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ABSTRACT. In the past several years, there has been considerable progress made on a general left-
definite theory associated with a self-adjoint operator A that is bounded below in a Hilbert space
H; the term ‘left-definite’ has its origins in differential equations but Littlejohn and Wellman [25]
generalized the main ideas to a general abstract setting. In particular, it is known that such an
operator A generates a continuum {H,},>o of Hilbert spaces and a continuum of {A,},~o of self-
adjoint operators. In this paper, we review the main theoretical results in [25]; moreover, we apply
these results to several specific examples, including the classical orthogonal polynomials of Laguerre,
Hermite, and Jacobi.

1. INTRODUCTION

In this paper, we bring together several recent results, and examples, concerning the theory of
self-adjoint operators that are bounded below in a Hilbert space. The mathematical literature has
numerous examples of self-adjoint differential operators that are bounded below in a Hilbert space
that generate a ‘left-definite’ study; a specific explanation of this terminology is given below in Section
2. The origins of left-definite theory (the ideas can be traced to fundamental work of Hermann Weyl
[41] on his landmark study of second-order differential equations) and the term left-definite (actually,
the German Links-definit) first appeared in the literature in 1965 in a paper by Schifke and Schneider
[35]. Over the past forty years, there has been a resurgence in this study by several authors. In fact,
there are other interpretations of ‘left-definite’ in the literature; we refer to the paper [18] and the
references cited therein for another viewpoint on ‘left-definite’ problems.

A general left-definite theory for arbitrary self-adjoint operators A that are bounded below in a
Hilbert space was developed by Littlejohn and Wellman in [25]; we refer the reader to this contribution
for a detailed list of references. Since the publication of [25] in 2002, there have been several papers
written on the applications of this theory to specific operators studied in mathematical physics and
functional analysis. In particular, this theory can be applied to the second-order differential equations
of Laguerre, Hermite, and Jacobi which have classical orthogonal polynomial solutions. Furthermore,
as a consequence of this general theory, there are new applications to combinatorics as well as new
information on various powers of A.
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The contents of this paper are as follows. In Section 2, we motivate this left-definite theory from
the original viewpoint of differential equations. In Section 3, we review the main results appearing
in [25]. Lastly, in Section 4, we consider several examples to illustrate this theory.

The main aim of this paper is to ‘draw’ further mathematicians into the subject of left-definite
theory. Indeed, there are numerous self-adjoint ordinary, partial and difference equations for which
this theory may be applied. As the reader will see in this paper, considerable more information can
be derived about the original self-adjoint operator by considering the associated left-definite theory.

2. LEFT-DEFINITE THEORY FROM THE VIEWPOINT OF DIFFERENTIAL EQUATIONS

As mentioned in the Introduction, the left-definite theory has its origins in differential equations;
we now discuss this connection in more detail. For the sake of clarity and simplicity, we consider
differential expressions that have smooth coefficients but note that more general expressions can be
considered. We will also limit our discussion to motivating first left-definite spaces and first left-
definite operators; indeed, until the paper [25] appeared, there was no mention of other left-definite
spaces or operators in the literature.

Let £[-] be the differential expression

1 < : ; )
3 S (1) (aj(g;)yo)(x)) (zel),

J=0

(2.1) Clyl(z) =

where

(i) I = (a,b) is an interval of the real line R,
(2.2) (ii) each a;j : I — R is a non-negative, j-times continuously differentiable function,
(iii) w : I — R is a positive, continuous function,
(iv) ag(x) > kw(z) for all x € I, where k is some fixed, positive constant.

Notation-wise, we say that ¢[-] is Lagrangian symmetrizable with symmetry factor w; see the papers
[23], [24] and, most recently, [13] for further information on Lagrangian symmetrizability, Lagrangian
symmetry, and symmetry factors.

Central to the Glazman-Krein-Naimark theory, differential operators generated by the Lagrangian
symmetrizable expression £[-] are studied in the weighted Hilbert space L?(I;w), where

b
L*(I;w) = {f : I — C |f is Lebesgue measurable and / |f(2) ] w(z)de < oo},

with inner product

(2.3) (f, 9w = / f@g@pw(@)de (f,g € LA(Tw)).
The maximal operator £ , generated by £[-], in L2(I;w) is defined to be
Lf=1Lf]
feD,

where the dense set D is the so-called maximal domain defined by

D:={f:I—C|ff,....f® Ve AC.(I), f,l[f] € L*(I;w)}.
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The adjoint operator Ly := L*, called the minimal operator, is a closed symmetric operator in
L?(I;w). Furthermore, since the expression £[-] has real coefficients, the deficiency indices of Lg are
equal; this guarantees the existence of self-adjoint extensions A of Lo in L2(I;w). If A is such a
self-adjoint extension with domain D(A), then it is the case that D(A) C D and Af = ([f] for each

f€DA).
In the setting L2(I;w), there are two classic identities that play an important role in the construc-
tion and study of differential operators generated by ¢[-]. The first such identity is Green’s formula,

given by

d
(2.4) /amw m—/f yu(z)dz + [f,g)(d) - [f.gl(c) (f.g € D):

here [c, d] is any compact subinterval of I = (a,b) and [-, -] is the associated skew-symmetric sesquilin-
ear (symplectic) form obtained through integration by parts. From the definition of D, it follows
that, in (2.4), we may take d — b~ and ¢ — a; in this limit case, Green’s formula yields

(2.5) (ULf), 9w = (f,LlgDw + [£, 91(0) = [f, g)(a),

where (-, ), is the inner product defined in (2.3). The second, classic identity - crucial to the study
of left-definite theory - is Dirichlet’s identity, given by

d
(2.6) / ([f1(@)g(z)w(z)de = Z/ aj(@) f9 (2)g" (x)dz + { . g}(d) = {f.9}(c) (f.g € D);

here, the form {-,-} is ‘half’ of the sesquilinear form [-,-]. One stark difference between Green’s
formula and Dirichlet’s formula is that, in general, we are not guaranteed finiteness, individually, of
any of the three terms

Z/% Dadz, 11,90, {£.9}(d.

on the right-hand side of (2.6) as d — b~ or as ¢ — a™.
Let D’ be a subspace of D in L?(I;w). The expression £[] is

(i) strong limit-point at © = a in D’ (respectively, x = b in D') if lim,_,,+{f,g}(z) =0
(respectively, lim,_,,—{f,g}(x) = 0) for all f,g € D’;

(ii) Dirichlet at x = a (respectively, at z = b) in D if Z] 0 fxo aj(z ‘f J ‘2 dx exists and is

finite for some zg € (a,b) (respectively, > j:O f% a;(z) | £ } dz exists and is finite for
some z( € (a,b)) for all f € D'.
We note that if ¢[-] is Dirichlet at both = a and = b in D', then

[ s 190
;Lxﬂwuw

exists and is finite for all f € D’.
We are now in position to motivate the origins of left-definite theory from the viewpoint of differen-
tial equations. Suppose A is a self-adjoint operator with (dense) domain D(A) in L?(I;w) generated
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by the differential expression £[-] defined in (2.1). In addition, suppose that £[-] is strong limit-point
and Dirichlet at both x = @ and z = b in D(A). We then see, from (2.6), by letting ¢ — a™ and
d — b~ that

b
(.90 = [ @ dw—Z / 0;(2) [ (@)gP(@)dz (f.g € D(A)).

