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ABSTRACT. Given a basis of solutions to k ordinary linear differential equations ¢;[y] = 0 (j =
1,2,...k), we show how the classical Green’s function can be used to construct a basis of solutions
to the homogeneous differential equation ¢[y] = 0, where ¢ is the composite product £ = €14z ... (.
The construction of these solutions is elementary and classical. In particular, we consider the
special case when ¢ = ¢§. Remarkably, in this case, if {y1,¥2,...,yn} is a basis of £1[y] = 0, then
our method produces a basis of £§ [y] = 0 for any k € N. We illustrate our results with several
classical differential equations and their special function solutions.

1. INTRODUCTION

For a positive integer k, consider the set of k homogeneous linear differential equations

(1.1) Glyl(z) =0, Lfyl(z) =0,..., &l(z)=0 (ze€l),
where, for j =1,2,...k, ¢;[-] is the differential expression of order n; defined by

(12)  4lyl(z) = y") (@) + an,—1(@)y (@) + ..+ arj(@)y (@) + aoj(@)y(x) (x € I).

Here, I := (a,b) is an open interval (bounded or unbounded) of the real line R and, for i =
0,1,...,n; —land j =1,2,...k, each of the coefficients a; ; € C™+"2FT+7-1(]). Let
(1.3) Uyl(z) = (Lala - L) [yl(z) (z €1);

this differential expression ¢[] of order n = nj + ng + ... + ny is understood to be the composite
product £ = {1 0 fy 0 ---0f. In this paper, we show how to construct a basis of solutions to the
homogeneous differential equation

(1.4) lyl(z) =0 (zel),

when we know a basis B; = {y1,j,¥2,j,---,Yn,j} of each of the factor equations ¢;[y] = 0. Of
course, if Bj is a basis of solutions of /;[y](x) = 0 for each j = 1,2,...k, it is generally not the case
that B = Ué?:lBj is a basis for ¢[y] = 0. Indeed, even though the functions in By, are necessarily
solutions of (1.4), in general, elements in B\Bj are not solutions of (1.4) (unless, say, each of
the k equations in (1.2) has constant coefficients) since, in general, the composite product of two
differential expressions need not be commutative (see the remark at the end of Example 3.1 below
for an interesting example of two classical commutative, variable coefficient differential expressions).

The problem of factoring a differential equation into a product of the form (1.3) has a long
history and it is well known to be, generally, a difficult problem in the subject of differential Galois
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groups. We refer the reader to the contributions [3], [4], [5], [9], [10], [11], [12], [13] and [14], and the
references contained therein, for further information on factoring ordinary differential operators.
In this paper, we assume we know a factorization of a homogeneous differential equation ¢[y] = 0
on I and that we also know a basis of solutions to each of the homogeneous factor equations
lily] = 0 on I. We then show by a judicial use of the classic Green’s function associated with
each expression ¢;[-] that we are able to produce a basis of solutions to £[y] = 0 on I. In fact, the
ubiquitous Green’s function comes to our aid in spectacular fashion to render this basis of (1.4).
This technique is powerful, yet straightforward; we are unaware of our results in the literature and
we feel certain they should be better known and a part of the contents of standard elementary
textbooks on differential equations and linear algebra. Typically, there are various ‘reduction of
order’ methods employed to find a basis of solutions to a homogeneous differential equation given a
proper subset of linearly independent solutions; see, for example, the discussion in [15, Section 85].
The methods developed in this paper allow us to obtain new (non-trivial) differential equations for
special functions; in fact, the examples that we consider in this paper employ a considerable use of
special functions in order for us to explicitly find new solutions. These new differential equations
may be used to approximate special functions by using the Frobenius method, Olver’s techniques,
the Liouville-Neumann expansion or any other method based on differential equations.

As an application of our main results, we construct a basis of solutions to the power differential
equation

m*ly)(z) =0 (z € 1)

of order kn, where

mly)(@) =y + a1 (@)y" V(@) + ..+ an(2)y (@) + ao(@)y(@),

and where m*[] is defined iteratively by

y]], etc.

