,pq) + (T, P2qa) ,
where A, --- | E are polynomials in z and y, A is an eigenvalue parameter, o and 7 are linear functionals on
polynomials.
We find a condition for the partial differential equation (%) to have polynomial solutions which are
orthogonal relative to a symmetric bilinear form ¢(-,+). Also examples are provided.

1. INTRODUCTION

In 1967, Krall and Sheffer [6] investigated a second order partial differential equation of the form

(1.1) Az, y)uge + 2B(2, Y)uzy + C(2,y)uyy + D(z)us + E(y)uy = Au

and classified all weak orthogonal polynomials satisfying the partial differential equation (1.1), where A(x, y),
-+, E(y) are polynomials in  and y, and A is an eigenvalue parameter.
As a generalization, we consider polynomial solutions to the partial differential equation (1.1) which are
orthogonal relative to a symmetric bilinear form ¢(-,-) on polynomials defined by

(1.2) o(p,q) = (0,9) + (T, P2qx) ,

where ¢ and T are moment functionals, and p, g are polynomials in z and y.
The case 7 = 0 was investigated by Krall and Sheffer. For the partial differential equation (1.1) considered
by Krall and Sheffer, we know that

(i) Cp =0 (up to a linear change of independent variables)
and
(ii) partial derivatives with respect to x satisfy the partial differential equation of the same type as the
partial differential equation (1.1) (see [4]).

These facts remind us of the Hahn-Sonnine characterization theorem for classical orthogonal polynomials
([2, 5, 10]) which states that : The only polynomial sequences {P,(x)}>2, (up to a complex change of
variable) which are simultaneously orthogonal with respect to bilinear forms of the form

(p:q)o = [ p(x)q(z) dpo,
(0, )1 = Jpp(@)q(x) dpo + [ 1'(x)q () dua,
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with p;(z = 0,1) real-valued signed Borel measures, are the classical orthogonal polynomials of Jacobi,
Laguerre, Hermite and Bessel polynomials. Naturally they lead us to the problem of investigating polynomials
orthogonal relative to ¢(-,-) in (1.2). But contrary to the classical orthogonal polynomials in one variable,
orthogonal polynomials in two variables whose partial derivatives with respect to x or y are orthogonal dose
not satisfy the partial differential equation of the form (1.1) (See [3] for these materials). Instead, we consider
polynomials in two variables which are orthogonal relative to a symmetric bilinear form ¢(-,-) in (1.2) and
satisfy the partial differential equation (1.1).

In this paper, we give some basic facts on Sobolev orthogonal polynomials and the relationship between
Sobolev orthogonal polynomials relative to a symmetric bilinear form ¢(-, -) in (1.2) and the partial differential
equation (1.1). Also, we give some examples of the partial differential equation having Sobolev orthogonal
polynomials as solutions.

2. PRELIMINARIES: BASIC THEORY OF ORTHOGONAL POLYNOMIALS IN TWO VARIABLES

Let P,, be the space of all polynomials in z and y of degree < m. The set of all polynomials in two
variables is denoted by P. By a polynomial system (in short, PS), we mean a sequence {¢mn(z,y)}s ,—o of
polynomials such that deg ¢, = m + n for each m,n > 0 and {¢,—; ; };L:O is linearly independent modulo
Ppn-1. We denote {¢n—; j(z,y)}j_o by an (n+ 1)-dimensional column vector ®,, and a PS {¢mn(z,y)}7% =0
by {®,}5%0.

We say that a PS {®,,}°2 is monic if ¢y (z,y) = 2™y"™ modulo Pyyqpn—1 for each m,n > 0.. To a given
PS {®,}22,, there corresponds a unique monic PS {P,}>° ; which is defined by

P, = A,'®,,

where A, = (a}})7 =0 and ¢, j(x,y) = Y _5_, a?ﬁkxn_kyk modulo P,,_1. It will be called the normalization

of {®,}5%,.
A linear functional on P is called a moment functional. We denote the action of a moment functional o
on polynomial 7 by (o, 7) instead of the customary ¢ (7). Similarly, for a matrix Q = (Q; ;) with Q; ; being

a polynomial, (o, Q) is defined to be the matrix ((c,Q;;)). We see that <a, ABT> = <a7 BAT>T for any
column vectors A and B of polynomials.
For a moment functional ¢ and any polynomial ¢, we define the partial derivatives of o by the formulas

(2.1) (050,0) = —(0,050), (Oy0,¢) = —(0,0,¢) for ¢ € P,
and define the multiplication on ¢ by a polynomial ¢ through the formula
(2.2) (Yo,0) = (o,¢¢) for ¢eP.

