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ABSTRACT. If A is a self-adjoint operator that is bounded below in a Hilbert space H, Littlejohn
and Wellman [12] showed that, for each r > 0, there exists a unique Hilbert space H, and a
unique self-adjoint operator A, in H, satisfying certain conditions dependent on H and A. The
space H, and the operator A, are called, respectively, the r‘" left-definite space and ' left-
definite operator associated with (H, A). In this paper, we show that the operators A, A,, and A,
(r,s > 0) are isometrically isomorphically equivalent and that the spaces H, H,, and H, (r,s > 0)
are isometrically isomorphic. These results are then used to reproduce the left-definite spaces and
left-definite operators. Furthermore, we will see that our new results imply that the spectra of A
and A, are equal, giving us another proof of this phenomenon that was first established in [12].

1. INTRODUCTION

Left-definite spectral theory has its origins in the theory of differential equations, dating back to
fundamental work of Hermann Weyl in [21]; see, for example, the paper [18] (where the terminology
‘Links-definit’ is first introduced), and the recent treatise [22, Chapters 5 and 12] where an excellent
discussion, as well as a comprehensive bibliography, is given of left-definite theory applied to second-
order Sturm-Liouville boundary value problems.

There are at least two different, but related, definitions of ‘left-definite’ in the literature; we refer
the reader to [22, Chapters 5 and 12] for a discussion of a left-definite theory that is different from
the one that we consider in this paper. In [22] (see also [7], [8]), the authors deal with a left-definite
theory discussing the study of the Sturm-Liouville equation

My :=—(py")' + qy = Awy on J = (a,b), —o0<a<b< oo,

where the weight function w may change sign on J. Extensions of this theory to higher-order
equations or systems of equations can be found in [14], [15], [16], [19], and [20]. Our notion of
‘left-definite’ is discussed in [12]; in this paper the present authors develop a general, and abstract,
left-definite theory for self-adjoint operators that are bounded below by a positive constant in a
Hilbert space. In applications to differential equations, this theory is best applied to formally
Lagrangian symmetric differential expressions of the form
n
(@) = S (=1 (a;(2)yD (@) (x € 1)

j=0
and spectral problems of the form
(1.1) ly] = My,
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where each coefficient a; : I — R is positive on the open interval I. In this case, the (first)
left-definite space is a Sobolev-Hilbert function space H; generated by the positive-definite inner
product

(1.2) (.9 =3 [ as()f9@)g @)
j=0"1

Since the inner product (1.2) is generated by [-], the left-hand side of (1.1), it has been customary
to call Hy the (first) left-definite setting for the functional analytic study of ¢[-].

Prior to the publication of [12], the mathematical literature on left-definite theory and differential
equations dealt exclusively with first left-definite spaces and first left-definite operators. However,
in [12], the authors construct a continuum of left-definite spaces { H, },~o and left-definite operators
{A,}r>0 associated with an arbitrary self-adjoint operator A that is bounded below by a positive
constant in a Hilbert space. This left-definite theory was subsequently applied to the classical second
order differential equations of Hermite [4], Legendre [5], Jacobi [6], Laguerre [12], and Fourier [13];
see also the recent survey paper [2] and the important left-definite contributions of A. M. Krall [9]
and [10]. The construction of these spaces and operators in these examples were relatively routine
and provided significantly new information about the original operator A; more details on why this
is the case will be given in Section 2 below.

One of the main results in [12] shows the spectrum of A and each of its left-definite operators A,
are equal. This result was completely unexpected at first and suggested that deeper general results
remained to be discovered. Could it be that A and each A,, in some sense, are similar operators?
If so, this would explain their spectra being equal. In this paper, we show that A and each A, are
isometrically isomorphically (unitarily) equivalent which implies that their spectra are identical.
In discovering this new proof, we are also able to simplify some of the original results given in
[12]. In particular, we see that these isometric isomorphisms reproduce the left-definite spaces and
operators.

