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Abstract. Given a basis of solutions to k ordinary linear differential equations `j [y] = 0 (j =
1, 2, . . . k), we show how the classical Green’s function can be used to construct a basis of solutions
to the homogeneous differential equation `[y] = 0, where ` is the composite product ` = `1`2 . . . `k.
The construction of these solutions is elementary and classical. In particular, we consider the
special case when ` = `k1 . Remarkably, in this case, if {y1, y2, . . . , yn} is a basis of `1[y] = 0, then
our method produces a basis of `k1 [y] = 0 for any k ∈ N. We illustrate our results with several
classical differential equations and their special function solutions.

1. Introduction

For a positive integer k, consider the set of k homogeneous linear differential equations

(1.1) `1[y](x) = 0, `2[y](x) = 0, . . . , `k[y](x) = 0 (x ∈ I),

where, for j = 1, 2, . . . k, `j [·] is the differential expression of order nj defined by

(1.2) `j [y](x) := y(nj)(x) + anj−1,j(x)y(nj−1)(x) + . . .+ a1,j(x)y′(x) + a0,j(x)y(x) (x ∈ I).

Here, I := (a, b) is an open interval (bounded or unbounded) of the real line R and, for i =
0, 1, . . . , nj − 1 and j = 1, 2, . . . k, each of the coeffi cients ai,j ∈ Cn1+n2+...+nj−1(I). Let

(1.3) `[y](x) := (`1`2 · · · `k)[y](x) (x ∈ I);

this differential expression `[·] of order n = n1 + n2 + . . . + nk is understood to be the composite
product ` = `1 ◦ `2 ◦ · · · ◦ `k. In this paper, we show how to construct a basis of solutions to the
homogeneous differential equation

(1.4) `[y](x) = 0 (x ∈ I),

when we know a basis Bj = {y1,j , y2,j , . . . , ynj ,j} of each of the factor equations `j [y] = 0. Of
course, if Bj is a basis of solutions of `j [y](x) = 0 for each j = 1, 2, . . . k, it is generally not the case
that B = ∪kj=1Bj is a basis for `[y] = 0. Indeed, even though the functions in Bk are necessarily
solutions of (1.4), in general, elements in B\Bk are not solutions of (1.4) (unless, say, each of
the k equations in (1.2) has constant coeffi cients) since, in general, the composite product of two
differential expressions need not be commutative (see the remark at the end of Example 3.1 below
for an interesting example of two classical commutative, variable coeffi cient differential expressions).
The problem of factoring a differential equation into a product of the form (1.3) has a long

history and it is well known to be, generally, a diffi cult problem in the subject of differential Galois
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groups. We refer the reader to the contributions [3], [4], [5], [9], [10], [11], [12], [13] and [14], and the
references contained therein, for further information on factoring ordinary differential operators.
In this paper, we assume we know a factorization of a homogeneous differential equation `[y] = 0
on I and that we also know a basis of solutions to each of the homogeneous factor equations
`j [y] = 0 on I. We then show by a judicial use of the classic Green’s function associated with
each expression `j [·] that we are able to produce a basis of solutions to `[y] = 0 on I. In fact, the
ubiquitous Green’s function comes to our aid in spectacular fashion to render this basis of (1.4).
This technique is powerful, yet straightforward; we are unaware of our results in the literature and
we feel certain they should be better known and a part of the contents of standard elementary
textbooks on differential equations and linear algebra. Typically, there are various ‘reduction of
order’methods employed to find a basis of solutions to a homogeneous differential equation given a
proper subset of linearly independent solutions; see, for example, the discussion in [15, Section 85].
The methods developed in this paper allow us to obtain new (non-trivial) differential equations for
special functions; in fact, the examples that we consider in this paper employ a considerable use of
special functions in order for us to explicitly find new solutions. These new differential equations
may be used to approximate special functions by using the Frobenius method, Olver’s techniques,
the Liouville-Neumann expansion or any other method based on differential equations.
As an application of our main results, we construct a basis of solutions to the power differential

equation

mk[y](x) = 0 (x ∈ I)

of order kn, where

m[y](x) := y(n) + an−1(x)y(n−1)(x) + . . .+ a1(x)y′(x) + a0(x)y(x),

and where mk[·] is defined iteratively by

m1[y] = m[y], m2[y] = m(m[y]), m3[y] = m[m2[y]], etc.