Definition 2.1. A PS{®,,}22 is called an orthogonal basis (OB) relative to o if there is a nonzero moment
functional o such that for allm >0

<Ua ¢n—k7r> = 07 S Pn—l; 0 S k S n.

And {D,}52, is called a weak orthogonal polynomial set (WOPS) relative to o if there is a nonzero moment
functional o such that

<U7 ¢m,n¢k,l> = Kmnémk(snl Zf m+mn 7é k+1.

If Ky # 0 (respectively, Kpyn > 0) for each m,n > 0, we say that {®,}52, is an orthogonal polynomial set
(in short, OPS) (respectively,a positive-definite OPS) relative to o.

It is obvious that there is an OB relative to o if and only if there is a WOPS relative to o.

Definition 2.2. A moment functional o is quasi-definite (respectively, weakly quasi-definite) if there is an
OPS (respectively, a WOPS) relative to o.
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From Definition 2.1 and 2.2, we see that a PS {®,,}22, is an OPS (respectively, a positive-definite OPS)
relative to o if and only if (o, ®,,®T) = H, 0, and H, := (0, ®,®T) is a nonsingular (respectively, a
positive-definite) diagonal matrix.

For any PS{®,}5,, there is a unique moment functional o, which is called the canonical moment func-
tional of {®,,}52, defined by the conditions

(o,1) =1, (0, pmn) =0, m+n>1.

Note that if a PS {®,}52, is an OB relative to o, then ¢ is a constant multiple of canonical moment
functional of {®,,}52,. Although {®,}52, is an OPS relative to o, its normalization {P,,}22 ; need not be
an OPS relative to o but {P,}2°, is an OB relative to o. It is not easy to produce an OPS relative to o, if
any, from an OB relative to o.

Theorem 2.1. ([4, 6]) For any moment functional o, the following statements are equivalent.
(i) o is quasi-definite.
(ii) There is a unique monic OB {P,}52, relative to o.
(iii) There is a monic OB {P,}° such that H,, := (o, P,PL) is nonsingular for all n > 0.
Theorem 2.2 (Favard’s Theorem). [11] Let {®,,}22, be a PS. Then the following statements are equivalent.

(i) {®n}22, is a WOPS relative to a quasi-definite moment functional o.

(ii) Forn >0 andi = 1,2, there are matrices Ay; of order (n+1) X (n+2), By; of order (n+1) x (n+1),
and Cy; of order (n+ 1) X n such that
(a) z;®p = Ani(bn-i-l + Bpi®, + Cni(bn—l (here Tl =T,T2 = y)
(b) rank C,, = n+ 1, where C,, = (Cp1,Cp2)-

Lemma 2.3. Let o be a moment functional and v be a polynomial. Then we have
(i) c=0if and only if 6, =0 or o, =0
(i) (¥0)s = oo + Vo, and ($0), = 1,0 + oy

Proof. (i): The proof is obvious.
(ii) A computation shows that for any p € P, we have

<(1/}U)zvp> = <¢Ja _pz> = <Ua _’(/}px> = <07 —(Zﬁp)z + "/}zp>
= <U$a '()bp) + <U7 wzp> = <’(/}0'wap> + <wa:0'7 %p>
= <¢.LO. + sz,p) )

which means (¢0), = 1,0 + ¥o,. By a similar calculation, we have (¢0), = ¢,0 + Yo,. O
If the partial differential equation (1.1) has a PS {®,}5° , as solutions, then it must be of the form

Aty + 2Buyy + Cuyy + Dug + Euy

= (az? + d1x + ey + f1)Ugs + (2azy + dow + €2y + fo)Uay + (ay? + dsz + €3y + f3) uyy
+ (g2 4 h1) e + (9y + hoyuy

= \pu,

(2.3)

where A\, = an(n — 1) + dn.
We say that the partial differential equation (2.3) is admissible if A, # A, for m # n. (2.3) has a unique
monic PS as solutions if and only if it is admissible.

Theorem 2.4. [4] Let o be the canonical moment functional of a PS {®,}5% . If {$,}52, satisfies the
partial differential equation (2.3), then o satisfies the equation

(2.4) L*[o] = (A0) gz + 2(B0)gy + (Co)yy — (Do), — (Eo), =0,
where L*[u] := (At)zq + 2(Bu) gy + (Cu)yy — (Du)y — (Eu)y is the formal Lagrange adjoint operator of LI-].
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Furthermore, (2.4) has a unique solution up to a multiplication constant if the partial differential equation
(2.3) is admissible.
Theorem 2.5. ([4, 6]) Let {®,}52, be an OB relative to 0. Then the following statements are all equivalent.
(1) {®n}22, satisfies the partial differential equation (2.3).