The contents of this paper are as follows. In Section 2, we review the abstract left-definite theory
developed in [12]. Since the Hilbert space spectral theorem is a key tool in developing results in
both [12] and in this paper, we discuss this result and its consequences in Section 3. Section 4
deals with some key preliminary results that are needed for the main results of this paper which
are presented in Section 5.

2. ABSTRACT LEFT-DEFINITE THEORY

The results in this section are discussed, in full, in [12].

Let V denote a vector space (over the complex field C) and suppose that (-, -) is an inner product
with norm ||-||, generated from (-,-), such that H = (V,(-,-)) is a Hilbert space. Suppose V,. (the
subscripts will be made clear shortly) is a linear manifold (subspace) of the vector space V and let
(+,-)r and [-||, denote an inner product and its associated norm, respectively, over V. (quite possibly
different from (-,-) and ||-|[). We denote the resulting inner product space by H, = (V,, (-,-),.).

Throughout this section, we assume that A : D(A) C H — H is a self-adjoint operator that is
bounded below by kI, for some & > 0; that is,

(Az,z) > k(z,z) (x € D(A)).
We now define an r left-definite space associated with (H, A).

Definition 2.1. Let r > 0 and suppose V, is a linear subspace of the Hilbert space H = (V,(+,-))
and (-,-), is an inner product on V, x V,.. Let H, = (V,., (-,-),). We say that H, is an rt left-definite
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space associated with the pair (H, A) if each of the following conditions hold:
(1) H, is a Hilbert space,

(2) D(A") is a linear subspace of V.,

(3) D(A") is dense in H,,

4) (z,z), > k" (z,z) (zeV;), and

(5) (&.9), = (A'zy) (v €D(A), ye V).

Remark 2.1. As mentioned in the Section 1, all discussions of left-definite theory in the literature,
prior to the publication of [12], was restricted to the case r = 1. As evidenced in Theorem 2.1 below,
if we know explicitly the other left-definite spaces then we know significantly more information about
the original operator A and its powers.

It is not clear, from Definition 2.1, if such a self-adjoint operator A generates a left-definite space
for a given r > 0. However, in [12], the authors prove the following theorem; the Hilbert space
spectral theorem plays a significant role in establishing this result.

Theorem 2.1. (see [12, Theorem 3.1]) Suppose A : D(A) C H — H is a self-adjoint operator that
is bounded below by kI, for some k > 0. Let r > 0. Define H, = (V;, (,*),) by

V, =D(A™?),
and
(2.1) (z,9)r = (A2, A?y)  (z,y € V}).

Then H, is a left-definite space associated with the pair (H, A). Moreover, suppose H. := (V! (-,-)])
is another " left-definite space associated with the pair (H, A). Then V. = V! and (z,y), = (z,y)".
for all x,y € V, = V/; i.e. H, = H/. That is to say, H. = (V,,(+,*);) is the unique left-definite
space associated with (H, A).

Remark 2.2. Although all five conditions in Definition 2.1 are necessary in the proof of Theorem
2.1, the most important property, in a sense, is the one given in part (5). Indeed, this property
asserts that the r* left-definite inner product is generated from the r** power of A. In particular,
if A is generated from a Lagrangian symmetric differential expression £[], the 7" left-definite inner
product (-,-), is determined by the 7" (composite) power of £[-]. Even though these left-definite
spaces and left-definite inner products exist for all » > 0, quite often we can only ezplicitly obtain
these spaces and inner products when r is a positive integer. This is especially the case if we do
not explicitly know the spectral resolution of the identity of A, as is the case, for example, of the
classical differential equations of Laguerre, Hermite, and Jacobi. In these cases, computing the rt*
power (r € N) of these second-order differential expressions yields some interesting combinatorics.
Indeed, the classical Stirling numbers of the second kind appear in the integral powers of the
Laguerre and Hermite expressions (see [12] and [4]) while the Jacobi-Stirling numbers, a new set of
combinatorial numbers, are the coefficients of the integral powers of the Jacobi expression (see [6]).
We refer the reader to [12] where another example is discussed in which the entire continuum of
left-definite spaces and inner products for a well-known self-adjoint operator in the classical Hilbert
space ¢2(N) are explicitly constructed.