In this special case, we show that knowing only a basis {y1, y2, . . . , yn} of m[y] = 0 on I, we can
produce a basis of solutions to mk[y] = 0 on I for any positive integer k. In many applications,
in particular the spectral analysis of the square of a classical second-order equation m[y] = 0 (like
Legendre’s or Bessel’s equation, for example), it is important to know properties of each of the
solutions in a basis of m2[y] = 0 in order to prescribe the appropriate boundary conditions to
construct a self-adjoint differential operator generated by m2[·].
The contents of this paper are as follows. In Section 2, we review basic facts of Green’s functions;

we also state and prove our main results in this section. In Section 3, we illustrate our results by
discussing several classical examples. As the reader will see, knowing explicit properties of special
functions quickly become an absolute necessity in order to explicitly represent solutions to the
product of differential equations.

2. Main Results

Suppose that {y1, y2, . . . , yn} is a basis of solutions to an nth-order linear, homogeneous differ-
ential equation of the kind defined in (1.2). Recall the definition of the Green’s function G(x, t)
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associated with `[·]:

(2.1) G(x, t) :=



y1(x)/y1(t) if n = 1∣∣∣∣∣∣∣∣∣∣∣∣∣

y1(t) y2(t) · · · yn(t)
y′1(t) y′2(t) · · · y′n(t)
y′′1(t) y′′2(t) · · · y′′n(t)
...

...
. . .

...

y
(n−2)
1 (t) y

(n−2)
2 (t) · · · y

(n−2)
n (t)

y1(x) y2(x) · · · yn(x)

∣∣∣∣∣∣∣∣∣∣∣∣∣
/W (y1, y2, . . . , yn)(t) if n ≥ 2,

where W (y1, y2, . . . , yn)(t) is the Wronskian determinant defined by

(2.2) W (y1, y2, . . . , yn)(t) :=

∣∣∣∣∣∣∣∣∣∣∣

y1(t) y2(t) · · · yn(t)
y′1(t) y′2(t) · · · y′n(t)
y′′1(t) y′′2(t) · · · y′′n(t)
...

...
. . .

...
y
(n−1)
1 (t) y

(n−1)
2 (t) · · · y

(n−1)
n (t)

∣∣∣∣∣∣∣∣∣∣∣
(t ∈ I).

We recommend the texts in [7] and [15] for further information on the basic theory of differential
equations. One of the principle uses of the Green’s function is that yp(x), defined by

(2.3) yp(x) :=

∫ x

x0

G(x, t)f(t)dt,

where x0 is an arbitrary point in I, provides a particular solution to the non-homogeneous differ-
ential equation

`[y](x) = f(x) (x ∈ I);

that is to say

(2.4) `[yp](x) = f(x) (x ∈ I)

or, using different notation,

(2.5) yp(x) = `−1f(x) =

∫ x

x0

G(x, t)f(t)dt.

The construction of yp, in (2.3), follows from the well-known method of variation of parameters.
We prove the following lemma which will be a special case of our main result below.

Lemma 2.1. Suppose {z1, z2, . . . , zn1} is a basis of solutions to
`1[y](x) = 0 (x ∈ I)

and {y1, y2, . . . , yn2} is a basis of solutions of
`2[y](x) = 0 (x ∈ I),

where `j [·] (j = 1, 2) is the differential expression defined in (1.2) of order nj . Let

`[y] := `1(`2[y])

be the composite product differential expression of order n1+n2 and let G2(x, t) denote the Green’s
function associated with `2[·]. For any fixed x0 ∈ I, define

yn2+j(x) :=

∫ x

x0

G2(x, t)zj(t)dt (j = 1, 2, . . . , n1).
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Then {y1, y2, . . . , yn2 , yn2+1, yn2+2, . . . , yn1+n2} is a basis of solutions to the product differential
equation

`[y](x) = 0 (x ∈ I).

Proof. Since `2[yj ] = 0 for j = 1, 2, . . . , n2, it is clear that

(2.6) `[yj ](x) = `1(`2[yj ])[x] = 0 (j = 1, 2, . . . , n2; x ∈ I);

that is to say, {y1, y2, . . . , yn2} are solutions of `[y] = 0 on I. Furthermore, from (2.3) and (2.4), we
see that

(2.7) `2[yn2+j ](x) = zj(x) (j = 1, 2, . . . , n1; x ∈ I)

so that

(2.8) `[yn2+j ](x) = `1(`2[yn2+j ](x)) = `1[zj ](x) = 0 (j = 1, 2, . . . , n1; x ∈ I)

That is to say, {y1, y2, . . . , yn2 , yn2+1, yn2+2, . . . , yn1+n2} are solutions of `[y] = `1`2[y] = 0 on I. To
see that these solutions are linearly independent, set

α1y1(x) + α2y2(x) + . . .+ αn2yn2(x)(2.9)

+ αn2+1yn2+1(x) + αn2+2yn2+2(x) + . . .+ αn1+n2yn1+n2(x) = 0 (x ∈ I).