(ii) o satisfies the moment equations

Mio] :== (Ao), + (Bo), — Do =0,
2 { M;o] := (Bo), + (Co), — Eo = 0.

Remark 2.1. For any moment functional 7, L*[7] is written in the following form:
L*[r] = (My[7]), + (Mz[7]), -
This formula will be used in section 4.

Theorem 2.6. [4] Let {®,}52, be a PS satisfying the admissible partial differential equation (2.3) and o
the canonical moment functional of {®,}22 . Then the following statements are equivalent.

(i) {®,}22, is a WOPS relative to o.
(ii) Myf[o] =0.
(iii) Mso] = 0.

3. THEORY OF SOBOLEV ORTHOGONAL POLYNOMIALS IN TWO VARIABLES
We know that any moment functional o defines a symmetric bilinear form ¢(-,-) on P x P through the
formula
¢(p,q) = (0,pq) -

Conversely, a symmetric bilinear form can be generated by a moment functional provided some conditions
are fulfilled.
Theorem 3.1. Let ¢(-,-) be a symmetric bilinear form on P x P. Then the following statements are
equivalent.

(i) there is a moment functional o such that o(p,q) = (o, pq) for any p,q € P.

(ii) ¢(zp,q) = ¢(p,zq) and ¢(yp,q) = »(p,yq) for any p,q € P.

Proof. (=) It is obvious.
(<) Define a moment functional o by

(o,p) =p(p,1), peETP.
Then we have for any p,q € P

degq degq degq
e, q) = op, > ayz'y’) = Y agelpa'y’) = > ajeay’p,1)
i+j=0 i+j=0 i+j=0
deggq
=o(p Y aiz'y’,1) = @(pg, 1) = (0,pq) -
i+§=0

For any symmetric bilinear form ¢(-,-) on P x P, we call

m,n

e = oy My
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the (")-th moment of () and the matrix

0,0 00 00 0,0 0,0
%o,0 %10 Po,1 Pn,0 Po,n
0 10 10 1,0 1,0
Y00 Y10 %o Pn,0 $o,n
0,1 0,1 0,1 0,1 0,1
¥o,0 %10 %o,1 Pn,0 Po,n
Di(p) = :0 '0 50 : IO : IO
©oo P10 Por t Pmo  Pom
on  On On 0,n 0,
%o0 Y10 Po1 0 Pno 0 Pon
the n-th Hankel matrix, and A, (¢) := det D,,(¢) the n-th Hankel determinant of ¢(-, ).
We define the value of ¢(-,-) on a pair (u,v) of column vectors of polynomials. Let u =(u1 ug, - ,um)T
and vI' = (vy vg, -+ ,v,). We define
T
(P(uv v ) = (‘p(ul, vj)):iLjnzl .

Then we see that for any matrices A and B (when the matrix multiplication can be defined)
(3.1) v (Au,(Bv)T> —Ap(u,vT)BT.
Definition 3.1. Let {®,}5%, be a PS.

(1) {®n}22, is a Sobolev orthogonal basis (SOB) if there is a nonzero symmetric bilinear form (-, -)
such that for alln >0
(10<¢’I’L7k,k:a7r> = 07 0 S k S naﬂ- E ,Pn,]_.

(il) {®,}22, is a weak Sobolev orthogonal polynomial set (WSOPS) if there is a nonzero symmetric
bilinear form (-,-) such that

<P(¢m,n¢k,l) = K’m,ném,kdn,l Kmn cR.

If K, # 0, then we say that {®,,}7%, is a Sobolev orthogonal polynomial set (SOPS). In this case,
we say that {®, 152 is a WSOPS or SOPS relative to (-, ).

It is obvious that if {®,,}°°, is a WSOPS relative to ¢(-, -), then p(®,,, 1) is a diagonal matrix for n > 0.

Definition 3.2. A symmetric bilinear form o(-,-) is quasi-definite (respectively, weakly quasi-definite) if
there is a SOPS (respectively, a WSOPS) relative to ¢(-,-).

Theorem 3.2. For any symmetric bilinear form ¢(-,-), the following statements are all equivalent.
(i) (-, +) is weakly quasi-definite.
(ii) there is a SOB relative to ¢(-,-).
(iii) there is a monic SOB relative to (-, -).

Proof. (i) = (it) : Let {®,}22, be a WSOPS relative to ¢(-,-). Then {®,}52, itself is a SOB relative to
@('7 )

(13) = (4i7) : Let {®,}22, be a SOB relative to ¢(-,-) and {P,}>2, be the normalization of {®,}>2 .
Then {P,,}52, is a monic SOB relative to ¢(-,-).