Moreover, from the coefficient conditions in (2.2) we see that

(Af. f)u w—Z / )@ @z [ w@ i@

2k [ 1@ wle)de = kS w20 (7 €D(A),
In particular, we see that the bilinear form (+,-); : D(A) x D(A) — C defined by
(fug)l = (Af7g)w (f,gED(A))

is an inner product; we call (-,-); the first left-definite inner product associated with the pair
(L?(I;w), A). To be correct, the adjective ‘first’ is not mentioned in the earlier literature on left-
definite theory. As we shall see in the following sections, there is a continuum of left-definite inner
products (-, ), (r > 0) associated with (L?(I;w), A).

Endow D(A) with the inner product (-,-); and let

Hl :Mv

where the closure is with respect to the topology induced from the inner product (-,-);. The Hilbert
space (Hy, (-,-)1) is called the (first) left-definite space associated with the pair (L?(I;w), A). For f
€ D(A) C Hy, it is generally the case that Af ¢ Hj; that is to say, the operator A is not a linear
operator ¢n Hp. A natural question to ask is whether there is a self-adjoint operator in H; that is
generated by the differential expression ¢[-]. We show in the upcoming sections that, in fact, there is
a unique self-adjoint operator A; in H; that is a restriction of the operator A; this operator A; is
called the (first) left-definite operator associated with (L?(I;w), A).

Before proceeding to the next section, we make one final remark that explains the terminology
‘left-definite’. Our use of the notation, and the companion terminology ‘right-definite’ has a very
simple explanation. Indeed, the spectral equation £[y] = Ay, where £[-] is defined in (2.1), can be
rewritten as

N IR
(2.7) > (1) (aj@ V(@) = Aw(@)y(z) (@€ D).

§=0
Since the (first) left-definite inner product is generated by the left hand side of this spectral equation,
the terminology ‘left-definite’ seems rather natural; similarly, since the weight w(x) appears on the
right hand side of (2.7), it is natural to call the classical L?(I;w) setting the ‘right-definite’ setting.

3. DEFINITIONS AND MAIN RESULTS

Let V' be a vector space (over the complex field C) with inner product (-,-) and associated norm
||I-]| ; the resulting inner product space is denoted by (V/ (+,-)). Suppose V;. (the subscript will be made
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clear shortly) is a subspace of V' and let (-,-), be an inner product (quite possibly different from
(+,+)) on V.. We begin with the following definition.

Definition 3.1. Let H = (V, (-,-)) be a Hilbert space. Suppose A :D(A) C H — H s a self-adjoint
operator that is bounded below by a positive number k; i.e.

(Az,x) > k(z,z) (x € D(A)).

Let Hy = (V1,(-,-)1), where Vi is a subspace of V and (-,-); is an inner product on Vi. Then Hy
is said to be a left-definite (Hilbert) space associated with the pair (H,A) if each of the following
conditions hold:

(1) Hy is a Hilbert space,

(2) D(A) is a subspace of Vi,

(3) D(A) is dense in Hq,

4) (z,z); > k(z,z) (zel), and

(5) (@,9); = (Az,y) (z € D(A), y € V).

If A is a self-adjoint operator in H that is bounded below by a positive number k then, from the

Hilbert space spectral theorem (see [34]), we see that A" is a self-adjoint operator bounded below by
k"I for each r > 0. Consequently, we can generalize Definition 3.1.

Definition 3.2. Let H = (V,(+,-)) be a Hilbert space. Suppose A:D(A) C H — H is a self-adjoint
operator that is bounded below by a positive number k; i.e.

(Az,z) > k(z,z) (x € D(A)).

Let r > 0. If there exists a subspace V, of V and an inner product (-,-), on V, such that H,
(Vy, (-,-)r) is a left-definite space associated with the pair (H,A"), we call H. an v left-definite
space associated with the pair (H, A). Specifically, H, is an v left-definite space associated with the
pair (H, A) if each of the following conditions hold:

(1) H, is a Hilbert space,

) D(A") is a subspace of V,,

) D(A") is dense in H,,

) (z,2), > k" (z,2) (x€V,;), and

) (,9), = (A"z,y) (x€DA"), y V).

Given an arbitrary self-adjoint operator A that is bounded below by a positive constant, it is not
clear that, for r > 0, a left-definite space H, exists for the pair (H, A). However, as we see in the
statement of Theorem 3.1 below, such a space not only exists but it is unique.

In the case of A being generated by a Lagrangian symmetric expression £[-] (as in (2.1)), part (5) of
the above definition shows that it is essential to know explicit powers of ¢[-] in order to determine the
rth left-definite inner product (-,-),; furthermore, these powers must be known in their Lagrangian
symmetric form. To this end, we refer the reader to the recent contribution [13] where, in particular,
it is shown that if ¢[] is Lagrangian symmetrizable with symmetry factor w, then each integral power
"] (n € N) is also Lagrangian symmetrizable with symmetry factor w. Determining these powers
turns out to be a difficult, but interesting, combinatorial problem; we consider several examples in
Section 4 below. It is also important to note that, in many of our examples of self-adjoint operators
generated from Lagrangian symmetric differential expressions ¢[], it will not be possible to explicitly
determine the 7" left-definite space H, when r is non-integral. Indeed, when r is not a positive
integer, it is difficult to get meaningful information about the expression ¢"[-].

(2
(3
(4
(®
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Theorem 3.1. Suppose A is a self-adjoint operator in the Hilbert space H = (V, (-,-)) that is bounded
below by kI, where k > 0. Let r > 0. Define H, = (V, (-,-)r) by

(3.1) V., =D(A"/?),
and
(3.2) (,y)r = (A" 22, A 2y)  (z,y € V;).

Then H, is an v left-definite space associated with the pair (H, A) in the sense of Definition 3.2.
Moreover, suppose H, = (Vi (+,-),) and H. = (V!,(-,-)!) are rt" left-definite spaces associated with
the pair (H, A). Then V. = V! and (z,y), = (x,y). for allz,y € V;, = V/; i.e. H, = H]. Consequently
H, = (Vy,(+,")r), as defined in (3.1) and (3.2), is the unique r*"* left-definite Hilbert space associated
with (H, A).

Proof. see [25, Theorem 1]. O
We are now in position to define a left-definite operator associated with A.

Definition 3.3. Let H = (V,(+,-)) be a Hilbert space. Suppose A : D(A) C H — H is a self-adjoint
operator that is bounded below by a positive number k. Let r > 0 and let H, be the r*" left-definite
space associated with (H, A). If there exists a self-adjoint operator A, : H, — H, that is a restriction
of A; that is to say,

(3.3) Arx = Az
x € D(A,) C D(A),

we call such an operator an r** left-definite operator associated with (H,A).

As the following theorem shows, there exists a unique left-definite operator A, in H, associated
with (H, A).

Theorem 3.2. Suppose A is a self-adjoint operator in a Hilbert space H that is bounded below by
kI for some k > 0. For each v > 0, let H, = (V;,(-,-),) be the ' left-definite space associated
with (H, A). Then there exists a unique left-definite operator A, in H, associated with (H, A). More
spectfically, if there exists a_ self-adjoint operator A : H, — H, such that A x = Az for all xz €
D(A,) C D(A), then A, = A,. Furthermore,

(3'4) D(Ar) = Vita,
and A, is bounded below by kI in H,.
Proof. see [25, Theorem 2]. O

The following corollary is an immediate consequence of Theorems 3.1 and 3.2.