In this special case, we show that knowing only a basis {y1,¥y2,...,yn} of m[y] = 0 on I, we can
produce a basis of solutions to mF [y] = 0 on I for any positive integer k. In many applications,
in particular the spectral analysis of the square of a classical second-order equation m[y] = 0 (like
Legendre’s or Bessel’s equation, for example), it is important to know properties of each of the
solutions in a basis of m2?[y] = 0 in order to prescribe the appropriate boundary conditions to
construct a self-adjoint differential operator generated by m?[].

The contents of this paper are as follows. In Section 2, we review basic facts of Green’s functions;
we also state and prove our main results in this section. In Section 3, we illustrate our results by
discussing several classical examples. As the reader will see, knowing explicit properties of special
functions quickly become an absolute necessity in order to explicitly represent solutions to the
product of differential equations.

2. MAIN RESULTS

Suppose that {y1,y2,...,yn} is a basis of solutions to an n'-order linear, homogeneous differ-
ential equation of the kind defined in (1.2). Recall the definition of the Green’s function G(z,t)
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associated with £[-]:

( y1(x)/yi(t) ifn=1
y1(t) y2(t) o yn(t)
y1(?) yo(t) o y(t)
(2.1)  G(z,t) = Yy () ya(t) o yn(t) ,
: : : /W (y1,y2, .-, yn)(t) ifn>2,
A G NRY Sl O BEPPRR T S ()
y1(z) ya(z) o yn(®)
where W (y1,y2,...,yn)(t) is the Wronskian determinant defined by
yi(t) Y2 () o yn(t)
AORE1C NG
(2.2) Wy, o,y (1) o= | 91 (t) vz (t) Egn(t) (el
WG 00

We recommend the texts in [7] and [15] for further information on the basic theory of differential
equations. One of the principle uses of the Green’s function is that y,(x), defined by

(2.3) wia) = [ Geofwa

where x¢ is an arbitrary point in I, provides a particular solution to the non-homogeneous differ-
ential equation

lyl(z) = f(z) (zel);
that is to say

(2.4) Lypl(z) = f(z) (zel)
or, using different notation,
(2.5 wia) = @) = [ s

The construction of y,, in (2.3), follows from the well-known method of variation of parameters.
We prove the following lemma which will be a special case of our main result below.

Lemma 2.1. Suppose {z1,22,...,2n,} s a basis of solutions to
GLlyl(z) =0 (zel)
and {y1,Y2, ..., Yny } 1S a basis of solutions of

lalyl(z) =0 (z € 1),
where £;]-] (j = 1,2) is the differential expression defined in (1.2) of order n;. Let
Cly] == li(E2[y])

be the composite product differential expression of order ny +na and let Go(z,t) denote the Green’s
function associated with la[-]. For any fized xo € I, define

yn2+j(m) = / G2(mat)zj(t)dt (] = 1a 2a s 7”1)'
o
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Then {Y1,Y2, -+ Yngs Ynot1s Una+2s - - - s Ynitny b 48 @ basis of solutions to the product differential
equation

@) =0 (weT).
Proof. Since l3]y;] =0 for j =1,2,...,ng, it is clear that
(2.6) lly;l(z) = ti(Lly;])[z] =0 (1 =1,2,...,n9; z € I);

that is to say, {y1,92, ..., Yn, } are solutions of £[y] = 0 on I. Furthermore, from (2.3) and (2.4), we
see that

(2.7) CoYnotj)(x) = 2i(x) (1 =1,2,...,n1; x €1)
so that
(2.8) Uynytil(2) = Li(Colyny+5](2)) = bilz](2) =0 (G =1,2,...,m; z € I)

That is to say, {y1, Y2, - -, Yng» Yna+1, Yng+2, - - - s Ynq+ny } are solutions of £[y] = ¢1l2]y] = 0 on I. To
see that these solutions are linearly independent, set

(2.9) a1y1(x) + aoy2(x) + . .. + Ay Yny ()

+ g 41Yna+1(T) + Wngt2Yna+2(T) + . oo+ MmUYy 4na () =0 (2 € D).
Apply l to both sides of (2.9); from (2.7) and since ¢3]y;] =0 for j =1,2,...,n9, we obtain

Ony+121(T) + Qnyt122(2) ...+ Qnygng2n, () =0 (z € 1).
From the independence of {z1, 22, ..., 25, }, we see that

Opg4+1 = Qg1 = +.. = Qpq4ny = 0.
This simplifies (2.9) to
a1y1(2) + aoye(z) + ... + anyYny(2) =0 (z € I);
however, the linear independence of {y1, 42, ..., Yn, } now forces
ap=ay=...=0ap, =0

and this completes the proof. ]

This result generalizes to our main result which we now state and prove.

