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Abstract 23

H.L. Krall and I.M. Sheffer considered the problem of classifying certain second-order partial dif-
ferential equations having an algebraically complete, weak orthogonal bivariate polynomial system

of solutions. Two of the equations that they considered are 26
27

(X2+y)’4xx +2xyuxy+y2uyy+gxux+g(y—1)uy=?»u, 28

and 2
30

xzuxx + nyuxy + (y2 - Y)uyy +g(x —Duy +g(y — Yy = Au. 31

32
Even though they showed that these equations have a sequence of weak orthogonal polynomiaksolu-
tions, they were unable to show that these polynomials were, in fact, orthogonal. The orthogongjity
of these two polynomial sequences was recently established by Kwon, Littlejohn, and Lee solgg',,ng
an open problem from 1967. %

In this paper, we construct explicit weight functions for these two orthogonal polynomial se-
guences, using a method first developed by Littlejohn and then further developed by Han, I%ym,
and Kwon. Moreover, two additional partial differential equations were found by Kwon, Littlejoh?f

39
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and Lee that have sequences of orthogonal polynomial solutions. These equations are given byt

(x2 —x)uxx + 2xyuxy + yzuyy + (dx + e)ux + (dy + h)uy = u,
Xuxx + 2yuxy + (dx + e)uy + (dy + h)uy = Au.

In each of these examples, we also produce explicit orthogonalizing weight functions.
0 2005 Published by Elsevier Inc.

Keywords:Second-order partial differential equation; Bivariate orthogonal polynomials; Weak orthogonal
polynomials; Polynomial killers; Weight functions
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1. Introduction
13

In 1967, Krall and Sheffer [12] (see also [19]) considered, and solved, the problem
of classifying all weak orthogonal polynomial solutions (see Definition 2.1) satisfying
second-order partial differential equations of the form 16

17
Llu] := A(x, y)uyr + 2B(x, y)uxy +C(x, Y)”yy + D(x, y)uy + E(x, y)“y 18

= \u, (1.1) 19

where the eigenvalue parameter is a function of only the degree of the polynomial solufidn.
Up to a complex linear change of variable, they showed that there are nine distinct weak
orthogonal polynomial systems to the differential equation of the form (1.1). They foufid
necessary and sufficient conditions for the existence of these polynomial solutions td'the
differential equation (1.1) and expressed these conditions in terms of an infinite systéem
of recurrence relations for moments of the corresponding (weak) orthogonalizing moni&nt
functional. These conditions were later rewritten in a simpler form by Littlejohn [19] u&
ing the classical Lagrangian symmetry equations and the moment equations assodiated
with (1.1). Although Krall and Sheffer identified all differential equations which havé
weak orthogonal polynomials as solutions, they only partially succeeded in showing fﬂat
the polynomial solutions are, in fact, orthogonal.

In a recent paper, Kwon, Lee, and Littlejohn [14] explained the orthogonality for tfie
weak orthogonal polynomials found by Krall and Sheffer. More specifically, the authdfs
in [14] showed that the polynomial solutiof@,, , (x, Y)}fno,n:o to the partial differential

equations 3

35

Pty + 20yt + (2 = ¥)uyy + g(x — Duy + g(y — y)uy = Ay, (1.2) 3
(x% 4 ¥)uxx + 20ty + y2uyy + gxuy + g(y — Duy = Au (1.3) 2;
are orthogonal. Furthermore, in [14], they found new second-order partial differential eqyga-
tions having weak orthogonal polynomials as solutions: 2
(xz—x)uxx +2xyuxy+y2uyy+(dx+e)ux + (dy + huy = Au, (1.4) j;
Xuxyx + 2yuxy + (dx +e)uy + (dy + h)uy = Au. 1.5 4

These equations were omitted from the Krall-Sheffer classification since a complex change
of variable will transform these equations into ones found by Krall and Sheffer. However,
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even though these changes of variable will preserve the orthogonality of the corresponding
orthogonal polynomial solutions, the positive-definiteness of the orthogonalizing moreent
functionals will not be preserved; consequently, we feel that it is necessary to distingaish
these equations and orthogonal polynomial solutions. 4
Because all these patrtial differential equations have polynomial solutions closely related
to the Bessel polynomials, we will say that these polynomial solutions 88esdel type 6
This two-variable Krall-Sheffer classification mirrors the well-known one-dimensioral
classification due to S. Bochner in 1929 [2] (see also Lesky [16]), who determined, up to
a complex linear change of variable, all sequences of polynomials which satisfy a secénd-