Remark 2.3. A statement is in order regarding the apparent ambiguity between part (v) of
Definition 2.1 and the explicit inner product (-, ), given in (2.1) of Theorem 2.1. From part (2)(ii)
of Theorem 2.3, we see that D(A") = Vo, C V,.. Consequently, if z € D(A") and y € V,, we see
from the self-adjointness of A”/2 that

(z,y)r = (A"z,y) = (AT2(A722),y) = (A 2z, AT/%y).
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The fact that A”/2z € D(A™/?), when x € D(A"), follows from [12, Theorem 4.3, equation (4.3) and
Lemma 5.3, equations (5.8) and (5.9)]; we give similar arguments to this fact later in this paper.

Definition 2.2. For r > 0, let H,. = (V;, (-,"),) denote the v'" left-definite space associated with
(H,A). If there exists a self-adjoint operator A, : D(A,) C H, — H, satisfying

Arf = Af (f € D(Ar) C D(A))’
we call such an operator an r'" left-definite operator associated with (H, A).

Again, it is not immediately clear that such an A, exists for a given r > 0; in fact, however, as
the next theorem shows, A, exists and is unique.

Theorem 2.2. (see [12, Theorem 3.2]) Suppose A is a self-adjoint operator in a Hilbert space
H that is bounded below by kI, for some k > 0. For any v > 0, let H, = (V;,(-,-),) be the r*
left-definite space associated with (H, A). Then there exists a unique left-definite operator A, in H,
associated with (H, A). Moreover,

D(A,) = Vg C D(A).

We note that this 7 left-definite operator A, is special in the sense that if the subscript r + 2 in
the above domain is altered, the resulting transformation fails to be a mapping from H, into H,.

The next theorem gives further explicit information regarding the left-definite spaces and left-
definite operators associated with (H, A).

Theorem 2.3. (see [12, Theorem 3.4]) Suppose A is a self-adjoint operator in a Hilbert space H
that is bounded below by kI, for some k > 0. Let {H, = (Vy,(-,)r) }r>0 and {Ar}r>0 be the left-
definite spaces and left-definite operators, respectively, associated with (H,A). Then the following
results are true.

(1) Suppose A is bounded. Then, for each r > 0,

(i) V=V
(ii) the inner products (-,-) and (-,-), are equivalent;
(i) A= A,.

(2) Suppose A is unbounded. Then
(i) Vi is a proper subspace of V;
Vs is a proper subspace of V. whenever 0 < r < s;

(vil) If {da tacr is a complete set of eigenfunctions of A, then {¢q}acr is a complete set of
eigenfunctions of A, in H, for each r > 0.

The last theorem that we state in this section shows that the point spectrum, continuous spec-
trum, and resolvent set of a self-adjoint, bounded below operator A and each of its associated
left-definite operators A, (r > 0) are identical; see [11, Section 7.2] for the definitions concerning
the various components of the spectrum listed below and the resolvent set of a linear operator.

Theorem 2.4. (see [12, Theorem 3.6]) For each r > 0, let A, denote the r'" left-definite operator
associated with the self-adjoint operator A that is bounded below by kI in H, for some k > 0. Then
(a) the point spectra of A and A, coincide; that is, 0,(A,) = op(A);
(b) the continuous spectra of A and A, coincide; that is, o.(Ay) = 0.(A);
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(c) the resolvent sets of A and A, are equal; that is, p(A,) = p(A).

We give another, more direct, proof of Theorem 2.4 in Section 5.