Corollary 3.3. Suppose A is a self-adjoint operator in the Hilbert space H that is bounded below by
kI, where k > 0. For eachr > 0, let H, = (V,.,(-,-),) and A, denote, respectively, the r*" left-definite
space and " left-definite operator associated with (H, A). Then

(1) D(A") = Va,; in particular, D(AY2) = Vi and D(A) = Va;
(2) D(A,) = D(A(TH)/Q); in particular, D(A;) = D(A3/2) = Vs and D(Ay) = D(AQ) — V.
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In the next theorem, we see that when A is a bounded, self-adjoint operator that is bounded
below by a positive constant k, then the left-definite theory is trivial. However, the situation is very
different when A is unbounded; indeed, left-definite theory in this case is rich.

Theorem 3.4. Let H = (V,(-,)) be a Hilbert space. Suppose A :D(A) C H — H is a self-adjoint
operator that is bounded below by kI for some k > 0. For each r > 0, let H, = (V,,(-,-),) and A,
denote the v left-definite space and " left-definite operator, respectively, associated with (H, A).

(1) Suppose A is bounded. Then, for each r > 0,

(i) V=V
(ii) the inner products (-,-) and (-,-), are equivalent;
(ifi) A= A,.

(2) Suppose A is unbounded. Then
(i) Vi is a proper subspace of V;
(ii

ii) Vs is a proper subspace of V, whenever 0 < r < s;
(iii) the inner products (-,-) and (-,-)s are not equivalent for any s > 0;
(iv) the inner products (-,-), and (-,+)s are not equivalent for any r,s > 0, r # s;
(v) D(A,) is a proper subspace of D(A) for each r > 0;
(vi) D(As) is a proper subspace of D(A,) whenever 0 < r < s.
Proof. see [25, Section §]. O

In addition, we list the following two theorems concerning the spectra of the left-definite operators
{AT}T>0'

Theorem 3.5. For each r > 0, let A, denote the r'* left-definite operator associated with the self-
adjoint operator A that is bounded below by kI where k > 0. Then

(a) the point spectra of A and A, coincide; i.e. op(A) = op(Ay);
(b) the continuous spectra of A and A, coincide; i.e. o.(A) = g.(4);
(c) the resolvents of A and A, coincide; i.e. p(A) = p(4A,).

Proof. see [25, Section 10]. O

The last result in this section is the following theorem; it is precisely this theorem that is interesting
from the viewpoint of orthogonal polynomials.

Theorem 3.6. Suppose A, H, {H,},~0, and {A,},>0 are as in Theorems 3.1 and 3.2 above. If
{em}5°_ is a (complete) orthogonal set of eigenfunctions of A in H, then for each r > 0, {om}>_,
is a (complete) set of orthogonal eigenfunctions of the r' left-definite operator A, in the r'" left-
definite space H,.

4. EXAMPLES

4.1. A Well Known Example in /2. Specific details of this example can be found in [25, Section
11]. Let £2 denote the usual Hilbert space of square-summable sequences of complex numbers with

inner product
(o)
x y) = Z TnlYn
n=1
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for z = (2,)%%; = (21,22, ..., Tn,...) and ¥y = (Yn)21 = (1,92, - -, Yn, - - .) € £2. Define A : (2 — (2
by
Az = (x1,2x9,...,nTp,...),

for

o0
z € D(A) = {z = (xn)p2; € | n?|an|* < oo},
n=1
It is not difficult to show that A is an unbounded, self-adjoint operator with spectrum o(A) = N
and corresponding eigenfunctions {en }y_;, where €, = {0,172, and ,,; denotes the standard
Kronecker delta symbol. Moreover,

[e9) [e9)
(Az,z) =Y nleal* =D 2l = (x,2),
n=1 n=1

so A is bounded below by 17 in ¢2.

In this example, it is possible to explicitly determine, for all r > 0, each left-definite space H, and
each left-definite operator A,. Indeed, we can determine these spaces and operators for all » > 0 since
we can explicitly determine the spectral resolution of the identity of A in this case. With details in
[25], the 7" left-definite space is given by H, = (V. (-, ")), where

Ve ={x = (zn)52 € ) 0" |znf* < o0},
n=1
and (+,-), : V; x V; — C is given by
(CU,y)r = anxn% (:U = (xn)zozlay = (Z/n)ffﬂ € V;")
n=1

The rt" left-definite operator A, : H, — H, is explicitly given by
Arx = (z1,229, ... ,NTy,...) (v = (zn)oeq € D(A,)),
where
o0
D(A,) = Viz = {z = (@) € 2| S 0+ [, < oo}
n=1

We remark that the sequence {e;,}7°_; is a complete set of vectors in each space H,; in fact, they
also form a complete set of eigenfunctions of each left-definite operator A,.

4.2. Laguerre’s Differential Equation and Laguerre Polynomials for « > —1. For complete
details on this example, see [25, Section 12]. The Laguerre differential expression is defined to be

(4.1) lragy) () = —

e %
where, in this example, we assume that « > —1 (in the next example, we will consider this expression
when —a € N). In various areas of mathematics and mathematical physics, the Laguerre differential
equation

(4.2) CLaglyl(z) = Ay(z)  (z € (0,00)),

(—(a*"te ™y (2)) + ka%e""y(z)) (2 € (0,00)),
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or, equivalently,
—zy’(z) + (z — 1 — o)y (2) + ky(z) = Ay(z) (2 € (0,00)),

is important. Part of the importance of this equation is that the Laguerre polynomials {L%,}5°_, are
eigenfunctions of (4.2). Specifically, y = LS, () is a solution of (4.2) when A = m + k. The right-
definite setting for this differential expression is the Hilbert space L2 (0,00) = L?((0, 00); z%~%) with
inner product

(f.9) = /0 " f@g@)ateTdr (f.9 € L2(0,00)):

in this space, the Laguerre polynomials are well known to form a complete orthonormal set when
appropriately normalized; we refer the reader to [32, Chapter 12] or [36, Chapter V] for various
properties of the Laguerre polynomials.

With the maximal domain A of £1,4[-] in L2(0,00) defined to be

A ={feL3(0,00) | f, ' € AC1oc(0,00); lraglf] € L3(0,00)},
we define the operator A : L2(0,00) — L2(0,00) by
(4.3) Af(x) = lrag[f1(z)  (f € D(A)),

where the domain of A is given by

[ {feA]| lim,_ g 2°Tle@f(z) =0} if —1<a<1
(4.4) Did) = { A if o> 1.

Then, as an application of the Glazman-Krein-Naimark theory [28, Theorem 4, Section 18.1], A is a
self-adjoint operator and has the Laguerre polynomials {L%, }5°_ as a complete set of eigenfunctions;
moreover, the spectrum of A is given by o(A) = {m+k | m € Ny}. For further details on the spectral
theory of the Laguerre equation and other second-order classical differential equations, the reader is
referred to [2, Appendix II, Section 9] and the account in [29].

It is well-known that
(Af, ) = /0 PO + ke F O] dt 2 k(£ F)(f € D(A));

that is, A is bounded below in L2(0,00) by kI. Consequently, the left-definite theory applies to this
particular operator.

In order to compute the left-definite spaces, left-definite inner products, and left-definite operators,
we need to compute powers of (1,g[-]. Furthermore, as noted in the last section, since the spectral
resolution identity of A is not explicitly known, we are limited to computing only integral powers
of {1,g[-]. However, even with this limitation, the results are interesting from several points of view.
Indeed, the classical Stirling numbers of the second kind appear in these integral powers of f1,g]].
Specifically, for each n € N,

1

r%e %

S (-1 (e Ha ey @)

J=0

Laglyl =

where

0 ifk=0
(45) CO(n7k) - { kv if k>0,
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and, for j € {1,2,...n},

() -
Zm:O (m) Sn—mk lf k > 07
where Sg ) is the Stirling number of the second kind, defined by
J 1)+
(4.7) Z <>z” (n,j € Np).
=0

By definition, 57(3 ) is the number of ways of partitioning n elements into j non-empty subsets (in
particular, S = 0 for any j € N); we refer the reader to [1, pp. 824-825] and [7] for various
properties of these numbers. It is important to note that the numbers c¢;j(n, k) (j = 0,1,...n) are all
non-negative; in fact, when k > 0, each ¢;(n, k) > 0.