Theorem 2.1. Consider the k differential equations ¢;[y] = 0, defined in (1.2), of orders n; for
7=12...k. Let ' '
BJ:{Zgj)azéj)aaz(Jj)} (]:1,2,]{})

n

be a basis of solutions for {jly] =0 on I. Fiz xo € I and let Gj(x,t) be the Green’s function for
U;[-] (as defined in (2.1)) so that

E;l[y](x) = /m Gj(z, t)yt)dt (j=1,2,...k).

Consider the set of ni +ng + ...+ ny functions

B = {yla Y25+ -5 Unps Ynp+1, Yngg+25 - - s Yng+ng 15 - - -y Ynp+ngp 1+ 4na+1s - - - 7ynk+nk,1+...+n1}
defined by
k .
yi(@) =27 @) G=12.m),
_ k—1 .
Ynetg (@) = G (@) (=120 ),

1 ,— k—2 .
ynk+nk,1+j($) = gk 1£k—11[2](‘ )](‘,B) (j = 1527--- 7nk—2)7
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—1,-1 ‘ — 1 .
ynk+nk—1+---+n2+j(x) = gk ek—l o '62 1['2](' )](JZ) (J=12,...,m).
Then B is a basis of solutions to the composite product differential equation

E[y](x) = (6162 .. ék)[y](a:) =0 (Q? S I)

Proof. Since {i[y;] = ék[zj(k)] =0, it is clear that £[y;] = ({142 - - £y)[y;](z) =0 for j = 1,2,...ng.
Similarly,
—1p (k=1 k—1
(s li) [ynies) = emr bty [z V) = a5 V) = 0
and hence ([yn,1;] = 0 for j = 1,2,...,n4_1. Continuing in this fashion, we can see that each
function in B is a solution of ¢[y] = 0. We prove that these functions in B are linearly independent
by induction on k. Clearly, if k = 1, there is nothing to prove. The proof of k = 2 is given in Lemma
2.1. Let us assume linear independence in the case of any positive integer m < k. For x € I, set
(210) 0 = alyl(‘r) + e + ankynk (:L‘) + oot ank+nk,1+...+n2ynk+nk,1+...+n2 (:E)
+ ank+nk71+..‘+n2+1?/nk+nk,1+..‘+n2+1(5E) +...+ ank+nk71+...+n1ynk+nk,1+...+n1 ($)
Apply lof3 - - - £} to both sides of this equation to obtain

a 2 () +a 2 (x)
ngtng—1+...+n2+1%n, 40,1 +...4no+1 nE+ng—1+...+n2+2%n, 40, _1+...4+no+2

1) _
+.o..+ QXnp+np_1+..+na+n12n,+n,_1+..+notng (JJ) =0 (x € I)’

(1) () 2 } is linearly independent, we see

Slnce {znk—i-nk_l—i—...—i-nz—i-l? an+nk_1+...+n2+27 ey fnp+ng_1+...4+na+ny

that
Onptng_ g +otna+l = Onggng g 4ofna+2 = -« = Oy 4fng = 0.
Consequently, (2.10) reduces to
0=oaqy1(z) + ...+ anYn, (z) + ...

+ Qnptnp 4ot ns 1 Ynptngq+odng+l F oo Cnptng g+ tno Ynp4np 1+t (T)

and from our induction hypothesis, with m = k — 1, we see that oy = ... = o, = ... =
Onytny_1+..4ns = 0, completing the proof of the theorem. ]
The following result, in the special case that {1 = 5 = ... = {; := £, is immediate. In this special

case, our ‘Green’s function method’ generates a basis of solutions to the power equation £*[y] = 0
on I given, quite remarkably, only a basis of ¢[y] = 0.