3. THE SPECTRAL THEOREM

Let B denote the o-algebra of Borel sets of R and let B(H) be the Banach algebra of bounded
linear operators on a Hilbert space H. A resolution of the identity is a mapping E : B — B(H)
defined by the following properties:

(i) E(®) =0 and E(R) =I,
(i) £ (A) is idempotent, that is, (E(A))? = E(A), for all A € B,
(iii) E(A) is self-adjoint in H for all A € B,
(31) (IV) (Al N AQ) (Al)E(AQ) = E(AQ)E(Al) for all Al, AQ € B,
(v) E(A1UAy) = E(A1) + E(Ag) for all Ay, Ag € B with Ay N Ag =10,
(vi) For each z,y € H, the mapping E,, : B —C defined by E, ,(A) :=
is a complex, regular Borel measure.

(E(A)z,y)

In this case, we also say that the collection of sets {E(A)}aep is a resolution of the identity.

It is well known (see, for example, [17, Chapters 12 and 13]) that every self-adjoint operator A
in H, bounded or unbounded, induces a unique resolution of the identity F, in this case called a
spectral resolution of A, on the Borel subsets of the spectrum o(A) of A. In fact, the Hilbert space
spectral theorem, which we state later in this section, asserts that such an A can be reconstructed
from E through integration.

Remark 3.1. For later purposes, we remark that a spectral family (see [11, Section 9.7] or [1,
Section 67] ) is a one-parameter family {F)} \cr of bounded operators in H satisfying
(1) E) is self-adjoint and idempotent for each A € R,
(2) For A < u, E, — E) is a positive operator,
(3.2) (3) limy o Exz = x for each z € H,
(4) limy_, o, Exxz = 0 for each = € H,
(5) Extor :=lim,_,\+ E,x = E)x for each A € R and = € H.
It is not difficult to show that if E is a spectral resolution of the identity for A, then {E)}\er is a

spectral family, where
E) = E(—0,A] (A €R).

We are now in position to state the spectral theorem in a Hilbert space (see [17, Theorems 13.24
and 13.30]).

Theorem 3.1. (The Spectral Theorem) Let A be a self-adjoint operator (bounded or unbounded)
in a Hilbert space H = (V, (+,-)). Let E be the spectral resolution of the identity associated with A.
Then, for each r > 0, the self-adjoint operator A" has (densely defined) domain D(A") given by

DAY ={z e H | / N"dE, » < oo},
R
and is characterized by the identities
(A"z,y) = / NdE,, (xeD(A"), ye H),
R

and

|ATz|? = /RA?TdEZ,x (z € D(A")).
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Conversely, suppose F' : B —B(H) is a spectral resolution of the identity. Then there exists a
unique self-adjoint operator A in H with (densely defined) domain

D(A)={zc H | / NdF, , < oo}
R

that is characterized by

(Az,y) = / AdF,, (zeD(A), yeH),
R
and

HZ:EHQ - / NdF,,  (z € D(A)).
R

We emphasize that this particular version of the spectral theorem is crucial in obtaining the
results listed in the previous section. Indeed, most discussions of the spectral theorem deal with
a spectral family (see, for example, [1, Chapter 6, Section 67] or [11, Section 9.7]) instead of the
resolution of the identity; it is doubtful that we could have obtained the results, summarized in
Section 2, with any ‘weaker’ form of the spectral theorem that we are using.

Key to several results in [12], as well as this paper, are the following fundamental identities:

(3.3) dEprgy = N'dE,, (r€R,zeD(A"),y e H)
and
(3.4) dEg ary = N'dE,, (reR,xze HyyeDA")).

These identities are proven in [12, Equations (5.8) and (5.9)] for 7 > 0 but similar arguments show
these results also hold for » < 0.

4. PRELIMINARY RESULTS

Throughout this section, we suppose that A : D(A) C H — H is a self-adjoint operator that is
bounded below by kI in H, where k is some positive constant; that is to say,

(Az,x) > k(z,z) (z € D(A)).
Proposition 4.1. Let r > 0. Then each of the powers A" : D(A") — H is bounded below by k"I.