(iii) = (i) : Let {P,}°°, be a monic SOB relative to ¢(-, ) and H,, := ¢(P,,,PL). Then H,, is a symmetric
matrix so that there is a nonsingular matrix A4, such that A,H, Al = D, is diagonal. Then ®,, := A,P,, is
a WSOPS relative to ¢(-, -) since

@(Dy, BL) = p(APr, (A, P)") = Ao (P, PL)AT = D,
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Lemma 3.3. For any homogeneous polynomial H(x,y) = X1 ja;x" 'y, there exists a unique polynomial
R, —1(z,y) € Pn—1 such that p(H 4+ Rp,—1,7) =0 for all m € Pp—1 if and only if A,,—1(p) # 0.

Proof. Let R,_1(x,y) = E?ﬂ»zomjziyi. Then
p(H+ Rp—1,m) =0, 7€Pp1 <= @(H+R,_1,27y°) =0, 0<r+s<n-—1

n—1
= > rijpla'ylamy’) = —p(H,a"y*), 0<r+s<n—1
i+7=0
This is a linear system for the unknowns r;; whose coefficient matrix is D,,_1 ().

If Ar,—1(p) # 0, then r;; are uniquely determined. Conversely, if this linear system has a unique solution,
we must have A,,_1(p) # 0. O

Theorem 3.4. For any symmetric bilinear form (-, -), the following statements are all equivalent.
(i) Ap(p) #0 forn > 0.

(ii) ©(+,-) is quasi-definite.

(iii) there is a unique monic SOB relative to (-, ).

(iv) there is a monic SOB {P,,}22, relative to ¢(-,+) such that

H, := ¢(P,,Pl), n>0,
s monsingular.

Proof. (i) <= (i) : It is obvious by Lemma 3.3.

(iv) = (ii) : Since p(P,,PT) is a symmetric nonsingular matrix, there is a nonsingular symmetric matrix
A, of order (n+ 1) x (n+ 1) such that 4, p(P,,PT)AT .= D,, is diagonal. Then

Anw(PmPf)AZ = <p(An[P’n,IP’3:A£) = p(AnPy, (AHPH)T) = Dy.

Thus {A,P,}32, is a SOPS relative to (-, ). This proves that ¢(:,-) is quasi-definite.

(13) = (4i7) : Let {P,}2, and {Q,}>2, be monic SOB’s relative to ¢(-,-). Let R(x,y) = Pun(z,y) —
Qumn(z,y) for m +n > 1 since Pyg = Qoo- Then R(x,y) € Pmin—1 and is orthogonal to P,,4p—1.Thus
R(z,y) =0 and so P, (z,y) = Qmn(z,y) for all m +mn > 0.

(iii) = (iv) : Assume that det ¢(P,,PL) = 0 for n > 0. Then there is a nonzero (n + 1)-dimensional row
vector C' such that

0= C@(Pm ]PZ) = 90(0]}])71’ PZ;)
This implies that
Pn-l—l,Oa Pn+1,0 + CPn uE Pn;

which is a contradiction to the assumption that there is a unique monic SOB relative to (-, -). O

Theorem 3.5. Let {®,}52, be a SOPS relative to ¢(-,-). If there is a polynomial a(x,y) of degree t such
that
plap,q) = p(p,aq)  forallp,q € P,
then {®,}°2 , satisfies the (2t + 1) term recurrence relation
a(z,y) P, = Zj:i_t Cni®i, Crn—t #0,
where Cy; is a constant matriz of order (n+ 1) x (i +1) forn—t <i<n+t.

Proof. Let a(z,y)®, = X7/ Cp;®;. Then for 0 <k <n—t

Crrp(®r, D) = (ZT_LH

1=Nn—

‘ Cniq)ia (I)g) =@ (Oé(l’,y)‘bn, @g) =@ ((I)n’ a(x,y)@g) =0
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since deg a(z,y)®F < n. Thus we have C,,, =0 for 0 < k <n —t. For k =n — t, we see that

= -1
Cn,n—t =@ ((I)na ‘I’Z) CZ;‘P ((I)n—ty (bz;—t) 7é 0
since if we write c(z,y)®,— = >1y C;®; (Cy, # 0), we have
Cn,nfﬂp(q)n*tv (pzft) = (a(x, Y) Py, q)gft) = ((I)nv a(z, y)q)gft)

=@ ((I)na Z:;O Qfé?)
=@ ((I)na @Z) C’g
|

4. SECOND ORDER PARTIAL DIFFERENTIAL EQUATIONS AND SOBOLEV ORTHOGONAL POLYNOMIALS IN
TwO VARIABLES

In this section, we are concerned with polynomials in two variables which satisfy an admissible second
order partial differential equation
Llu] : = Augy + 2Buyy + Cuyy + Du, + Euy
(4.1) = (az? + d1x + ey + f1)Uzs + (2azy + do + €2y + fo)Uay + (ay® + d3z + €3y + f3) uyy
+ (92 + h) uy + (9y + hoyuy
= A\,

and are orthogonal relative to a symmetric bilinear form ¢(-,-) of the form
(4.2) ¢(p.q) = (o,pq) + (7, P:2z) ,
where o and 7 are moment functionals.