Apply `2 to both sides of (2.9); from (2.7) and since `2[yj ] = 0 for j = 1, 2, . . . , n2, we obtain

αn2+1z1(x) + αn2+1z2(x) . . .+ αn1+n2zn1(x) = 0 (x ∈ I).

From the independence of {z1, z2, . . . , zn1}, we see that
αn2+1 = αn2+1 = . . . = αn1+n2 = 0.

This simplifies (2.9) to

α1y1(x) + α2y2(x) + . . .+ αn2yn2(x) = 0 (x ∈ I);

however, the linear independence of {y1, y2, . . . , yn2} now forces
α1 = α2 = . . . = αn2 = 0

and this completes the proof. �
This result generalizes to our main result which we now state and prove.

Theorem 2.1. Consider the k differential equations `j [y] = 0, defined in (1.2), of orders nj for
j = 1, 2, . . . k. Let

Bj = {z(j)1 , z
(j)
2 , . . . , z(j)nj } (j = 1, 2, . . . k)

be a basis of solutions for `j [y] = 0 on I. Fix x0 ∈ I and let Gj(x, t) be the Green’s function for
`j [·] (as defined in (2.1)) so that

`−1j [y](x) :=

∫ x

x0

Gj(x, t)y(t)dt (j = 1, 2, . . . k).

Consider the set of n1 + n2 + . . .+ nk functions

B = {y1, y2, . . . , ynk , ynk+1, ynk+2, . . . , ynk+nk−1 , . . . , ynk+nk−1+...+n2+1, . . . , ynk+nk−1+...+n1}
defined by

yj(x) := z
(k)
j (x) (j = 1, 2, . . . , nk),

ynk+j(x) := `−1k [z
(k−1)
j ](x) (j = 1, 2, . . . , nk−1),

ynk+nk−1+j(x) := `−1k `−1k−1[z
(k−2)
j ](x) (j = 1, 2, . . . , nk−2),
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...
ynk+nk−1+...+n2+j(x) := `−1k `−1k−1 . . . `

−1
2 [z

(1)
j ](x) (j = 1, 2, . . . , n1).

Then B is a basis of solutions to the composite product differential equation

`[y](x) = (`1`2 . . . `k)[y](x) = 0 (x ∈ I).

Proof. Since `k[yj ] = `k[z
(k)
j ] = 0, it is clear that `[yj ] = (`1`2 · · · `k)[yj ](x) = 0 for j = 1, 2, . . . nk.

Similarly,
(`k−1`k)[ynk+j ] = `k−1`k`

−1
k [z

(k−1)
j ] = `k−1[z

(k−1)
j ] = 0

and hence `[ynk+j ] = 0 for j = 1, 2, . . . , nk−1. Continuing in this fashion, we can see that each
function in B is a solution of `[y] = 0. We prove that these functions in B are linearly independent
by induction on k. Clearly, if k = 1, there is nothing to prove. The proof of k = 2 is given in Lemma
2.1. Let us assume linear independence in the case of any positive integer m < k. For x ∈ I, set

0 = α1y1(x) + . . .+ αnkynk(x) + . . .+ αnk+nk−1+...+n2ynk+nk−1+...+n2(x)(2.10)

+ αnk+nk−1+...+n2+1ynk+nk−1+...+n2+1(x) + . . .+ αnk+nk−1+...+n1ynk+nk−1+...+n1(x).

Apply `2`3 · · · `k to both sides of this equation to obtain

αnk+nk−1+...+n2+1z
(1)
nk+nk−1+...+n2+1

(x) + αnk+nk−1+...+n2+2z
(1)
nk+nk−1+...+n2+2

(x)

+ . . .+ αnk+nk−1+...+n2+n1z
(1)
nk+nk−1+...+n2+n1(x) = 0 (x ∈ I).