With the details explicitly given in [25, Section 12], we note that, for each n € N, the n'" left-
definite space H,, = (Vy,, (-, -)n) associated with (L2((0,00);z% %), A) is given by

Vi ={f:(0,00) = C| f, f,....f®D € AC10(0,00); fU) € L‘gﬂ(o ) (j=0,1,...n)}

4.8 ; .
(4.8) ={f:(0,00) = C| ) e AC)e(0,00) (7 =0,1,...n—1); ) e L,,H_a(O,oo)},
and
(f7 g)n = Z Cj (TL, k)/ f(]) <t>§(]) (t)ta+jeitdt (f7 g € Vn)7
§=0 0
where Liﬂ(o, o0) = L2((0,00); 2*t7e~7). The second identity in (4.8) follows from the Chisholm-

Everitt-Littlejohn inequality (see [6]). It is the case that the Laguerre polynomials {L% }°_, form a
complete orthogonal set in each H,; in fact,

. LG, (t) dI L (¢
(Lo L)n =Y _cj(n, k) /0 dtj( ) dtf ) jortiety = (m + k)"0
j=0

Define A, : D(4,,) C H, — H,, by
Apf(x) = lrag[fl(z) (a.e. z € (0,00))

for
(4.9 feD(A) ={f:(0,00) = C|f,f ..., f" € ACioe(0, 00); f"+ € L2, 5(0,00)}.

Then A, is the n'" left-definite operator associated with the pair (L2 (0, 00), A). Furthermore, the
Laguerre polynomials {L% }°_ are eigenfunctions of A,, and the spectrum of A,, is explicitly given
by o(A )—{m+/<:\m6No}

The Laguerre example was the first detailed application of the general left-definite theory developed

n [25]. It was of great surprise to both authors that explicit information could be obtained -
and in such a relatively straightforward manner - about the left-definite spaces {H,}5°; in this
case. Moreover, it was unexpected to see the connection between the powers of the second-order
classical Laguerre differential expression and the Stirling numbers of the second kind; this is a new
application of these combinatorial numbers. As a consequence, as can be seen from Corollary 3.3,
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we obtain explicit characterizations of the domain of each power A™?2 for n € N. In particular, the
characterizations

D(AY?) = {f : (0,00) = C | f € AC1uc(0,00); [ € L7410, 20)},
and
(4.10) D(A) = {f:(0,00) = C| f, f' € AC1c(0,00); f" € L% 5(0,00)}
are new; compare the representation in (4.10) with (4.4).
4.3. Laguerre’s Differential Equation and Laguerre Polynomials for —a € N. The complete
details on the analysis for this example may be found in the contributions [15] and [17].
In this section, we fix —a € N; in this case, the Laguerre polynomials {L$ }>°__ | form a complete

orthogonal set in the Hilbert space L2(0,00) = L2((0,00);x%~%); this is a consequence of the
remarkable identity (see [36, p. 102])

(n+a) . _
Ly(@) = (-1)%— 27" L, Lo (2)
and the classical orthogonality of {L,“}7°, with respect to the positive measure dy = 2~ % *dx.
However L% ¢ L2(0,00) (n=0,1,...,—a — 1) as can easily be seen by a direct calculation.

From the Glazman-Krein-Naimark theory, the operator A : D(A) C L2(0, 00) — L2(0, 00) defined
by

1
e "

Af =1{[f] =
f €D(A),

(—(z"Te "y (2)) + ka“e "y(x))

where

D(A) = {f:(0,00) = C | f, " € ACioc(0,00); f, £[f] € L2,(0,00)}
is self-adjoint with discrete spectrum o(A) = {m + k | m € N,m > —a}; the Laguerre polynomials
{12}, are eigenfunctions, and A is bounded below in L2(0,00) by kI. Consequently, there
is a continuum of left-definite spaces {H,},~o and left-definite operators {A,},~o associated with
(L2(0,00), A). As in the last example, we can compute these spaces only for r € N; in fact, for n € N,

the n" left-definite space associated with (L2(0,00), A) is given by H, = (Vj,, (-,-)n), where
(411)  Vi:={f:(0,00) = C| fY) € ACioc(0,00) (j =0,1,...,n —1); f" € L2 (0, 00)},

and
n

(4.12) (£:9)n =D _cj(n. k) /O T D@D @t (f.g € Vo)

=0

where co(n, k) and cj(n, k) are given in (4.5) and (4.6), respectively. In particular, the (—a)!" left-
definite space H_o = (V_q, (+,-)_a) associated with (L2(0,0c), A) is given by

(4.13) Veg :={f:(0,00) = C | f9) € AC10c(0,00) (j =0,1,...,—a—1); % € L2((0,00); ™)},
and
(4.14) (f:9)-a =) ci(-ak) /0 N g e Hetdt (f,9 € Vea).

J=0
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The proofs of (4.13) and (4.14) follow mutatis mudandis for similar results given in the last section.
The difference, however, between this example and the classical Laguerre case in the previous example
lies in the results that we now discuss.

Kwon and Littlejohn showed that the entire set of Laguerre polynomials { L%, }°°
with respect to the inner product

o _p are orthonormal

—a—1 r

(f9ega = 3 > Bry(e) [fD(0)g)(0) + 9 (0)5(0)]

r=0 j=0

-+Awf<®am<®@wtw

where the numbers B, j(«) are given by
(o) = (=) (AT () Hf0<j<r<—a—1
’ %Egﬂ(izﬂz f0<j=r<-a-1

In fact, the Laguerre polynomials {L% }>°_. as defined in [36], form a complete orthonormal sequence
in the Hilbert-Sobolev space (Wa, (-, *)Lag,a) Where

Wo={f:]0,00) = C| f9 € AC1[0,00) (j =0,1,... —a —1); fC9 e L2((0,00);e7)}.

It is natural to ask the following question: is there a self-adjoint operator T, generated by the La-
guerre differential expression, in W, that has the entire sequence of Laguerre polynomlals {L
as eigenfunctions? The answer is yes. We briefly describe how the authors in [17] construct 7.

Notice that if p is a polynomial of degree < —a—1 and ¢ is a smooth function satisfying ¢?) (0)=0
for j = 0,1,...,—a — 1 and ¢"=® € L2((0,00);e%), then (p,¢)Lag.a = 0. This observation leads to
the orthogonal decomposition

mO

Wo = Wa1® Wapo,
where
={feW, ’f () 0(=01,...,—a—1)},
and
Wa2 ={f € Wy | f is a polynomial of degree < —a-—1}.

It is the case that W, 1 = span{L2,}°°__ and W, = span{L%} *;!, where the closures are with
respect to the norm induced by the Sobolev inner product (-, -)rag.a. To construct the self-adjoint
operator T in W, we construct self-adjoint operators T;, 1 in W, 1 and T, 2 in W, 2, both generated
by the Laguerre differential expression £[-], and then we take T' = T, 1 & Ty 2.