Corollary 2.1. Let {y1,y2,...,yn} be a basis of solutions to the homogeneous differential equation
lyl(z) =0 (z€l),

where (-] is a differential expression of order n of the form given in (1.2). Let k € N and fix xo € I.
Define the kn functions y1,v2, ..., Yrn by

(2.11) @) = [ GlyOd G =1.200)

(2.12) Yontj(z) == /z Gz, )ynyj(t)dt (1 =1,2,...,n),
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(2'13) Y(k—2) n+] / G .’L' t Y(k—3)n+j (t)dt (] =12,..., n),
(2’14) Yk-1) n+] / G Q? t Y(k—2 n+J(t)dt (] =12,..., n)
Then {y1,y2, ..., Ykn} @S a basis of solutions to

Clyl(z) =0 (zel).

Remark 2.1. In order for the results in Lemma 2.1, Theorem 2.1, and Corollary 2.1 to be valid,
it is important that the coefficient of the highest derivative in each differential equation is one. If
this is not the case, then the denominator of the corresponding G(x,t) must be modified slightly to
include this leading coefficient. More specifically, if G(z,t) is the Green’s function associated with

mly(z) := an(2)y™ (@) + ap_1(x)y" V(@) + ... + ao(x)y(z),

then a particular solution to m[y|(x) = f(x) is

wio) = [ S roar

3. EXAMPLES

Example 3.1. In the recent paper [6], the authors discuss the fourth-order differential equation

{y)(r) =y (@) + 29" (@) — 5" () + —y/ @) = Noyl@) =0 (z € (0,00));

this equation is a limiting form of the fourth-order Bessel type differential equation studied by the
authors in [6] and other papers cited therein. They prove that a basis of solutions of this equation is
given by {Jo(Ax), Ya(Az), Io(Ax), Ko(Ax)}, where Jo(Axz) and Ya(Ax) are, respectively, the classical
Bessel functions of the first and second kind and where Is(Ax) and Ka(\x) are, respectively, the
modified Bessel functions of the first and second kind; see [1, Chapter 9] for properties of these
Bessel and modified Bessel functions. We can establish this result by different means, specifically
by using Lemma 2.1. Indeed, we first note that

yl(z) = (b1 0 L) [y](w),

where
ABI) =1 (@) + 1/ (@) ~ (54 2)e) (@ € (0,00)),

and
BBl =1+ @)+ (¥ - 5 )ulo) (e (0.0

A basis of solutions of l1[y](z) = 0 on (0,00) is {I2(Az), Ko(Ax)} while a basis of solutions to
Olyl(z) = 0 on (0,00) is {Ja(Ax), Ya(Az)}. Furthermore, since the Wronskian associated with
{Jo(Ax), Yo (Ax)} is W(Ja(Ax), Ya(Az)) = 2/(A7x), we see that we can take the Green’s function
associated with f3-] to be

GQ(.’E, t) = t[]g()\x)YQ()\t) — Jg()\t)YQ()\.%')].

Consequently, by Lemma 2.1, we see that two additional linearly independent solutions to £[y](z) = 0
n (0,00) are

ya(z) = / O s (M) — B Ve (M) dt,

0
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and

i) = [ ()Y () — Jo (M) Ya(h)] K (M)t

0

here x¢g > 0 is fized and x > 0. For ys(x), we can take xo = 0; in this case, we find (for example,
from Mathematica) that

1 T

/ T VOO B0 = —— + L Va0a) () + Ys(O) ()],

A2 2)
and

/ t (M) I (A)dt = %[Jg()\x)fg()\a:) + J3(Az) b (A\z)].
0
From these two integrals, we find that

ys(x) = %JQ(}\.’IJ) + 1]2()\5[)) [Ja(Az)Y3(Ax) — J3(Ax)Ya(Ax)]

2\
(3.1) = L how) - L now
) Tzl v N2 2 )

where we have used the fact (see [1, Chapter 9, 9.1.16]) that

2
(3.2) Ja(Ax)Ys(Ax) — J3(Az)Ya(Az) = —W (Ja(Ax), Ya(Az)) = “Yra
Moreover, since Ja(Ax) is already a solution of {[y] = 0 on (0,00), we can take a third linearly

independent solution of this equation to be
y3(z) = L(Az).