Since {z(1)nk+nk−1+...+n2+1, z
(1)
nk+nk−1+...+n2+2

, . . . , z
(1)
nk+nk−1+...+n2+n1} is linearly independent, we see

that
αnk+nk−1+...+n2+1 = αnk+nk−1+...+n2+2 = . . . = αnk+nk−1+...+n1 = 0.

Consequently, (2.10) reduces to

0 = α1y1(x) + . . .+ αnkynk(x) + . . .

+ αnk+nk−1+...+n3+1ynk+nk−1+...+n3+1 + . . .+ αnk+nk−1+...+n2ynk+nk−1+...+n2(x)

and from our induction hypothesis, with m = k − 1, we see that α1 = . . . = αnk = . . . =
αnk+nk−1+...+n2 = 0, completing the proof of the theorem. �
The following result, in the special case that `1 = `2 = . . . = `k := `, is immediate. In this special

case, our ‘Green’s function method’generates a basis of solutions to the power equation `k[y] = 0
on I given, quite remarkably, only a basis of `[y] = 0.

Corollary 2.1. Let {y1, y2, . . . , yn} be a basis of solutions to the homogeneous differential equation
`[y](x) = 0 (x ∈ I),

where `[·] is a differential expression of order n of the form given in (1.2). Let k ∈ N and fix x0 ∈ I.
Define the kn functions y1, y2, . . . , ykn by

(2.11) yn+j(x) :=

∫ x

x0

G(x, t)yj(t)dt (j = 1, 2, . . . , n),

(2.12) y2n+j(x) :=

∫ x

x0

G(x, t)yn+j(t)dt (j = 1, 2, . . . , n),

...
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(2.13) y(k−2)n+j(x) :=

∫ x

x0

G(x, t)y(k−3)n+j(t)dt (j = 1, 2, . . . , n),

(2.14) y(k−1)n+j(x) :=

∫ x

x0

G(x, t)y(k−2)n+j(t)dt (j = 1, 2, . . . , n).

Then {y1, y2, . . . , ykn} is a basis of solutions to
`k[y](x) = 0 (x ∈ I).

Remark 2.1. In order for the results in Lemma 2.1, Theorem 2.1, and Corollary 2.1 to be valid,
it is important that the coeffi cient of the highest derivative in each differential equation is one. If
this is not the case, then the denominator of the corresponding G(x, t) must be modified slightly to
include this leading coeffi cient. More specifically, if G(x, t) is the Green’s function associated with

m[y](x) := an(x)y(n)(x) + an−1(x)y(n−1)(x) + . . .+ a0(x)y(x),

then a particular solution to m[y](x) = f(x) is

yp(x) =

∫ x

x0

G(x, t)

an(t)
f(t)dt.

3. Examples

Example 3.1. In the recent paper [6], the authors discuss the fourth-order differential equation

`[y](x) = y(4)(x) +
2

x
y′′′(x)− 9

x2
y′′(x) +

9

x2
y′(x)− λ4y(x) = 0 (x ∈ (0,∞));

this equation is a limiting form of the fourth-order Bessel type differential equation studied by the
authors in [6] and other papers cited therein. They prove that a basis of solutions of this equation is
given by {J2(λx), Y2(λx), I2(λx),K2(λx)}, where J2(λx) and Y2(λx) are, respectively, the classical
Bessel functions of the first and second kind and where I2(λx) and K2(λx) are, respectively, the
modified Bessel functions of the first and second kind; see [1, Chapter 9] for properties of these
Bessel and modified Bessel functions. We can establish this result by different means, specifically
by using Lemma 2.1. Indeed, we first note that

`[y](x) = (`1 ◦ `2)[y](x),

where

`1[y](x) = y′′(x) +
1

x
y′(x)−

(
4

x2
+ λ2

)
y(x) (x ∈ (0,∞)),

and

`2[y](x) = y′′ +
1

x
y′(x) +

(
λ2 − 4

x2

)
y(x) (x ∈ (0,∞)).

A basis of solutions of `1[y](x) = 0 on (0,∞) is {I2(λx),K2(λx)} while a basis of solutions to
`2[y](x) = 0 on (0,∞) is {J2(λx), Y2(λx)}. Furthermore, since the Wronskian associated with
{J2(λx), Y2(λx)} is W (J2(λx), Y2(λx)) = 2/(λπx), we see that we can take the Green’s function
associated with `2[·] to be

G2(x, t) = t[J2(λx)Y2(λt)− J2(λt)Y2(λx)].