Constructing T, 2 is easy; indeed, simply take Ty, of = £[f] for f € D(Ty2) = Wy 2; it is easy to
check that T, 2 is self-adjoint in W, 2 and the spectrum of 75, o is given by

0(Ta2)={m+k|m=0,1,...,—a—1}.
The more difficult question is how do we construct the self-adjoint operator 7517 Remarkably,

as it turns out, the self-adjoint operator 7T, 1 is the (—a)th left-definite operator associated with
(L2(0,00), A)! Indeed, the operator

Ta,lf = E[f]
fFEDTn1)=Voara={f:(0,00) = C| fO) € AC1o¢(0,00) (j = 0,1,..., —a + 1);
FEot? e 13(0,00)}
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is self-adjoint in W, 1; furthermore, the Laguerre polynomials {L% }5°__  are eigenfunctions of T 1
and the spectrum of T, ; is given by o(Tn,1) = {m + k| m € N and m > —a}.

We now define the operator T': D(T') C W, — W, by
Tf=Torfi +Ta2fe (f=fi+foe€DTu1)®D(Thz2))
D(T) =D(To1) @D(Ta2).
Observe that T'f = Tp 1 f1 +Ta2fo = L[f1] + L[ f2) = L[f1+ f2] = ¢[f]. Furthermore, since we explicitly
know the domains of both T, and T, 2, we can precisely determine D(T'); indeed,
D(T) = {f :[0,00) = C | fU) € AC[0,0) (j =0,1,...,—a — 1);
FEHD) € AC1he(0,00) (5 = 0,1);
f(_‘”” € L*((0,00);27¢77) (j = 0,1,2)}.

The entire set of Laguerre polynomials {L%,}5°_ are eigenfunctions of 7" in W, and the spectrum of
T is given by
o(T)={m+k|me Ny}

4.4. Hermite’s Differential Equation and Hermite Polynomials. Complete details of this
example may be found in [14]; as shown in this paper, there is close similarity between the Hermite
differential expression and the Laguerre case in Example 4.2. The second-order Hermite differential
expression is defined to be

(4.15) talyl(z) = —y"(z) + 22y/(z) + ky(z)
= exp(a?) (—(exp(—2)y/ () + kexp(—a2®)y(z)) (z € R = (—o0,0)).
Again, the parameter k is a fixed, non-negative constant. One solution of the equation
lalyl(z) = 2n+k)y(z) (z€R)

is y = Hp,(x), the mt" degree Hermite polynomial. Properly normalized, the sequence {H,,}50_ is
orthonormal in the Hilbert space H = L?((—o0, c0); exp(—x?)) with inner product

(f,9): / f)g(t) exp(—t*)dt (f,g € H).

This space is the appropriate right-definite setting for the study of ¢g[-]. In fact, there is a unique
self-adjoint operator A : D(A) C H — H generated by ¢g[-]; indeed, it is given by

(4.16) Af = EH[f]
D(A)={f:R—=CIf, f' € ACioc(R); f, Lu(f] € H}.

The Hermite polynomials {H,,}7°_, form a complete orthonormal set of eigenfunctions of A; more-
over, the spectrum of A is discrete and given by o(A) = {2m + k | m € Np}. Furthermore, A is
bounded below by kI in H. Consequently, there is a sequence of left-definite spaces {H,}°; as-
sociated with (L2((—o0,00);exp(—x2)), A) which we can compute from the integral powers of the
Hermite expression £f[-]. These computations are similar to those in Section 4.2; indeed, for n € N,
it is the case that

n

@I ) = > (k) el )" (@ er)

exp
J=
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where
0 ifk=0
(4.18) co(n, k) = { K ik > 0,
and, for j =1,2,...n
9n—i gy if k=0
4.19 ci(n, k) = m
( ) i(n, k) {anz ()S]_)m(g) if k>0,

where {Sy G )} are the Stirling numbers of the second kind defined in (4.7). Furthermore, for each
n € N, the n'” left-definite Hilbert space H,, = (Vy, (-,-)n) is given by

(4.20) Vi={f:R—=C|ff, ...,f"V € ACic(R); f € L*(R;exp(—t?))},

and

(f.0)n = cjnk / FOWFD () exp(—2)dt (f,g € V).

In particular, we obtain the followmg new characterization of the domain of the operator A, defined
n (4.16):
D(A)=Ve={f:R—C| [ [ € ACc(R); /" € L*(R; exp(~t?))}.

We note that the Hermite polynomials { H,, }2°_, are a complete orthogonal set in each Hy; in fact,

(Hy, H, )y = Zn: ¢i(n, k) / T G EHn @) EH ) (g (ot k)

par . db dti

Lastly, we note that the n'" left-definite self-adjoint operator A, : D(A,) C H, — H, is given
explicitly by

nf - gH[f]
FEDA) =Vipa ={f:R=C| f, f,..., [ € ACioc(R); f"2) € L(R; exp(—t?))}.

4.5. Legendre’s Differential Equation and Legendre Polynomials. For this example, details
can be found in the papers [4] and [16]. The first discussion of the Legendre case in the left-definite
setting can be traced to Pleijel ([30] and [31]). The Legendre differential expression is defined to be

(4.21) ELeg[y]() — (1 — 2y (2))" + ky(z)
~(1—2?)y"(2) + 2oy () + ky(z) (z € (~1,1));

here & is a fixed, non-negative constant. When A = m(m + 1) + k, the m" Legendre polynomial
y = Pp(z) is a solution of

(4.22) lLeglyl(z) = Ay(z)  (z € (=1,1)).
The Legendre polynomials { Py, }5°_, properly normalized, form a complete orthonormal set in the
classical Hilbert space L?(—1,1). We refer the reader to [32] or [36] for various properties of the

Legendre polynomials.
With the maximal domain A of eg[-] in L2(—1,1) defined to be

A= {f : (_1’ 1) —C | fv f/ € Acloc(_lv 1); f,ELeg[f] S LQ(_L 1)}5
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we define the operator A : L?(—1,1) — L?(—1,1) by

(4.23) Af(x) = lueg[fl(x)  (f € D(A); ae. x € (-1,1)),
where the domain of A is given by
(4.24) D(A)={feA| lim (1-a*)f(z)=0}.

As an application of the Glazman-Krein-Naimark theory [28, Theorem 4, Section 18.1], A is self-
adjoint in L?(—1,1) and has the Legendre polynomials { P, }°°_, as a complete set of eigenfunctions.
Moreover, the spectrum of A is given by o(A) = {m(m + 1) + k| m € Ny} and A is bounded below
by kI in L?(—1,1). For further details on the analysis of Legendre’s equation, the reader is referred
to [2, Appendix II, Section 9], and the accounts in [27] and [29)].

The integral powers of the Legendre expression are given by

n

j e (i (4)

e feglt] = (=1 (e (m, K)a* ey (@) " (n € N),
j=0
where
0 ifk=0

(4.26) co(n, k) = { 0, fh-o
and, for j € {1,2,...n},

Ps(j) k=0
4.27 c(n k) = ( |
- o { S (MPSY kit k> 0

here PST(lj ) is the Legendre-Stirling number, defined by

(4.28) PSY) = 3 (<1ym

m=1

(2m + 1)(m? + m)"
(m+7+ DI —m)

(n,j € N).

As with the Stirling numbers of the second kind, it is the case that PSfl] > 0 forn > 7.

Recently, George Andrews [3] has obtained a combinatorial interpretation of the Legendre-Stirling
numbers; details will be forthcoming. It is interesting that the Legendre-Stirling numbers and the
Stirling numbers of the second kind share many similar properties; for further details see [16].