If {®,,}22, is a SOPS relative to ¢(+,-) in (4.2), then o is a constant multiple of the canonical moment
functional of {®,,}72 since (¢ij, 1) = (0, ¢ij) + (T, 0p$i;0:1) = (0, ¢;) for i + j > 1.

Theorem 4.1. Let ¢(-,-) be a symmetric bilinear form in (4.2). The following statements (i) and (ii) are
equivalent.

(i) The partial differential operator L[] in (4.1) is symmetric on polynomials in the sense that

(4.3) ¢ (Llpl,a) = ¢ (p, Llg))  forallp,q P
(ii) o and T satisfy the relations
M [o] := (Ao), + (Bo)y — Do =0,
(4.4) { Mslo] := (Bo), + (Co), — Eo =0,
M{P[r] := (Ar)q + (Br), — (D + A)T =0,
(4.5) (x)
M, [T} = (BT)-% + (CT)y - (E + 2Bm)7 =0,
(4.6) C,t=0.

Furthermore, if {®,}52 is a SOPS relative to ¢(-,), the statements (i) and (i) are equivalent to
(iil) {®,}52, satisfies the partial differential equation (4.1).

Proof. (i) <= (it) : Since we have, by (2.1), (2.2) and Lemma 2.3, for all p,q € P

¢ (Llpl,q) = (L*[go] — L*[qza7] — L*[q27], D) ,
¢ (p, Llgl) = (Llqlo — (Llg]),, 7 — (Llal), 7=, p) ,

we can see that (4.3) is equivalent to

L*lgo] = Liglo + (Llg]), 7o = L7[geTa] + (L[q]) e T = L7[¢ea7] = 0 for all g € P,
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which can be written as
qL*[o] 4+ ¢z (2Mi[o] + Dy1y — L¥[72]) + gy Mo>|o]
+ Qoo (ApTy — 2M1[1) + (Agz + 2D,) T — L*(7]) + oy (2By7s — 2M3[72]) + qyy CaTa
+ Goax (2427 — 2M1[T]) + ooy (4B, — 2Ma[7]) + 2¢4yy CaT
=0.
Thus we have the following set of equations for ¢ and 7 :
4.7) L*[o] = 0;
4.8) 2M;i o] + Dy1p — L*[1] = 05
4.9) Ms[o] = 0;
) Ayry — 2M[1,) + (Agy + 2D,) 7 — L*[7] = 0;
) B,7p — Ms[1,] = 0;
4.12) Cy1e = 0;
) AT — My[1] = 0;
) 2B, — Ms[T] = 0;
4.15) C,7=0.
Here, we observe that
L*[o] = (Mi[o])s + (Mz[0]),,
Milr,] = (M{V[r]) +Dor = (Br),,
(4.16) Myl = (MSV17]) + B, = Cur,
Milr]) = ME[r] + Ao,
My[r] = M§ 7] + 2B, .

By using our observations (4.16), Lemma 2.3 and C,, = d3, after the tedious calculations, we can write
(4.8), (4.10), (4.11) and (4.14) in a simpler form as the followings:

(2Mi[0] + Dyry — L¥[7e] = 2M[0] — (M{“”’ [T})m — (M;) m) + (CoT)ays

ry

AaTy = 2 [] + (Ago +2D,) 7 = L[] = =3 (M{P[]) — (M{17])
By, = Malr) = = (M7[r]) = (Cor)y,
Ag7 = Malr] = —M{"[r),
2B, 7 — Ma[r] = —M3"[7).

Note that all the relations (4.7)-(4.15) are expressed in terms of M;[o], M [7] and C,7.

If M;[o] =0, Mi(z) [7] =0 for i = 1,2 and C,7 = 0, we have (4.7)-(4.15), which implies (4.3). Conversely,
if (4.7)-(4.15) hold true, then we can easily see that (4.4), (4.5) and (4.6) hold.

Now assume that {®,,}22 ; is a SOPS relative to ¢(-,-) and {P,}22, be the normalization of {®,}5 .