A similar analysis shows that, for xg > 0,

/ " Va0 Ka(M)dt = % [Ka(\z)Ys(Az) — K3(\z)Ya(Az)] + Ci

zo
and

/x tJQ(/\t)KQ()\t)dt = % [KQ()\&?)J?)(/\:U) — K3<)\.%')J2(>\IL‘)] — 02,

0

where Cy and Cy are arbitrary constants. Therefore, from (3.2), we obtain

ya(2) = Crlo(Az) + CaYa (M) + ””K;(AA“) () Ys(Az) — Js(Aa)Ya(Az)]
= Cljz()\fl,‘) + CQYQ()\CL‘) — K;()\);l’) .

Consequently, it follows that we can take
Ya(z) = Kz(Az)
as a fourth linearly independent solution to £[y] = 0 on (0, 00).

Remark We note that the easiest way to see that {Ja(Ax), Ya(Ax), Ia(Ax), Ka(Ax)} forms a basis of
Lly] =0 on (0,00) is to simply observe that the two factors ¢1]-] and la[-] commute; that is to say,
Liyl(x) = (L1 0 L) [y](z) = (b2 0 l1)[y](x) for sufficiently smooth functions y(x) on (0,00).
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Example 3.2. Take ¢1]-] to be the classical Bessel equation

2

(0@ =/ @)+ 1@ + (15 ) sle) =0 (€ 0.0,

where v > 0, and let
v+1
+

X

y(z) =0 (z € (0,00)).
Then
Lyl(z) = (Lala)[y](2)

v ey v —v?
@+ 2w+ (1- EE ) e+ 2 (145 ) @) e 0,00

X

Using the notation from Lemma 2.1, we see that

1
xu—l—l :

2D (@) = J(2), 257 (@) = Yo (2), and 2 (z) =

Since the Green’s function associated with ls]-] is given by Gao(z,t) = t¥T1/2v+L we see that two
other solutions of £[y] =0 on (0,00) are

1 T
ya(x) = poaE /0 t"“,],,(t)dt = Jyy1(2),
1 ! v+1 Cc
ys() = — i Y, (0)dt = Y (@) + o,

where ¢ is a constant. Consequently, a basis of solutions of £[y] =0 on (0,00) is

{xlﬂ Ty (), Yy+1(x)} :

This third order differential equation £[y] = 0 is a new non-trivial equation for the Bessel functions
of the first and the second kind. We now reverse the order of the factors ¢1[-] and {3]-] and consider

mly)(z) = (t261) 4)(@)
14 vV — 1/2 1% V2 — V3
@)+ 2w+ (1422 @+ (T TS i) (e 0.0)

3

Using the fact that Green’s function for the Bessel expression £1[-] is a nonzero multiple of
(3.3) Gi(z,t) =t[J, ()Y, (z) — J,(2)Y,(1)],

we see that a basis of solutions of mly] =0 on (0,00) is given by {J,(x),Y, (), z3(x)}, where

23(z) = Y, (2) / Lt — J () / VY, (8)dt,

xo xo

here, for convergence reasons, we must have xg > 0.

Example 3.3. Consider the classical second-order Airy differential equation, given by

Llyl(z) =y (z) — zy(x) =0 (x € (0,00)),

and the first order differential equation

Blyl() =/ (@) + ~y(x) =0 (x € (0,00)
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so that
B(e) = )bl =" @)+ 10'@) ~ (5 +2) v+ (5 1)1 (e ©.00),

A non-trivial solution of la[y] = 0 is z?)(x) = 1/x while a basis of solutions to l1[y] = 0 is
{Ai(z), Bi(x)}, where Ai(x) and Bi(x) are, respectively, the Airy functions of the first and second
kind; see [1, Chapter 9] for properties of these Airy functions. In this case, the Green’s function
associated with la[-] is a non-constant multiple of

Ga(z,t) =

E 8|~

(x) =0 are given by

yo(z) = & /Om tAi(tya = A e

From Lemma 2.1 or Theorem 2.1, two solutions of {|

T T
and
1 [* B
WEERY P (CE
T 0 xT

and, consequently, we can take a basis of £[y] =0 on (0,00) to be

1 Ai(z) Bi'(z)
x x|z '
The equation Lly] = 0 on (0,00) is a new third-order differential equation for the special functions

Ai'(z)/x and Bi'(z)/x.