With the details explicitly given in [15], we note that, for each n € N, the n'" left-definite space
H, = (Vi (,)n) associated with (L?((—1,1)), A) is given by

Vn:{f:(_lal)ﬁc | fvf/a---af(nil) e1461100(_171
={f: (=L, ) =C|f,f....f" D e AC.(—1,1

where, for 57 € Ny,

(4.30) L3(=1,1) = L*((—1,1); (1 = 2*)/)

); f@ € L3(—1,1) (=0,1,...n)}

(4.29) ); M e L2(—1,1)},

and, assuming k > 0, the n'” left-definite inner product is given by

n

1
(F.9)n = ¢j(n, k) / ST O Yt (fg€ V)

J=0
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where co(n, k) and c;(n, k) are given in (4.26) and (4.27), respectively. In particular the domain of
A, given in (4.24), has the new characterization

(4.31) D(A) = Vo = {f : (-1,1) > C| f, /' € ACie(—1,1); (1 — 2)f" € L(~1,1)},

We refer the reader to [12] for another proof of this characterization and for an in-depth study of other
equivalent determinations of this domain. It is the case that the Legendre polynomials { Py, }5°_
form a complete orthogonal set in each H,; in fact,

B © dJ P (t) d/ P (t) N "
(P, o) = JZ_:O ¢i(n, k)/o onl) EED (0 2yt = mm 1) + £)or
Define A, : D(A,) C H, — H,by

Apnf(z) = lreg[fl(z) (ae. z € (—1,1))

for
FeDA) ={f:(=1,1) = C| f, f',.. ., fOD € AC)pe(—1,1); fFD € L2 ,(~1,1)}.

Then A, is the n'" left-definite self-adjoint operator associated with the pair (L?(—1,1), A). Fur-
thermore, the Legendre polynomials {P,,}5°_ are eigenfunctions of each A, and the spectrum of
A, is explicitly given by o(A4,) = {m(m + 1) + k| m € Npo}. In particular, the domain of the first
left-definite operator Ap is given by

D(A) =Va={f:(~=1,1) = C| £, ', " € ACoc(—1,1); (1 — )32 " € L*(—1,1)};
this characterization answers a question posed by Everitt in [8]; see also [12].

4.6. Jacobi’s Differential Equation and Jacobi Polynomials for «, 5 > —1. The full details
for this example can be found in [10]. For this section, we assume that «, 3 > —1 are fixed. This is
the classical ‘positive-definite’ Jacobi case; the choice @« = 8 = 0 gives the Legendre case discussed
in the previous section. The classical second-order Jacobi differential expression ¢, g[-] is defined by

x) = ! —(1 — )t .’L”B+1/£13/ —x)” z)Py(x
43 taslille) = o ((<0- 20+ 2 @) + b 002 u(a) )

=—(1-2°)y" + (a— B+ (a+B+2)2)y (x) + ky(z) (z € (-1,1)),

where k is a fixed non-negative parameter, and

(4.33) Wap(x) = (1 —2)*(1+2)° (z€(~1,1)).
With
(4.34) NoB) —mm+a+B+1)+k (meNy),

the Jacobi equation
laply)(@) = APy(z)  (x € (-1,1))
has y = piP) (x) as a solution, where pi) (z) is the m!" Jacobi polynomial. Properly normalized,

{PT(,?’B ) o, forms a complete orthonormal set in the right-definite setting L2((—1,1); w4 5(x)) :=
L2 5(—1,1) with inner product

1
(4.35) (f. 9o = / OO0 (.9 € L2 5(-1.1)).
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The maximal domain A of ¢, g[-] in Liﬁ(—l, 1) is defined to be

(4.36) A={f:(=1,1) > C| f,f' € ACie(—1,1); f,las[f] € L2 5(~1,1)}.
Applying the GKN theory [28], the operator A : D(A) C La,/j(_lv 1) — Liﬂ(—l, 1) defined by
(4.37) Af = Lo plf]
for f € D(A), where
A ifa,>1
{f € A|lim(1 —t)*TLf'(t) = 0} if |af] <1and 8>1
t—1
(4.38) D(Ar) =4 {feA| lim (1+0)7f() = 0} if 8] <landa>1

{feAl tlirill(l — ) A1) () =0} if —1<a,B<1,

is self-adjoint in Li 5(—1,1); see [28] and [29]. The Jacobi polynomials {P,%a’ﬁ ) o0 form a (complete)
set of eigenfunctions of A4 in L? ,3(_1’ 1) and the spectrum of A is given by

o(A) = IADP) | 'm e N},

where A% is defined in (4.34). In particular, we see that o(A) C [k,0), from which it follows (see

[34, Chapter 13]) that A is bounded below by kI in Liﬂ(—l, 1); that is to say,

(4.39) (Af, Plap 2 E(f, flap  (f € D(A)).

Consequently, the left-definite theory discussed in Section 3 can be applied to this self-adjoint oper-
ator.
The integral powers of the Jacobi differential expression are given by

n 1 n . o . o .
pll®) = wa,5(w) 2 (-1 <C§ D, k) (1 ) (1 + $)5+3y(3)($)) (n € Np),
«, ]:0
where
() [0 ifk=0
(4.40) e (n, k) = { oo
and
(4.41) RCEY (n, k) = P(O"B)S,(Lj) G E—0 e N
| ! ’ ZL:L;O] (Z)P(aﬁ)s’r(zj_)sks k>0 J N A

In this case, P(®0) ngj ) is given explicitly by
J
(4.42) PR §H =3 "(-1)
r=0

rpj L@+ B+r+ DN (a+B+2r+2)[r(r+a+B+1)]"
rlj—r)T(a+pB+2r+ D a+B+j+1r+2)

for each n € N and j € {1,2,...,n}; we call the numbers {P(a’ﬂ)S,(Lj)} the Jacobi-Stirling numbers.

We note that P(O’O)Sﬁbj) = PST(Lj), the Legendre-Stirling number defined in (4.28). Developing various
properties of these numbers is currently in progress; recent work of Andrews [3] gives a combinatorial
interpretation of these numbers.
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Define, for each n € N,

VD) = {f o (=1,1) = C [ f, /., fO7D € AC1o(—1,1); fD € L2, 5, 5(-1,1) (j =0,1,...n)}
={f:(-L1) = C|fif, ... f"D € ACioe(~1,1); (1 — )2 ™ € L2 5(~1,1)},

2
where Laﬂ G4j

n 1
(f,g)%a’ﬁ) _ ch'aﬂ)(n’ k) / 1 f(j)(t)g(j)(t)(l _ t)a+j(1 + t)ﬁ+jdt (f.g € Véa’ﬁ)).
i=0 -

(—1,1) is defined in (4.30), and let (-, ~)£la’ﬁ) be the inner product

Finally, let
H{#?) = (Vi) () (neN).