Proof. From the Hilbert space spectral theorem, A" is a self-adjoint operator. Furthermore, for
x € D(A"),

(AT, ) = / N'dEy , = / N'dE,, > k" / dByq = k" / dEyy = K (2, 2).
R [k700) []C,OO) R

Proposition 4.2. Let r > 0. Then A" : D(A") — H is injective.
Proof. Suppose x,y € D(A") and A"x = A"y. Then
0=(A"(z —y),x—y) 2K |z —y|”
in which case it is clear that z = y. O
Proposition 4.3. Let r > 0. Then A" : D(A") — H is onto H.

Proof. Since A" is injective we see that 0 € p(A”), the resolvent set of A”. Furthermore, A" is closed
since A" is self-adjoint. From [11, Lemma 7.2-3], we see that the domain of Ro(A") = A, ' is H
and, consequently, A" is onto H. O
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Recall (see [1, Chapter 6, Section 87]) that a linear mapping U : H; — Ha, where H; and Hj
are Hilbert spaces, with respective inner products (-, )z, and (-, -)m,, is an isometric isomorphism
(also called a unitary transformation) if U is a bijection of H; onto Hy and

(@, y9) i = Uz, Uy)n,  (z,y € Hy);
in this case, we say that H; and Hy are unitarily equivalent. In this case, we have
(4.1) Uz, Uy) g, = (2, U UY) gy,
from which it follows that
(4.2) Ur=u""

Proposition 4.4. Let 7 > 0. Then A™/? : D(A"/?) =V, — H is an isometric isomorphism between
the Hilbert spaces Hy = (Vi) (+,+)r) and H = (V,(+,)).

Proof. This follows immediately from Propositions 4.2 and 4.3 and the identity in (2.1), namely
(@, 9)r = (A2, AT?y) (2,9 € V).
O

The results of this section can be used to give another proof, different from that given in [12], of
the completeness of each H,.. The main technique used in this proof is well-known but we give the
proof below for the sake of completeness. It is interesting that we can reproduce the r* left-definite
space H, through the isometric isomorphism A"/2; this construction is considerably simpler than
the original construction in [12].

Theorem 4.1. For each r > 0, H, = A™"/2H. In particular, H, is a Hilbert space.

Proof. The identity H, = A~"/2H is clear from Proposition 4.4. Let {z,} C H, be a Cauchy
sequence and let y,, = A"/2x,,. Since

HAT/Q(SCn - SCm)H = ||zn — Zm||, — 0 as n,m — oo,

we see that {A’”/ 22, } is a Cauchy sequence in H. From the completeness of H, there exists y € H
such that A"/2z, — y in H. Let © = A~"/2y; since A~"/2 is a bijection of H onto H,, we see that
z € H, and y = A"/22. Moreover

lzn — ||, = HAW(% - az)H - HA”/an - yH 0
so H, is complete. O

We now give a new proof of the symmetry of each left-definite operator A,; in the next section,
we provide a new proof that A, is self-adjoint. The first step is in showing that V;1o = D(A,) is
dense in H,.

Theorem 4.2. For each r > 0, V1o = D(A,) is dense in H,.
Proof. Let x € H, and let ¢ > 0. Since D(A) is dense in H, there exists y € D(A) such that

HAr/zx — yH <e.



8 L. L. LITTLEJOHN AND RICHARD WELLMAN

Let 2* = A~"/2y so 2* € V,. and y = A"/22*. In fact, z* € V42 since

/)\r+2dEz*,x* :/)\T+2dEA—r/2y’A—r/2y
R R

- /R NFAT2AT2GE Ty (3.3) and (3.4)

= / NdE,,
R

< oo since y € D(A).
Finally, we see that
|z — ¥, = HAT/Z(x | = HA’"/% - yH <c
so that V1o is dense in H,. O

Theorem 4.3. For each r > 0, A, is a symmetric operator in H,.
Proof. Let z,y € D(A,) = Viya C V, = D(A"/?). We first note that
(4.3) A3, A2y € D(A);

indeed

2
/ A dEAT/Qx,AT/2x
R

= / NNT2A24E, . by (3.3) and (3.4)
R

— / N V2AE, , < .
R

It follows that

The self-adjointness of A, will follow immediately from Theorems 5.1 and 5.2 below.