Example 3.4. Let (1[y] = y™ and let laly] = 0 be an m™ order differential equation on the
interval I with basis of solutions {yi,y2,...,ym} and associated Green’s function Ga(x,t). Define
[-] to be the differential expression of order n+m by L[y] := ({1€2)[y] on I. Then a basis of solutions

to L[yl =0 on I is {y1,Y2, - - Yms Ym-+1s - - - Yntm }» Where
—— / Go(w ) Ldt (G =1,2,....m).

On the other hand, let mly] = (¢201)[y]; since the Green’s function for £1]-] is a non-zero constant
multiple of

Gi(a,t) = (x =",

(n—1)!
we see that a basis of solutions of m[y] =0 on I is {1,z,...,2" 1, Yi(z),Ya(2),...,Ym(x)}, where

! )/x(:v—t)”_lyj(t)dt G=12...m).

Yilw) = (n—1)!

Of course, it is well known that Y;(x) is the n-fold integral of y;(x); that is to say,

Un—1 Un—2
// / / yj(t)dtduidusy . . . du,—1.

For a specific example, a basis of solutions of the n**derivative of Airy’s equation

Uyla) = (" (@) — 2y(@)™  (z €R)
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is {Ai(z), Bi(z), y3(2), ya(2), ..., yns2(z)} where, for k=1,2,...,n,

Ypro(z) = Bi(z) /x th=LAi(t)dt — Ai(x) /x tF L Bi(t)dt

0 0
_ Lk 1 Bi(x)  Ai(z) B k2 k+3 2%
kT'(2/3) | 32/3 31/6 3’3 3 79
T Bi(x) | L1/6 k+1 4 k+4 23
A Bl —s,—~ ) ¢-
(k:+1)1”(1/3){31/3 + 3P Ai(z)| 1F> 3 '3 3 ' 9

Here, we have used the fact that Green’s function Ga(z,t) for Airy’s equation can be taken to be
Ga(z,t) = Ai(t)Bi(z) — Ai(x)Bi(t).

Example 3.5. In this example, we find a basis for solutions to £2[y] = 0 on (0, 00), where £[-] is
the second-order Bessel expression given by

2

Ble) =/ @)+ @) + (15 ) o) (o€ 0.0

The square of the Bessel equation has been considered at length in the literature because of its
importance in spectral theory; for example, see [8]. With basis {y1(z) = J,(z),y2(x) = Y, (z)} of
{[y] = 0 on (0,00), we see from Lemma 2.1 and (3.3) that a basis of solutions to (*[y] = 0 on
(0,00), where

el =@ + 2+ (2- () e + (B4 (257) v

X

is given by {y1,v2, Y3, ysa}, where
y3() :/0 ()Y () — o (2)Y, ()] ] (t)dt
= A, (2)Y,(x) — By(z)J,(z),

xT

ya(z) = | L @O)Ye(2) — Ju(2)Y,(1)]Y(t)dt
= B, (2)Y,(x) — Cy(z)J,(x),

and where

a2/ +20(—p — 1)
- Yy Vs~ F 1/9: 49 9 + 1 — 22
T T VAT (12— v)20) ! 2(v+1/2v +2,2v + 1 —27),

x 3’52
Cy(z) = /0 tY2(t)dt = ?[Yf(a:) — Y, 1(2)Y,1(z)).

If v € N or v =0, the expression for B,(x) must be interpreted by taking appropriate limits.
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Example 3.6. The classical second-order Legendre differential equation is defined by

@) = ')~ oy @)+ Dy 0 e (1),

Two linearly independent solutions of £[y] = 0 are given by

y1(z) = Po(x) and ya(z) = Qn(z),

where Py, (x) is the Legendre polynomial of degree n and Q,(x) is the Legendre function of the second
kind. The Green’s function associated with £[-] in this case can be taken to be

G(x7t) = (1 - tz)[Pn(t)Qn(x) - Pn(x)Qn(t)]