Then, as shown in [10], HP) is the nth left-definite space associated with (Liﬂ(—l, 1), A). Further-

more, the Jacobi polynomials {P (o, )} o form a complete orthogonal set in the space Jire ); in
fact,
(a,8) i ( plesB)
pleB)| plasf) ) (P () (7)) sy s
(Pl ple Zc (n, k) / T (=) (L 1)

—( (m—i—a—kﬁ—l—l)—i—k)"ém,r
In particular, we note that
D(A) = B = (£ 1 (=1,1) > C| f, f € ACioe(~1,1); (1 = ) " € L2 5(~1,1)};

compare the simphclty to this formula to the original one given in (4.38)!
The nt" left-definite operator associated with (Li 5(—1,1), A) is given by

Ay i D(Ay) € HED — HP)
by
Anf =taplf] (f € D(An) =V, 35)).
Then A, is the n'" left-definite operator associated with the pair (L2 (=1,1), A). The spectrum of

A, is given by 0(A,) = {m(m+a+ B+ 1)+ k| m € Ny} and the Jacobi polynomials {P
form a complete set of eigenfunctions of each left-definite operator A,,.

m[)

4.7. The Fourier BVP. One of the most classic, and oft-studied, examples of a two-point self-
adjoint boundary value problem is the Fourier boundary value problem

(4.43) yl(z) = —y"(x) + ky(z) = My(x) (x € [a,b])
y(a) = y(b); ¥'(a) = y'(b);
here [a, b] is a compact interval of R and k is a fixed, non-negative constant. Indeed, the eigenfunction

expansion in this case produces the classical Fourier series expansion for f € H = L?[a,b] with inner
product

/f x)dx (f,g € H).

The left-definite theory for this example produces some new, and interesting, information that we
discuss in this example; full details may be found in the recent contribution [26].
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Fix k > 0 and let ¢[-] denote the regular differential expression defined by

(4.44) Ufl(z) = —f"(z) + kf(z) (2 € la,b]).
The operator A that we specifically discuss in this section is defined to be

feD(A)={f:la,b] = C| [, [ € ACla,b]; f" € H; f(a) = f(b); f'(a) = f'(b)}-

It is well known (see [28]) that A is self-adjoint in H and has a discrete spectrum o(A). A routine
calculation shows that the eigenvalues of A are given by

9 2
(4.46) Am = <bT7;) +k (meN).
The eigenvalue A\g = k is simple and each nonzero constant is an eigenfunction; we let
(4.47) yo(@) = 1/V2.

For m € N, the two independent solutions of ¢[f](x) = A, f(z) on [a,b] are

Y (@) = cos (3272)  (m € )
Ym,2(z) = sin (%Tg$> (m e N).
It is well known (see [34, Chapter 4]) that the collection of eigenfunctions

(4.49) E = {yo} U{ym,1}men U {ym2}tmen

forms a complete orthogonal set of functions in L?[a, b].
For f € D(A), we see from integration by parts and the boundary conditions in (4.45) that

(4.48)

b 1" T 1 NT b ’ / 2 2
LD = [ @) + b @)] Ta)da = £ @@ b+ [ [[F@F + k@) do
b b
= [lr@F + ki@ do = b [ 17@)R do = k7.0
that is, A is bounded below by kI in H. Consequently, the left-definite theory discussed in the last

section can be applied to this operator A.
For each n € N, a straightforward calculation shows that

n

(4.50) () = Z(—nﬂ'(

J=0

n

])kn-jy@j) (@) (z€lab).

For n € N, the n? left-definite space H,, = (Vy,, (-,-)n) is given by

(4.51) Vi ={f:]a,b] = C| fY9) € AC[a,b], fD(a)=fO0) (j=0,1,...,n—1); f™ e L?[a, b]},

and

n

b
(4.52) (f,g)nzz<?>k”‘j [ 9@ @ (.9 € ).

J=0
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In (4.51), observe that, as n increases, so does the number of boundary conditions in each V,, =
D(A™?). And, in particular, note that the domain of A'/2 the positive square root of A, involves
only the single separated boundary condition f(a) = f(b).

Lastly, for n € N, the n'" left-definite (self-adjoint) operator A, : D(A,) C H,, — H,, associated
with the pair (H, A), is given by

f € D(Ay),

where
D(An) ={f : [a,b] = C| fU) € AC[a,b], fP(a) = fD(b) (j =0,1,...,n+ 1); f"F2) € L*[a,b]}.

Moreover, 0(A4,) = o(A) = {(Qmﬂ'/(b —a)?+k|me No} and the set F, defined in (4.49), forms
a complete orthogonal set in each H,.

4.8. Jacobi’s Differential Equation and Jacobi Polynomials For «, 5 = —1. Details of this
example can be found in the thesis [5]. For a = f = —1, the Jacobi differential expression, defined
in (4.32) simplifies to

Corafyl(@) = (1= 2%) (=(y'(2)) + k(1 - 2*)My(2))  (z € (-1,1));

here, we assume that k is a fixed, non-negative constant. The right-definite setting for this expression
is L? ((=1,1); (1 — 2*)~1); the maximal domain associated with ¢_; _1[.] is defined to be

ALY = {f 1 (-1,1) — C| f.f € ACue(~1,1); fla a[f] € L2 ((=1,1); (1 —2®) 1) };
From the GKN theory, the operator
A:D(A) C L* ((-1,1);(1 —2*)7!) — L*((-1,1); 1 —2*) 1),
defined by

Af =41 1lf]

(4.53) f e D(A) = ALLD,

is self-adjoint and bounded below by kI in L? ((—1,1); (1 — 2?)~!). However, unlike in the classical
case discussed in Section 4.6, the Jacobi polynomial of degree 1 as defined in, say, [36], is degenerate.
This is not a serious problem since any polynomial of degree 1 will be a solution of /_; _1[y](x) = 0.
On the other hand, again unlike the classical case, the Jacobi polynomial of degree 0 (namely

Po(fl’fl)(a:) = 1) and any choice of Pl(fl’fl)(:zr) will not be in L? ((—1,1); (1 — 2*)7!) due to the
singularities in the weight function w_1_1(z) = (1 — 2%)7!. In this case, the Jacobi polynomials of

degree > 2, that is {Pr(nfl’fl)}gf:?, form a complete orthogonal set of polynomial eigenfunctions of

Ain L? ((—1, 1);(1— 332)_1) . We note that, by Favard’s theorem, it is not possible for the entire

sequence {P,gfl’fl)}fn‘;o to be orthogonal on the real line with respect to any bilinear form of the
type

(f.9) = /R fgdu,

for any choice of signed or positive measure .
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In [22], the authors prove that, with the choice Pl(_l’_l) (x) = x/V/3, the entire sequence of Jacobi
polynomials {P,(n_l’_l) sl

the Sobolev inner product

can be normalized so that they form an orthonormal set with respect to

1
(454) 6(£,9) = 3H(-Dg(-1) + 37 W) + [ F @ (2)da.
21

In fact, they form a complete orthonormal sequence in the Sobolev space
(4.55) Wb —(f: [-1,1] = C| f € AC[-1,1]; f' € L*(-1,1)}

with inner product ¢(-,-). Is there a self-adjoint operator in WL generated by the Jacobi

differential expression ¢_; _;[-], that has the Jacobi polynomials {P,Sfl’_l)}%ozo as eigenfunctions?
We show that the answer is yes; indeed, the left-definite theory associated with A, given in (4.53), is
instrumental in this construction.