Consequently, by Lemma 2.1, we see that two additional linearly independent solutions to `[y](x) = 0
on (0,∞) are

y3(x) =

∫ x

x0

t[J2(λx)Y2(λt)− J2(λt)Y2(λx)]I2(λt)dt,
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and

y4(x) =

∫ x

x0

t[J2(λx)Y2(λt)− J2(λt)Y2(λx)]K2(λt)dt;

here x0 > 0 is fixed and x > 0. For y3(x), we can take x0 = 0; in this case, we find (for example,
from Mathematica) that∫ x

0
tY2(λt)I2(λt)dt =

1

πλ2
+

x

2λ
[Y2(λx)I3(λx) + Y3(λx)I2(λx)],

and ∫ x

0
tJ2(λt)I2(λt)dt =

x

2λ
[J2(λx)I3(λx) + J3(λx)I2(λx)].

From these two integrals, we find that

y3(x) =
1

πλ2
J2(λx) +

x

2λ
I2(λx)[J2(λx)Y3(λx)− J3(λx)Y2(λx)]

=
1

πλ2
J2(λx)− 1

πλ2
I2(λx),(3.1)

where we have used the fact (see [1, Chapter 9, 9.1.16]) that

(3.2) J2(λx)Y3(λx)− J3(λx)Y2(λx) = −W (J2(λx), Y2(λx)) = − 2

λπx
.

Moreover, since J2(λx) is already a solution of `[y] = 0 on (0,∞), we can take a third linearly
independent solution of this equation to be

ỹ3(x) = I2(λx).

A similar analysis shows that, for x0 > 0,∫ x

x0

tY2(λt)K2(λt)dt =
x

2λ
[K2(λx)Y3(λx)−K3(λx)Y2(λx)] + C1

and ∫ x

x0

tJ2(λt)K2(λt)dt =
x

2λ
[K2(λx)J3(λx)−K3(λx)J2(λx)]− C2,

where C1 and C2 are arbitrary constants. Therefore, from (3.2), we obtain

y4(x) = C1J2(λx) + C2Y2(λx) +
xK2(λx)

2λ
[J2(λx)Y3(λx)− J3(λx)Y2(λx)]

= C1J2(λx) + C2Y2(λx)− K2(λx)

πλ2
.

Consequently, it follows that we can take

ỹ4(x) = K2(λx)

as a fourth linearly independent solution to `[y] = 0 on (0,∞).

Remark We note that the easiest way to see that {J2(λx), Y2(λx), I2(λx),K2(λx)} forms a basis of
`[y] = 0 on (0,∞) is to simply observe that the two factors `1[·] and `2[·] commute; that is to say,
`[y](x) = (`1 ◦ `2)[y](x) = (`2 ◦ `1)[y](x) for suffi ciently smooth functions y(x) on (0,∞).
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Example 3.2. Take `1[·] to be the classical Bessel equation

`1[y](x) = y′′(x) +
1

x
y′(x) +

(
1− ν2

x2

)
y(x) = 0 (x ∈ (0,∞)),

where ν ≥ 0, and let

`2[y](x) = y′(x) +
ν + 1

x
y(x) = 0 (x ∈ (0,∞)).

Then

`[y](x) = (`1`2)[y](x)

= y′′′(x) +
ν + 2

x
y′′(x) +

(
1− ν2 + ν + 1

x2

)
y′(x) +

ν + 1

x

(
1 +

1− ν2
x2

)
y(x) (x ∈ (0,∞)).

Using the notation from Lemma 2.1, we see that

z
(1)
1 (x) = Jν(x), z

(1)
2 (x) = Yν(x), and z(2)1 (x) =

1

xν+1
.

Since the Green’s function associated with `2[·] is given by G2(x, t) = tν+1/xv+1, we see that two
other solutions of `[y] = 0 on (0,∞) are

y2(x) =
1

xν+1

∫ x

0
tν+1Jν(t)dt = Jν+1(x),

y3(x) =
1

xν+1

∫ x

0
tν+1Yν(t)dt = Yν+1(x) +

c

xν+1
,

where c is a constant. Consequently, a basis of solutions of `[y] = 0 on (0,∞) is{
1

xν+1
, Jν+1(x), Yν+1(x)

}
.

This third order differential equation `[y] = 0 is a new non-trivial equation for the Bessel functions
of the first and the second kind. We now reverse the order of the factors `1[·] and `2[·] and consider
m[y](x) = (`2`1)[y](x)

= y′′′(x) +
ν + 2

x
y′′(x) +

(
1 +

ν − ν2
x

)
y′(x) +

(
ν + 1

x
+
ν2 − ν3
x3

)
y(x) (x ∈ (0,∞)).