5. MAIN RESULTS

We begin this section with the following fundamental result which is key to establishing our main
result in Theorem 5.2 below.

Theorem 5.1. Suppose that U : Hi — Ha is an isometric isomorphism of the Hilbert space Hi,
with inner product (-,-)m,, onto the Hilbert space Hs, with inner product (-,-)m,. Suppose that
E = {E(A}aep is a resolution of the identity in Hy. Then
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(a) UBU ! := {UE(A)U '} acp is a resolution of the identity in Ha;

(b) {UE(NU '} \er is a spectral family in Ha, where E(\) = E(—oc, A] for each A € R; more
generally, if {F(\)}aer 45 a spectral family in Hy, then {UF (AU }cr is a spectral family
m Hz;

(c) Suppose S = UTU* and D(S) = UD(T). Then S is a self-adjoint operator in Hs. Fur-
thermore, if E is the spectral resolution of the self-adjoint operator T in Hy, then UEU !
18 the spectral resolution of S in Ho. Moreover,
(o) p(T) = p(S); that is to say, the resolvent sets of T and S are equal;
(B) op(T) = 0p(S); that is to say, the point spectra of T and S are equal;
(7) 0o(T) = 0c(S); that is to say, the continuous spectra of T and S are equal.

Proof. Proof of part (a): Since F(@) =0 and E(R) = I, it is clear that

UE(@)U'=0and UE(R)U ' =1
and hence property (7) of (3.1) holds. Let A € B; since E(A) is idempotent we see that
(UE(AU Y2 = (UE(A)U YWUEA)U™Y) =UE) U =UEL)U,

establishing property (ii). To show property (iii), let z,y € Ha. From (4.2) and the self-adjointness
of E(A), we find that

(UB(A)U ™ 2, y)n, = (z, (UE(A)U™)"y)m,
= (z, (U™ (B(A)"U
= (2, U™ E(A)Uy) m,
= (2, UB(A) U 'y)n,

Y)m,

and hence UE(A)U~! is a bounded, self-adjoint operator. Let A1, Ay € B; since E(A; N Ag) =
E(A1)E(A2), we see that

UE(A N AU =UE(A)E(Ay)U?
= (UE(A)U YWUE(A)U ™)

from which property (iv) of (3.1) holds. Now suppose that A; N Ay = &; since E(A; U Ag) =
E(A1) + E(Ag), we see that

UE(ALUA)U Y =U(E(A1) + E(A) U
=UE(A)U ' +UE(A)UH,

establishing property (v). To show property (vi), let {A;}52, C B be a partition of A. From [17,
Section 12.17], we know that

o0

> E(A))z=E(A)z (2 € Hy)
Jj=1

and, in particular,
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Furthermore, since U is bounded,

(5.1) UB(AU 'z =U ZE :iUE(A
j=1

It follows then, for z,y € Ha, that the set function (UE(-)U~1),, defined by
(5-2) (UB(A)YU ™ )sy = (UB(A)U 2, y)n, (A€ D)

is a complex, regular Borel measure. Indeed, we see from (5.1) and the continuity of the inner
product that, if {A;}22, is a partition of A, then

(UB(A)U ™)y = (VE(A)U ™, y)m,
=(UE (U?‘;IAJ-) U e, y)m,

ZE(A])U_l:E >y)H2

Z DU 2 y)m,

7=1
This establishes property (vi) and completes the proof of part (a) of the theorem.