(¢) = (4%4) : Since L[P,] is a vector of polynomials of degree < n, we may write

(4.17) LIP,] =Y ConiPs
k=0
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for some constant matrices C, i of order (n + 1) x (k+ 1) for 0 < k < n. Then for 0 < j < n,

CMJ‘P P HD Z Cn ik Py, _] ) (L[I[Dn],l[”f) o(Py, L[ D 0.
Hence C), ; =0 for 0 < j < n and L[P,] = A\,P, by comparing the coefficients in both sides of (4.17).
(#4i) = (4) : Since L[P,] = A\, P, for n > 0, we have for m # n
P(LIP], L) — @(Pn, LIPL]) = (A = Am)e(Pn, P7,) = 0.
Thus we have (i) by linearity. O

As we remarked in Introduction, all partial differential equations investigated by Krall and Sheffer satisfy
C, = 0 up to a linear change of variables. And if C, # 0, we have no new result because we have 7 = 0.
Thus it is natural to assume that C, = 0. Then we have the following result

Theorem 4.2. Let {®,}52, a SOPS with respect to a symmetric bilinear form o(-,-) in (4.2). If C; =0,
then the followings are equivalent.

(i) {®,}22,, satisfies the partial differential equation (4.1).

(ii) o and T satisfy moment equations (4.4) and (4.5), respectively.

If a SOPS {®,}52, satisfies the partial differential equation (4.1) with C, = 0, we can see that by
Theorem 2.5 and Theorem 4.1, {®,}°2 is a WOPS {®,,}72, relative to o. Similarly, we know that any PS
is a WOPS relative to 7 if it satisfies the partial differential equation

(4.18) Avgy + 2Bugy + Coyy + (D + Ag)vg + (E + 2By)vy = pnu,

where i, = an(n + 1) + gn. In fact, the PS consisting of partial derivatives of {®,,}22, is a WOPS relative
to 7 since it satisfies the differential equation (4.18) (see Theorem 3.8 in [9]).

Theorem 4.3. If L[p] = A\p and L[q] = pq for A # u, then polynomials p and q are orthogonal with respect
to a symmetric bilinear form (4.2), i. e. ,

o(p,q) = {o,pq) + (T, p2gz) = 0
for any solutions o and T of (4.4) and (4.5).
Proof. Tt suffices to observe that

(A=, q) = o(Ap,q) — ¢(p, uq) = ©(Llpl,q) — ¢(p, L[g]) =0
by (i) in Theorem 4.1. O

Theorem 4.4. Let {®,}52, be a SOPS relative to ¢(-,-) and satisfy the admissible partial differential
equation (4.1) with C, = 0. Suppose that there is a polynomial f(x,y) of degree < 2 such that

Afz +ny _A:vf =0,
Bf, +ny —2B.f=0.

Then
(i) If o is quasi-definite, then {®,}>2 is an OB relative to o. Moreover, there is a polynomial f(z,y)
such that
T=kf(z,y)o
for some constant k. If T # 0, then {}P’(I 159 is a monic OB relative to T, where {IP’( )} 2o 1S @
monic PS obtained from the normalization {P,}52 o of {®,}5% through the partial differentiation
with respect to x, defined by
(4.19) P = 9 Peiiis for0<k<n.

n+1-k
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(i1) If 7 is quasi-definite, then {®,}5 is an OB relative to 0. Moreover, there is a polynomial f(x,y)
such that

f(z,y)o =kt
for some constant k. Hence f(x,y)o =0 or f(x,y)o is quasi-definite.

Proof. (i) : Let {Q,}52, be a monic OB relative to 0. Since o satisfies (4.4), {Q,}52, satisfy the partial
differential equation (4.1). Then Q,, = P, for all n > 0 by the uniqueness of monic PS solutions to the
partial differential equation (4.1) where {P,,}2°, is the normalization of {®,}72 . Thus {®,,}>2, is an OB
relative to o.

On the other hand, 7 and f(z,y)o satisfy the same equation (4.5), which are the moment equations
corresponding to the partial differential equation (4.18). Since the partial differential equation (4.18) is
admissible, the moment equations (4.5) have the unique solution by Theorem 2.4. Thus there is a constant
k such that

T=kf(z,y)o

since {IP’%I)}SL":O is a unique monic PS satisfying the partial differential equation (4.18) and it is a monic OB
relative to f(z,y)o satisfying the partial differential equation (4.18) if 7 # 0.

(#) : Since o is a constant multiple of the canonical moment functional of {®,}7%, and satisfies the
moment equations (4.4), {®,}22, is an OB relative to o by Theorem 2.5.