Using the fact that Green’s function for the Bessel expression `1[·] is a nonzero multiple of
(3.3) G1(x, t) = t[Jν(t)Yν(x)− Jν(x)Yν(t)],

we see that a basis of solutions of m[y] = 0 on (0,∞) is given by {Jν(x), Yν(x), z3(x)}, where

z3(x) = Yν(x)

∫ x

x0

t−νJν(t)dt− Jν(x)

∫ x

x0

t−νYν(t)dt,

here, for convergence reasons, we must have x0 > 0.

Example 3.3. Consider the classical second-order Airy differential equation, given by

`1[y](x) = y′′(x)− xy(x) = 0 (x ∈ (0,∞)),

and the first order differential equation

`2[y](x) = y′(x) +
1

x
y(x) = 0 (x ∈ (0,∞))
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so that

`[y](x) = (`1`2)[y](x) = y′′′(x) +
1

x
y′′(x)−

(
2

x2
+ x

)
y′(x) +

(
2

x3
− 1

)
y(x) (x ∈ (0,∞)).

A non-trivial solution of `2[y] = 0 is z(2)1 (x) = 1/x while a basis of solutions to `1[y] = 0 is
{Ai(x), Bi(x)}, where Ai(x) and Bi(x) are, respectively, the Airy functions of the first and second
kind; see [1, Chapter 9] for properties of these Airy functions. In this case, the Green’s function
associated with `2[·] is a non-constant multiple of

G2(x, t) =
t

x
.

From Lemma 2.1 or Theorem 2.1, two solutions of `[y](x) = 0 are given by

y2(x) =
1

x

∫ x

0
tAi(t)dt =

Ai′(x) + c1
x

,

and

y3(x) =
1

x

∫ x

0
tBi(t)dt =

Bi′(x) + c2
x

,

and, consequently, we can take a basis of `[y] = 0 on (0,∞) to be{
1

x
,
Ai′(x)

x
,
Bi′(x)

x

}
.

The equation `[y] = 0 on (0,∞) is a new third-order differential equation for the special functions
Ai′(x)/x and Bi′(x)/x.

Example 3.4. Let `1[y] = y(n) and let `2[y] = 0 be an mth order differential equation on the
interval I with basis of solutions {y1, y2, . . . , ym} and associated Green’s function G2(x, t). Define
`[·] to be the differential expression of order n+m by `[y] := (`1`2)[y] on I. Then a basis of solutions
to `[y] = 0 on I is {y1, y2, . . . ym, ym+1, . . . yn+m}, where

ym+j(x) :=

∫ x

x0

G2(x, t)t
j−1dt (j = 1, 2, . . . , n).

On the other hand, let m[y] = (`2`1)[y]; since the Green’s function for `1[·] is a non-zero constant
multiple of

G1(x, t) =
1

(n− 1)!
(x− t)n−1,

we see that a basis of solutions of m[y] = 0 on I is {1, x, . . . , xn−1, Y1(x), Y2(x), . . . , Ym(x)}, where

Yj(x) :=
1

(n− 1)!

∫ x

x0

(x− t)n−1yj(t)dt (j = 1, 2, . . . ,m).

Of course, it is well known that Yj(x) is the n-fold integral of yj(x); that is to say,

Yj(x) =

∫ x

x0

∫ un−1

x0

∫ un−2

x0

· · ·
∫ u1

x0

yj(t)dtdu1du2 . . . dun−1.

For a specific example, a basis of solutions of the nthderivative of Airy’s equation

`[y](x) = (y′′(x)− xy(x))(n) (x ∈ R)



10 LANCE L. LITTLEJOHN AND JOSÉ L. LÓPEZ

is {Ai(x), Bi(x), y3(x), y4(x), . . . , yn+2(x)} where, for k = 1, 2, . . . , n,

yk+2(x) = Bi(x)

∫ x

0
tk−1Ai(t)dt−Ai(x)

∫ x

0
tk−1Bi(t)dt

= xk
{

1

kΓ(2/3)

[
Bi(x)

32/3
− Ai(x)

31/6

]
1F2

(
k

3
;
2

3
,
k + 3

3
;
x3

9

)
−

x

(k + 1)Γ(1/3)

[
Bi(x)

31/3
+ 31/6Ai(x)

]
1F2

(
k + 1

3
;
4

3
,
k + 4

3
;
x3

9

)}
.