Proof of part (b): The first part of the statement in (b) follows from Remark 3.1; the second part

can be proven in a similar manner to part (a) above; alternatively, there is a proof in [1, Chapter
6; Section 87].
Proof of part (c): From (5.2), we see from (3.1) that, for any Borel set A and any z,y € Ho,

(UB(A)U ey = (UEA)U ' 2,y)m,
= (B(A)U 2, U*y)m,
= (B(A)U 2, U 'y)m,
= Ey-1,7-14(A)

and, hence,
dUEU )y = dEy-1, -1,
On the other hand, for x € D(S) and y € Hs, we see from Theorem 3.1 that
(S‘Tv y)? = (UTU71$, y)Z
= (TU 'z, U Yy),

= / NdEy-1, -1,
R K

= / MUEU Y,
R

and, consequently, it follows that UEU ! is the spectral resolution for S. The self-adjointness of
S follows from the spectral theorem. Finally, the proofs of («), (3), and (v) are standard and can
be found in other sources; for example, see [1, Chapter 6; Section 87]. O

We are now in position to prove the main result of this paper.
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Theorem 5.2. (Fundamental Theorem of Left-Definite Theory) Suppose A: D(A) C H —
H is a self-adjoint operator in the Hilbert space H = (V, (-, -)) that is bounded below by kI for some
k>0. Let {H, = (V;, (-, )r) }r>0 and {Ar}r>0 be, respectively, the continua of left-definite Hilbert
spaces and left-definite operators associated with (H, A). Write Hy=H, Vo =V, (-,-)o = (+,-), and
Ag = A. Let r,s > 0. Then we have the following:

(i) The operator AU=)/2 . H, — H, is an isometric isomorphism (unitary transformation) of
the Hilbert space H, onto the Hilbert space Hy;

(ii) For each m > 0, the operator Alr=s)/2 . Hy iy — Hsym s an isometric isomorphism
(unitary transformation) of the Hilbert space Hyyy, onto Hgyp,. In particular, Ar=9)/2 45 ¢
bijection of Vyyo (the domain of the r'" left-definite operator A, ) onto Vo (the domain of
the st left-definite operator Ay).

(iii) The following operator identities are valid:

(5.3) ATTPAA Py = Ajr (z € D(A,)),

(5.4) APA AT = Az (z € D(A)),
and

(5.5) AT=924 A2 — Ax (z € D(AL)).

In particular, each of the operators A, A, and As are similar; more specifically, A, and Ag
are isometrically isomorphically (unitarily) equivalent.
(iv) The following domain relationship is valid:

(5.6) D(As) = AU=92D(4,),
or equivalently
Visyo = A(T_S)/2Vr+2-

In particular,

(5.7) D(A) = A"/*D(A,)
and

(5.8) D(A,) = A7/?D(A).

(v) Each A, is a self-adjoint operator in H,;
(vi) If E is the spectral resolution of the identity for A, then A"TI2EAT/2 s the spectral resolution
of the identity for A.;
(vii) The following results concerning the spectra and resolvent sets are valid:
(a) op(Ay) = op(As); that is to say, the point spectra of A, and As are equal; in particular,
op(A) = op(Ar);
(b) 0c(Ar) = 0c(As); that is to say, the continuous spectra of A, and As are equal; in
particular, o.(A) = o0.(4y);
(c) p(A4y) = p(As); that is to say, the resolvent sets of A, and As are equal; in particular,
p(A) = p(4,).
Proof. Let r,s > 0.

Proof of (i): Notice that if s = 0, then (7) is contained in Proposition 4.4. By Proposition
4.4, we see from the diagram

r/2 —s/2
HT A_) H A—> Hs
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that A=5/2A47/2 = AU=9)/2 . H_ — H,isa bijection of H, onto Hs. Moreover, for z,y € H,,
we have

(A(r—s)/2x’A(r—s)/2y)s _ (As/2A(r—s)/2x’AS/QA(T—S)/2y) _ (Ar/2x’Ar/2y) _ (ﬂjay)r,

which completes the proof of part (7).
Proof of (i7): This proof follows immediately from (i) since