The integral powers of £_1 _1[-], the coefficients 05—1,—1) (n, k), the left-definite vector spaces V,S‘l"l),
and the left-definite inner products (-,-)7(1_1’_1) can be found in exactly the same fashion as in
[10]; indeed, by letting & = 8 = —1 in the formulas in Section 4.6, we obtain the necessary ex-

pressions, combinatorial numbers, spaces, and inner products. Indeed, for n € N, we see that
the n'" left-definite Hilbert space associated with the pair (L? ((—1,1); (1 —2?)7!), A) is given by

Hr(z,_l’_l) = (Vrg_l’_l)v ('a ')7(1_1’_1))’ where

(4.56) VELD = (F (1,1 — C| £, f o FPY € ACie(—1,1);
D e 2 ((-1,1);1 -2’1, 5 =0,1,..,n}

and
1

(f, 9)5;1’71) = Zn:cfl’fl)(n, k)/f(j)(t)g(j)(t)(l _ t2)j71dt.
=0

-1

Moreover, the Jacobi polynomials {P,Sfl’fl)}ﬁﬁ form a complete orthogonal set in each Hr(fl’fl)

and they satisfy the orthogonality relation
(P7$z_17_1)7 Pr(_L_l))n = (m(m —1) + k)"0,
Furthermore, for each n € N, define A,, : D (A,) C gt gtheh by

Auf =t 1 [f]  (FeDA) =V,

Then A, is the n'" left-definite operator associated with (L2 ((—17 1);(1— :r2)_1) ,A), the spectrum
of A, is given by
o(An) ={m(m — 1)+ k| m € No} = o(A),

and the Jacobi polynomials {PT({L_U} , form a complete set of eigenfunctions of A,, in gy,
e

To construct a self-adjoint operator T' that is a realization of the Jacobi differential expression
having the full sequence of Jacobi polynomials as eigenfunctions in the space W (=11 defined in
(4.55), we first note the orthogonal decomposition
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WL — Wi1 @ Wi,

where

WGJ::{fetV“Jﬁ”\j%i1):0}
Wis = {f e w1 | f”(:L‘) = ()} .

It is the case that {P&_l’_l)};ﬁ:? is a complete orthonormal set in Wi ; and {Pﬁ;l’_l)}}nzo is a
complete orthonormal set in the two-dimensional space Wi 2. Furthermore, as is shown in [5],

Wi =V,
where Vl(fl’fl) denotes the first left-definite space defined in (4.56). Moreover, the inner products
inner products (-, -)gfl’fl) and ¢(-,-), where ¢(-,-) is defined in (4.54), are equivalent on Wy, =
(_17_1)
Vi .

Details are given in [5] that show that the first left-definite operator
Ty :D(Ty) Cc Wip — Wia
given by
Tif = A f = l1,alf]

feD(m)=v"Y
is self-adjoint in (W11, ¢(-,-)). It is easy to construct a self-adjoint operator T5 in Wi o generated by
0y 4]

Tof =l-1[f],
D(Tz) = Px,

where P; is the space of all polynomials of degree less than two.
For each f € W(L=1 write f = f; + fo where f; € Wi, (i =1,2). Define

T:D(T) c wh=b w1
by

Tf="Tif1+Tafa = L f] + L] f2] = ([ f],
for
f €D(T) = D(Ty) & D(T).
Then T is self-adjoint in (W(*l’*l),qb(-,-)) and has the entire sequence of Jacobi polynomials

{quq_l’_l) >_, as eigenfunctions. From the explicit determination of D(77) and D(T3), it is not

difficult to obtain the following characterization of D(T):
D(T)={f:[-1,1] — C|f € AC[-1,1); f', f" € AChoe(—1,1); (1 — 2®) [,
(1—a2®) 2", f € L*(=1,1)}
—{f:[-1,1] — C | f € AC[-L1J; f', f" € ACloe(—1,1); (1 — 52) f" € L3(~1,1)}.
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Furthermore, the spectrum of T is given by o(T) = {m(m — 1)+ k| m € Ng} and T is bounded
below by kI in (WL g(-, ).

4.9. The Fourth Order Legendre Type Differential Equation and Legendre Type Polyno-
mials. Details of this example can be found in [9], [11], [20], [27], [38], [39], and [37]. In particular,
the recent thesis [37] of Tuncer deals with a complete left-definite analysis of the Legendre type
expression; we report on the results contained in this thesis.

The fourth-order Legendre type expression is defined to be

(4.57) bz fy(z) = (1 —2%)%y" ()" — (8 + 4A(1 — 2*)y'(2)) + ky(z) (z € (=1,1));

here, A is a fixed positive constant and k is a fixed, non-negative parameter. The earliest occurrence
of this expression in the mathematical literature is attributed to H. L. Krall [19] in 1938; indeed,
Krall showed that when

A =m(m+1)(m? +m —2+4A) +k (m e Ny),

there is a real polynomial solution y = P, a(x) to fi1]y](x) = Amy(x) for each non-negative integer
m. These polynomials { P, 4}5°_ are called the Legendre type polynomials. They form a complete
orthogonal set in the right-definite Hilbert space

2 —(f. ; 1/2 _
L,[-1,1] = {f : [-1,1] — C|f is Lebesgue measurable and |/f| /= /

]If!2du< oo},

1
where p is the positive Borel measure defined through the inner product
f(=1g(=1)

- 1
(458) =TI 2 ptopgtayas + HEIED,

In fact, the Legendre type polynomials satisfy the orthogonality relation

(4.59)  (Proas Pra)y = A(A+ 7”(’”2‘1) (m + 1)2(m +2)

In [9] and [11], the authors show that the operator 7" in Li[—l, 1], defined by
—8Af(-1)+ kf(-1) ifx=-1

(4.60) (Tf)(x) =1 Lf)(x) if —1l<z<l1
8Af' (1) + kf(1) ifx =1,

V(A + )/(2m 4 1)y, (m,r € Np).

with
(4.61) DT)={f:(-L1) = C|f,f . f" f" € ACioe(—1,1); f, trr[f] € L*(—1,1)}

is self-adjoint with discrete spectrum o(7T") = {\,, | m € Ny} and has the Legendre type polynomials
{Pn,a}5°_ as eigenfunctions. Moreover,

A

1
Cgn= [ (=P @7 ) + 8+ 440~ ) @5 @) do + KFg)s (g € DD

in particular, note that
(Tf, u = k(f. flu (f €D(T))
1,1]

so that T' is bounded below by kI in Li[— . Consequently, the general left-definite theory applies
to this operator 7.



24 ANDREA BRUDER, LANCE L. LITTLEJOHN, DAVUT TUNCER, AND R. WELLMAN
The nt" power of the Legendre type expression is given by

2n .
frlol(@) = 3 (-1 ((ay(n )1 — 22 4 b )1~ 2297y ()
=0
where the sequences {a;(n,k)} and {b;(n,k)} are defined by

0 ifk=0
“0(””“):{ Kt if k>0

and, for j =1,2,...,2n,

] _ anJ if k=0
aj(n, k) = { S0 (Map kT itk >0

where

a = i (1™ @m+1) (m? +m)" (m? +m — 2+ 44)"
i = (m+ 5+ —m)

m=0

bo(n,k) =0, and for j =1,2,...,2n,

Y

by i if k=0
bj(n, k) = { S (Mbny ikt k>0

where

b 2]: (—1)™ T 4(2m 4+ 1) (245 + (G +1) (j +m2 +m)) (m2+m)" (m® +m — 2+ 44)"
" (m+7+D1G—m)! 2A+m(m —1)) (2A+ (m+1) (m +2))

Define, for each n € N, H,, = (V,,, (-, *)n), where

Vo ={f:[-1,1] = C| f € AC[-1,1]; f9) € ACie(—1,1); (1 — 22)@n=1/2fCn=1) ¢ [2(_1 1)},

and, for f,g € V,
2n 1
(fo = / (ai(n,B)(1 - 2 +bi(n, k) (1 — 2?)771) 9 (2)g9) ()da + K" (f, 9) -
j=1"7

Then H, is the n'* left-definite space associated with (Li[—l, 1], 7). Lastly, the n!" left-definite
operator T, : D(1,,) C H, — H, is given by

T f = tur[f]
f S D(Tn) = Vn+2.
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