Here, we have used the fact that Green’s function G2(x, t) for Airy’s equation can be taken to be

G2(x, t) = Ai(t)Bi(x)−Ai(x)Bi(t).

Example 3.5. In this example, we find a basis for solutions to `2[y] = 0 on (0,∞), where `[·] is
the second-order Bessel expression given by

`[y](x) = y′′(x) +
1

x
y′(x) +

(
1− ν2

x2

)
y(x) (x ∈ (0,∞)).

The square of the Bessel equation has been considered at length in the literature because of its
importance in spectral theory; for example, see [8]. With basis {y1(x) = Jν(x), y2(x) = Yν(x)} of
`[y] = 0 on (0,∞), we see from Lemma 2.1 and (3.3) that a basis of solutions to `2[y] = 0 on
(0,∞), where

`2[y](x) = y(4)(x) +
2

x
y′′′(x) +

(
2−

(
2ν2 + 1

x2

))
y′′(x) +

(
2

x
+

(
2ν2 + 1

x3

))
y′(x)

+

((
1− ν2

x2

)2
− 4ν2

x4

)
y(x),

is given by {y1, y2, y3, y4}, where

y3(x) =

∫ x

0
t[Jν(t)Yν(x)− Jν(x)Yν(t)]Jν(t)dt

= Aν(x)Yν(x)−Bν(x)Jν(x),

y4(x) =

∫ x

0
t[Jν(t)Yν(x)− Jν(x)Yν(t)]Yν(t)dt

= Bν(x)Yν(x)− Cν(x)Jν(x),

and where

Aν(x) :=

∫ x

0
tJ2ν (t)dt =

x2

2
[J2ν (x)− Jν−1(x)Jν+1(x)],

Bν(x) :=

∫ x

0
tJν(t)Yν(t)dt

=
ν

π

[
1F2(−1/2; ν,−ν;−x2)− 1

]
+

x2ν+2Γ(−ν − 1)

2
√
πΓ(1/2− ν)(2ν)!

1F2(ν + 1/2; ν + 2, 2ν + 1;−x2),

Cν(x) :=

∫ x

0
tY 2ν (t)dt =

x2

2
[Y 2ν (x)− Yν−1(x)Yν+1(x)].

If ν ∈ N or ν = 0, the expression for Bν(x) must be interpreted by taking appropriate limits.
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Example 3.6. The classical second-order Legendre differential equation is defined by

`[y](x) = y′′(x)− 2x

1− x2 y
′(x) +

n(n+ 1)

1− x2 y(x) = 0 (x ∈ (−1, 1)).

Two linearly independent solutions of `[y] = 0 are given by

y1(x) = Pn(x) and y2(x) = Qn(x),

where Pn(x) is the Legendre polynomial of degree n and Qn(x) is the Legendre function of the second
kind. The Green’s function associated with `[·] in this case can be taken to be

G(x, t) = (1− t2)[Pn(t)Qn(x)− Pn(x)Qn(t)].

Then, an additional two linearly independent solutions of `2[y] = 0, where

`2[y](x) = y(4)(x)− 4x

1− x2 y
′′′(x) +

(
(−2n2 − 2n)x2 + (2n2 + 2n− 4)

(1− x2)2

)
y′′(x)

− 8x

(1− x2)3 y
′(x) +

(
n(n+ 1)(n2 + n+ 2)− (n− 1)(n+ 2)x

(1− x2)3

)
y(x) (x ∈ (−1, 1)),

are

y3(x) =

∫ x

0
(1− t2)[Pn(t)Qn(x)− Pn(x)Qn(t)]Pn(t)dt = A(x)Qn(x)−B(x)Pn(x),

and

y4(x) =

∫ x

0
(1− t2)[Pn(t)Qn(x)− Pn(x)Qn(t)]Qn(t)dt = B(x)Qn(x)− C(x)Pn(x),

where

A(x) :=

∫ x

0
(1− t2)P 2n(t)dt,

B(x) :=

∫ x

0
(1− t2)Pn(t)Qn(t)dt,

and

C(x) :=

∫ x

0
(1− t2)Q2n(t)dt.

In the particular case of n = 0, two solutions of `2[y] = 0 on (−1, 1) are given by

y1(x) = 1 = P0(x) and y2(x) =
1

2
ln

(
1 + x

1− x

)
= Q0(x).