A=9)/2 _ A((rtm)—(s+m))/2

Proof of (iii): Let © € D(Ay) = Viqo = {y € H | [ N""?dE,, < oo}. Since V42 C V, =
D(A"/?), we see that x € D(A"/?). From (3.3) and (3.4), we see that

/ NAE jr/2g gr2p = / NT24E, . < oo,
R R

so A"/2z € D(A). Since D(A™"/?) = H, it is clear that AA™/?z € D(A™"/?) and
ATTPRPAA g = AT ATy = Az = A,a,

establishing (5.3). To prove (5.4), let 2 € D(A) = {y € H | [ A>dE,, < oo}. Again, since
D(A~"/2) = H, it is clear that € D(A~"/2). Another application of (3.3) and (3.4) shows
that

/ N2 AE ) oy porizg = / NF2NTN\T2GE, , = / NdE, , < 00
R R R
and, hence, A~"/2z € D(A,). In a similar fashion, we see that
/ NAE 12114 g-r/2i1y = / AT 2R, L = / NdE, . < oo
R R R

so that A~"/?1g = A, A~"/2z € D(A"/?). Finally,
ATPA APy = ATPATTPH y = Az = Aya,

completing the proof of (5.4). To prove (5.5), we suppose that s < r; the case s > r can be
proved in a similar fashion. Let © € D(A;) = Voqo = {y € H | [ A¥"?dE,,, < oco}. Since
(s —7)/2 <0, we see that z € D(A®~")/2) = H. Furthermore, from (3.3) and (3.4), we see
that

/>‘T+2dEA(s—T)/Qz,A(s—r)Mm:/)‘r+2)‘(S_r)/Q)‘(S_r)/QdEx,m:/)\s+2dEx,m < o0
R R R

which shows that A~7)/2 2z € D(A,) and A, A~")/2z = AG=+2)/25 Moreover, since
/ )\TfsdEA@sz)/2I7A(57r+2)/2x
R

= / ATNETrE2)/2)\ (4224 B L by (3.3) and (3.4)
R

= / NdE, . < oo since x € D(Ay) C D(A),
R

we see that A, A~7)/2z € D(AU=9)/2). Lastly, we see that
AT=2 A AT 20 = AC=)2 AN 20 — Ag = Ay,

completing the proof of (i).
Proof of (iv): The domain identity in (5.6) follows immediately from (i7) since D(A,) = V42
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for all » > 0.
Proofs of (v), (vi), and (vii): From Proposition 4.4, A~"/2 is an isometric isomorphism from
H onto H,. Moreover, from (5.3) and (5.8), we have

Afr/2AAr/2 = A,

and

D(A,) = A7/?2D(A).
Hence, with U = A™"/2, T = A, and S = A,, the conditions of Theorem 5.1 are satisfied.
Consequently, A, is a self-adjoint operator in H,, A~"/2F is the spectral resolution of the
identity for A,, and the spectral results listed in (a), (b), and (c¢) of part (vii) are valid.

This completes the proof of the theorem.
O

Remark 5.1. The operator identities, given in (5.3), (5.4), and (5.5), clearly connect the operators
A, A, and A;. As mentioned in Section 1, based on the general theory built in [12], this similarity
connection was completely unexpected. Furthermore, the operator domain identities given in (5.6),
(5.7), and (5.8) give a remarkable relationship between the domains of the operator A and the left-
definite operators {A, },~o. We note that it is possible to prove these identities directly using the
spectral theorem; however, the proofs are immediate once it is shown that A"=%)/2 is an isometric
isomorphism between the spaces H, and H, (part (i) of the above theorem) as well as between the
spaces Hy;o and Hgyo (part (i7)).

Remark 5.2. From part (iv) of Theorem 5.2, we get a new characterization of the domain of the
" left-definite operator A,., namely

D(A,) = Vg = {A7 22 | z € D(A)}.

Remark 5.3. Lastly, we remark that (5.7) is intriguing in the sense that, for any r > 0, A"/?D(A4,.)
is always equal to D(A); again, this is a new characterization of the domain of A.
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