MATH 3326 FINAL EXAMINATION
SPRING SEMESTER 2009

Lance L. Littlejohn Name _ SO YinalS

Instructions: Show all work. Partial credit can only be given if suflicient work accompa-~
nies each answer. Calculators may be used but exact answers are required. This examination

is out of 70 points. GOOD LUCK!

Problem No. | Points
1.
2.
3.
4,
5.
6.
Grade /70

1. {10 POINTS) Using d’Alembert’s formula, solve the Cauchy problem
Uy = gy (—00 <z <00, t>0)
u(z,0) = cosz, wz,0)=e"" (—o0 <2z <o00)

with ¢ = 4. Simplify your answer as much as possible.
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2. Consider the first-order linear PDE
Uy + TUy + 30 = 2. (1)
{a) (3 POINTS) Find, and solve, ‘the characteristic equation associated with (1).
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(b) (4 POINTS) Using &(z,y) = z, find a transformation 7 = n(x,y) with Jacobian
J % 0 that transforms (1) into an equation of the form

we + R, Mw = f(£, 7). 2
Write down this transformed d equation,
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{¢) (7T POINTS) Explicitly solve your transformed equation from (2) and, from this,
solve (1). 2%
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3. Let f(z) = 2® for z € [--m, 7).

(a) (10 POINTS) Find the Fourier series expansion of f(z) on the interval [, x].
Simplify your coefficients as much as possible
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(b) (6 POINTS) Using Parseval’s identity, and part (a), “evaluate the series
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. (10 POINTS) Showing your steps using separation of variables, determine an infinite
series solution of the Dirichlet problem

Uge T Uy = 0 0<z<m, O0<y<m)
w(z,0) = u{z,m)=0 (0<Lz<m)
uw(0,y) = 0 ulmy)=fly} 0Ly

on the rectangle R = {(z,y) | 0 < z < m;0 < y < 7}. Here, f(y) is a continuous
function on the y-interval [0, y}. Show all your steps in your solution.
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5. (10 POINTS) Using the method of separation of variables, determine an infinite series
solution of the ‘mixed’ heat equation

u = kg, (0<z<L,t>0)
ur(0,8) = u{L,f)=0 (t=0)
u(@,0) = flz) O<z<L)

here f(z} is a continuous function on the z-interval [0, L]. Show all the steps in your
solution.
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6. Consider the second-order PDE
Uggy + OUgy + Bty =0 (3)

(a) (5 POINTS) Write down, and then solve, both of the characteristic equations
associated with (3) for their implicit solutions

£(,y) = k and n(z,y) = K

Verify that the Jacobian of this transformation is nonzero.
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(b) (5 POINTS) The canonical form of (3) is we, = 0, where £(z,y) and n(z,y) are
as in (a). Solve this canonical equation and use this solution to find the general
solution of (3).
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{c) (5 POINTS - BONUS PROBLEM - FOR EXTRA CREDIT) Solve the Cauchy
data problem

Ugg + Oy + DUty = O
u(z,y) = 8z” on the line y = 22
ug(x,y) = 32z on the line y = 2z.

Simplify your answer as much as possible
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