Next, we see that there is a constant k such that

[z, y)o = kT
since 7 and f(x,y)o satisfy the same moment equation (4.5) corresponding to the admissible partial differ-
ential equation (4.18). Hence f(x,y)o =0 or f(x,y)o is quasi-definite. O

Remark 4.1. The assumption in Theorem 4.4 holds for almost OPS’s investigated by Krall and Sheffer [6]
and Kwon, Lee and Littlejohn [7]. Further, we refer [9] for interesting properties of polynomial solutions
satisfying the differential equation (4.1) with A, =0 and C, = 0.

5. EXAMPLES

In this section, we provide examples of SOPS’s which satisfy the partial differential equation (4.1) with
C, = 0 and are orthogonal with respect to a symmetric bilinear form (4.2). All differential equations were
dealt by Krall and Sheffer [6].

Example 5.1. Consider the differential equation

(5.1) LUy + Uyy + (1 + @ — 2)uy — yu, +nu = 0.
We know that (5.1) has a PS {®,}5, as solutions, where

(o) 1

n—kk(x,y)=L" (x)H(—=y),

Pk k(@,y) = L, ") (2) k(ﬂy)

{L%a)(m)}zo:o are Laguerre polynomials and {H, (y)},, are Hermite polynomials given by

L) = kz_o (Zf;‘) Sl

(] k _ok

_ (=% y"
Hn (y) = Zk!(n —2k)! 4F
k=0

Note that %L%a)(w) = (*1)Lq(zoil)($)'
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Since C, = 0, by Theorem 4.1, o and 7 satisfy the equations

(5.2) { (z0)s = (1 +a—z)0, { (1) = (24 a — )T,

oy = —Y0, Ty = —YT.
Casel. o> —1:

By solving (5.2), we have the distributional representations for o and 7

e 142
o=x%""e"2Y dzxdy,
o 142
T =z e %3V dady,

and {®,,}°2 is an OPS relative to o. Furthermore, {®,,}22 is a SOPS relative to the Sobolev inner product

o0 o0 . 1,2 o0 e . 1,2
=/ / p(z,y)g(z, y)z“e e 2Y dady +/ / Pa(2,9) g0 (2, )z e e 2 dudy.
0 —o0 0 —0o0
In fact, we have the orthogonality relation

¢(¢n—k,k¢m—],] Ua (bn k, k(bm ],j> <Ta a$¢n—k,kax¢m—j,j>

rtion( s} ()
(e o) (e () ()

+<H( Yoo L (4 )Lfffl'j(w)> <e_5yz,Hk (\%) Hj (\%)>
= OmnOk; U) n—k

Case 2. a=—1:

Then we have

{ o =6(x)dr ®e 2V dy,

L L2
T=e"%e 2Y dxdy,

(® means the tensor product) and we know that {Lil 1k( VHi(y/V2)}5 0.h=o 15 a WOPS relative to o.
Moreover, {Li 1k( VHy (y/v/2) )22 n20.k=o is a SOPS relative to the Sobolev inner product

@(p,q)=/ p(0,9)q(0,y)e” 2% dy+/ / e (@, 9)qu(z,y)e e~V dady.
0 —00

— 00
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We can see that that ¢(¢n—kxPm—j;) = Knx0mnkj(Knr # 0 for each n,k > 0) from the following
calculation

@((z)n—k,k(b’m—j,j) = <Ua ¢n—k,k¢'m-j,j> + <Ta ax(zﬁn_k,kax(bm—j,j)
_ <U7 LS (@)L () Hy (55) H; <Z/2>>
Y

0 (k#3j

J
e~V H2 (%)> m=n=0

Lglo_)k_l(x)HQ] <e’%y2,H,§ (%)> (m=n2>1k=j).

On—rk,0+ ‘

See [8] for the Sobolev orthogonality of {L%_k) (z)} with k a positive integer.
Example 5.2. Consider the differential equation

(5.3) (2% — Dugs + 22Yuay + (Y* — Dty + gous + gyu, = n(n +g — 1)u.

In [7], we showed that the partial differential equation (5.3) has an OPS {®,}5°, as solutions if g #
—1,—-2,-3, -, where

g+2k—2 g+2k72)
2

(5.4) ok, y) = P2 (1—a?)sp= %) (y) (0<k<n),

o0

and {Péa’ﬁ ) (a:)} are Jacobi polynomials given by

P =3 (") (e -t

k=0

It is known [6] that the partial differential equation (5.3) has a positive-definite OPS as solutions if g > 1.
In this discussion, we consider the specific case ¢ = 1. By Theorem 4.1, ¢ and 7 satisfy

((«* = 1o), + (zyo), —xo =0,

(55) { (zyo), + ((¥* = 1)o), —yo =0,
((=* - 1)7')30 + (zyr), — 327 =0,
(5.6) { (zy7), + ((v* — 1)7’)y —3yr =0.