Then, an additional two linearly independent solutions of £2[y] = 0, where

x —2n? — 2n)z? n?+2n —
2hyl(@) =y (@) - 2y (@) + <( (e 4)>?/’(93)

e (i 2p
X nin n2 n —(n — n X
- o) (MR ZME DD o) (o e (-1,
y3(w) = /;(1 — 1) [Pa()Qn(z) — Po(2)Qn (1) Pa(t)dt = A(2)Qn(z) — B(z)Po(x),
and
ya(w) = /O (1 =) [Po()Qn(2) — Po(z)Qn()]Qn(t)dt = B(z)Qn(z) — C(2)Py(2),
where
._ 2\ p2
Alz) ._/O (1—2)P2(t)dt,
B@)= [ (1= #)P,0Qu(0t
and

Clz) = /Oxu — 202 (1)dt.

In the particular case of n = 0, two solutions of £2[y] =0 on (—1,1) are given by

() = 1= Fifo) and o(e) = 51 (12 ) = Qufo)

2

In this special case, the Green function is

1 1+z 1+1¢
— (-2 (0
Glat) = 5 t>{n(1_$> n<1_t>}
Two additional linearly independent solutions of £2[y] = 0 on (—1,1) are given by

w@ = [ eonwa= o= gn(152) - Jw (5])] @
2?1 2

B n(l—xz°)

6 3 ’

ya(e) = /: Gla, t)ya(t)dt = i/ow(l — ) [m G i i) —In Gf’;)] In (ii) d;

and
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after some simplifications, we see that we can take

14+z 1—=x 14+
=4 2] 414 — 4L
ie) =to-+2tn (127) -4 (177 - i (157

where Liy(+) is the dilogarithm (polylogarithm) function, defined by

Lig(z) = —/Ox hl(ltt)dt => %Z (z € (—1,1)).

n=1

For a good reference on the dilogarithm function, see [2, Chapter 2.6].

Example 3.7. Consider the second-order differential equation
fyl = 2*y" + (1 +2)y'(x) =0 (z € (0,00)).

Whereas all of our previous examples deal with either reqular or reqular singular endpoints, this
equation has an irreqular singular point at x = 0. This equation is obtained by transforming a
special case of the confluent hypergeometric equation

wy() + (1 - 2)y/(z) = 0
through the transformation x — 1/x. Two independent solutions of £ly] = 0 on (0,00) are given by

yi(z) = 1 and ya(z) = T (o, i) ,

where T'(+,-) is the incomplete upper gamma function defined by

oo
I(s,x) ::/ t e tat;
x

see [1, Chapter 6]. The Green’s function associated with {[-] is given by

Gtory =t (0.-1) -1 (0-1)].

From Corollary 2.1, two additional linearly independent solutions of £2[y] = 0 on (0,00) are:

o= [ [ o) (o)
|

:% { (x —1)e ‘”””H‘(O,m ] <0 > — B(x),
and
o= [ o) oot mor(o-2) -
e B(z) :: te*l/tr 0,— )
and

C(x) :: te’l/tI‘Q (0, >

The asympotics of ya are well known and can be found in [1, Section 6.5.32]; in fact,

1
—17(0,—= ) ~— 1/~’C§ lz" as z — 0.
ya(x) <, x) xe nlz" as x

n=0
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Lastly, we briefly describe the asymptotic behavior of ys and ys near x = 0. Since
B'(x) = ze”V/*T(0, —1/x),

we see that
e |
B(x) ~ —nzz;) n:LL'?):c”JF?’ as x — 0.
Moreover,
1 oo n
r? <0,—> N$2€2/xz Zk!(n—k)! z" as z — 0.
r n=0 Lk=0
Hence
o0 n 1
~ 1" Kn—K!"T|{—n-—4—— .
C(z) HZ:;J( ) kzo (n—k) <n , $> asx — 0

Consequently, from the complete asymptotic expansions for I'(0,+1/z), B(x) and C(zx), we find
that a first-order approximation at x = 0 is
B~ T mze V. Ole) mT(d )~ e
3 ) ? T ) 9y T *
Therefore, when x — 0, we get that
3 4
ys(x) ~ % and ya(x) ~ %el/x.
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