In this special case, the Green function is

G(x, t) =
1

2
(1− t2)

[
ln

(
1 + x

1− x

)
− ln

(
1 + t

1− t

)]
.

Two additional linearly independent solutions of `2[y] = 0 on (−1, 1) are given by

y3(x) =

∫ x

0
G(x, t)y1(t)dt =

∫ x

0
(1− t2)

[
1

2
ln

(
1 + x

1− x

)
− 1

2
ln

(
1 + t

1− t

)]
dt

=
x2

6
− ln(1− x2)

3
,

and

y4(x) =

∫ x

0
G(x, t)y2(t)dt =

1

4

∫ x

0
(1− t2)

[
ln

(
1 + x

1− x

)
− ln

(
1 + t

1− t

)]
ln

(
1 + t

1− t

)
dt;
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after some simplifications, we see that we can take

y4(x) = 4x+ x2 ln

(
1 + x

1− x

)
+ 4Li2

(
1− x

2

)
− 4Li2

(
1 + x

2

)
where Li2(·) is the dilogarithm (polylogarithm) function, defined by

Li2(x) = −
∫ x

0

ln(1− t)
t

dt =
∞∑
n=1

xn

n2
(x ∈ (−1, 1)).

For a good reference on the dilogarithm function, see [2, Chapter 2.6].

Example 3.7. Consider the second-order differential equation

`[y] = x2y′′ + (1 + x)y′(x) = 0 (x ∈ (0,∞)).

Whereas all of our previous examples deal with either regular or regular singular endpoints, this
equation has an irregular singular point at x = 0. This equation is obtained by transforming a
special case of the confluent hypergeometric equation

xy′′(x) + (1− x)y′(x) = 0

through the transformation x→ 1/x. Two independent solutions of `[y] = 0 on (0,∞) are given by

y1(x) = 1 and y2(x) = Γ

(
0,−1

x

)
,

where Γ(·, ·) is the incomplete upper gamma function defined by

Γ(s, x) :=

∫ ∞
x

ts−1e−tdt;

see [1, Chapter 6]. The Green’s function associated with `[·] is given by

G(x, t) = te−1/t
[
Γ

(
0,−1

x

)
− Γ

(
0,−1

t

)]
.

From Corollary 2.1, two additional linearly independent solutions of `2[y] = 0 on (0,∞) are:

y3(x) =

∫ x

te−1/t
[
Γ

(
0,−1

x

)
− Γ

(
0,−1

t

)]
dt

=
1

2

[
x(x− 1)e−1/x + Γ

(
0,

1

x

)]
Γ

(
0,−1

x

)
−B(x),

and

y4(x) =

∫ x

te−1/t
[
Γ

(
0,−1

x

)
− Γ

(
0,−1

t

)]
Γ

(
0,−1

t

)
dt = B(x)Γ

(
0,−1

x

)
− C(x)

where

B(x) :=

∫ x

te−1/tΓ

(
0,−1

t

)
dt,

and

C(x) :=

∫ x

te−1/tΓ2
(

0,−1

t

)
dt.

The asympotics of y2 are well known and can be found in [1, Section 6.5.32]; in fact,

y2(x) = Γ

(
0,−1

x

)
∼ −xe1/x

∞∑
n=0

n!xn as x→ 0.
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Lastly, we briefly describe the asymptotic behavior of y3 and y4 near x = 0. Since

B′(x) = xe−1/xΓ(0,−1/x),

we see that

B(x) ∼ −
∞∑
n=0

n!

n+ 3
xn+3 as x→ 0.

Moreover,

Γ2
(

0,−1

x

)
∼ x2e2/x

∞∑
n=0

[
n∑
k=0

k!(n− k)!

]
xn as x→ 0.

Hence

C(x) ∼
∞∑
n=0

(−1)n

[
n∑
k=0

k!(n− k)!

]
Γ

(
−n− 4,−1

x

)
as x→ 0.

Consequently, from the complete asymptotic expansions for Γ(0,±1/x), B(x) and C(x), we find
that a first-order approximation at x = 0 is

B(x) ∼ −x
3

3
, Γ(0,

1

x
) ∼ xe−1/x, C(x) ∼ Γ(−4,−1

x
) ∼ −x5e1/x.

Therefore, when x→ 0, we get that

y3(x) ∼ x3

3
and y4(x) ∼ x4

3
e1/x.
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