Rewriting (5.5) in terms of moments oy, ,, = (0, 2™Yyy,) , we have

(5.7) (m+n+1)0mi1n +Mmom-1,n =0,
’ (m+n+1)0mnt1 +nomn—1 =0.
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On the other hand, we have, by solving moment equations (5.5) and (5.6),

(
o=06(1—-2%—19y?),
T=H(1-2%—y?) dady,

where §(1 — 22 — y?) is a distribution on the unit circle S'which acts by the formula (see [1])

(5.8) (6(1 — 2% — ), d(z,9)) = % @(cos 8,sin0) df.
Lemma 5.1. Let 0 = 6(1 — 22 — 4?) and
Omn = (6(1 — 2% — ), 2™y") = %/ cos™ O sin™ 6 df.

—T

Then

(i) Omn satisfies (5.7) for m,n > 0;
(ii) o is not quasi-definite;
(iii) The circle polynomials satisfying the partial differential equation (5.3) with g = 1 is a WOPS relative
to o.
(iv) (1 -22-94%)o =0.

Proof. (i) : It is not hard to see that

1 (" 1 (" 1 '
Omt1n = 5/ cos™ 1 9sin™ 0 dh = 3 / cos™ 6 <+1 sin™ ! 9) de
o o n
1 1 T 1 m
[ I n+1 0 me -
2{n+151n cos ]ﬂ+2n+1 -

cos™ 1 sin" 20 db

1 m T . m m
= §m . cos’ 1 0 sin™ 0(1 — COS2 9) df = m@’mfl’n - m@'m+1’n

and

Om,n+1 =

s iy /
/ cos™ fsin™ 9 do = % / < :_ T cos™ 1 9) sin™ 6 do
x m
T n

1

2

1 1 1
3 {— cos™ 1 fsin™ 0] + =
1

2

/ cos™ 2 9sin™ "1 0 db

m+1 2m+1 J_,
= mL—I—l /_Tr cos™ O(1 — sin? §) sin" ' 0 df = mL—FlUm’nfl — mL—HGm’nH’
which are (5.7).
(ii) : We compute a few moments of (1 — z? — ¢?) :
000 = T,
g10 = O, op1 = 0,
o2 =7/2, o1 =0, op2=7/2,
o30 =0, 091 =0, 012 =0, 003 =0,

040 = 37T/8, g31 = O, 099 = 7T/8, g13 = 0, o4 = 371’/87
and monic polynomial solutions of degree 2 :

Py =27 — 2

Py =y,
21

Poz =y* — 3.
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Then we see that

(0, PooPao) (0, PaoP11) (0, PaoPo2) - 1 0 -1
<O’, ]P)g]P)g> = <(T P11P20> <U P11P11> <O’, P11P02> = g 0 ]. 0
(0, PoaPag) (0, PoaPr1) (0, Po2FPo2) -1 0 1
is not nonsingular. Thus ¢ = §(1 — 22 — y?) is not quasi-definite by Theorem 2.1.

(#4t) : It follows from Theorem 2.6.
(iv) : See [1] for the proof. O

Next, we show that the partial differential equation (5.3) has a SOPS as solutions. To do this, we show
that a symmetric bilinear form ¢(-,-) on P x P define by

(5.9) olp,q) = %ffﬂ p(cos0,sin0) q(cos0,sin6) df + [, pa(x,y)q(x,y) dedy

is positive-definite, where D = {(z, y)|2z? + y* < 1}.

Lemma 5.2. A symmetric bilinear form o(-,-) defined by (5.9) is positive-definite on P x P .
Proof. We will prove that ¢(p,p) = 0 implies p = 0. If ¢(p,p) = 0, then we have

(5.10) p(cosf,sinf) =0 for —7 <0 <,
(5.11) pe(z,y) =0 for z? +y* < 1.
By (5.11), p does not depend on z and we can write
deg P
vy =Y ay'.
i=0
Then we have a; = 0 for all 0 < ¢ < n by (5.10). This completes the proof. O

Thus by Theorem 3.4, there exists a SOPS {®,,}22 ; relative to a positive-definite symmetric bilinear form
©(+,+) in (5.9). But at this time, we can not find an explicit form of a SOPS {®,,}22 ; relative to ¢(-,) in
(5.9).

Remark 5.1. Let {P,,}22 be the normalization of {®,}5°, defined in (4.19) with g = 1. Then the monic
PS {ng)};‘f:o are a monic OB relative to a positive-definite moment functiona (or distribution) H(1 — 2% —
y?) dxdy since {ng)}ff:o satisfies the differential equation (5.3) with g = 3.
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