order ordinary differential equation of the form 10
11

az(x)y" +a1(x)y" +ao(x)y = Ay 16

and are orthogonal with respect to a bilinear form of the type B
14

(f.)= [ £z du. @
R 17
whereu is a real, finite, signed Borel measure with finite moments of all orders. In a mage
recent extension of this classical result, Kwon and Littlejohn [15] reconsidered this clas-
sification problem from a real linear change of variable point of view. This classificatien,
which is crucial in the developments of this paper, will be further considered in Sectiog, 3
below. 22
In this paper, we construct real orthogonalizing weight functions for the orthogonal
polynomials satisfying the partial differential equations given in (1.2)—(1.5). Consequently,
orthogonalizing weights are now known for seven of the nine polynomial systems studied
by Krall and Sheffer as well as the new polynomial systems satisfying the partial differen-
tial equations (1.4) and (1.5). We shed some light on a real orthogonalizing weight function
for the orthogonal polynomials satisfying the partial differential equation (1.3) gvittD 25
but, unfortunately, we are unable at this time to produce an explicit weight function fer
these polynomials wheg > 0. 30
The contents of this paper are as follows. In Section 2, we recall the basic definitionsand
terminologies for orthogonal polynomials in two variables and review some of their bagic
facts. In Section 3, we revisit the one-dimensional classifications due to Bochner and others
as well as review some key constructions of weight functions in this situation. Sectiog 4
deals with a general constructive technique for two-variable orthogonalizing weights:of
bivariate orthogonal polynomial solutions to second-order partial differential equatioss.
Lastly, in Section 5, we apply this general method to construct explicit weights for the
orthogonal polynomial solutions to equations (1.2)—(1.5). 38
39
40
2. Preliminaries a1

We denote the set of all polynomials in one variablby 771 and the set of all polyno- 43
mials in the two independent variablesand y by P». By a bivariate polynomial system 44
(PS), we mean a sequengg,—; j(x, y) |n € Ng; j =0, 1,...n} of polynomials with real 45
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coefficients such that deg, , = m + n for all m, n € Ng and{q&n_j’j}’}.zo is linearly in- 1
dependent modulo polynomials of degr€e — 1. This independence is equivalent to the
statement that the matr(n;’”);szo is nonsingular for each € No, wherea"’ (0< i <n)
are the coefficients in the expression

3

4

5

n—j,j(x, y)_Za'” n=iyi 4 lower degree terms j
i=0 8

9

For eachn € Ny, it is convenient to vieV\{¢,,,j,j};'.:0 as the(n + 1)-dimensional column
vectord, := (n.0, pn—1.1, ---» $o.n)’ and the PI@,_; j(x,y) |n€No; j =0,1,...,n}
as the sequend@, (x, y)},2 , of column vectors. Lastly, we say that the %, (x, y)},2
is monic if, for eachn € Ng and 0< j <n, ¢—j j (x, y) =x""/y/ 4 lower order terms.

Fori =1, 2, a linear mapping : P; — C is called anoment functionaWheni =1,
we refer the reader to [15] for various properties of one-variable moment functionals. 'ﬁwe
action of a moment functional on a polynomialp € P, is denoted by, ¢) instead of
the customary (¢). Similarly, we define the action of a moment functioaabn a matrix
0 =(Q;,j), where eaclp; ; € P, through the formula

(0, 0) = ({0, Qi ;)

For any moment functional, we define the first partial derivatives ®f as moment func- 2

16
17
18
19
20

tionals, by 2
23

(ox, @) :=—(0,¢x), (0y,0):=—(0,¢y) (¢$€P2), (21) =

25

and define multiplicationy o, whereyr € P», to be the moment functional defined by 26
27

(Vo.9):=(0.¥¢) (¢ €Pa). 2

29

Definition 2.1. A PS {&,(x, y)};2, is called a weak orthogonal polynomial system,
(WOPS if there is a nonzero moment functioralsuch that 31
. 32

<01 ¢m,n¢k,l> =0 If (m9 n) #(ksl) 33

In this case, we say th&®, (x, y)}°° ; is a WOPS relative to. A WOPS{®, (x, y)}>2.
relative to o is called an orthogonal polynomial system (OPS)({df, ¢,y ndx.1) =
K.n8m k80,1 Where eacltX,, , is a nonzero constant aidg ; denotes the Kronecker delta ®®
symbol. IfK,, , > 0 foreachm, n > 0, then we say thd®, (x, y)},° , is a positive-definite

OPS relative t@r. s

40
Definition 2.2. A moment functionalo is called quasi-definite (respectively positive-,;

definite) if there is an OPS (respectively a positive-definite OPS) relative to 42
43

The following algebraic characterization of orthogonality for polynomials in two vari
ables is important to the study of orthogonal polynomials in more than one variable. 45
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Theorem 2.1. For a nonzero moment functiona| the following conditions are equivalent 1

() o is quasi-definite
(ii) there is a unique monic WORSB,, (x, y)}g° relative too;
(iii) there is a monic WOPEP, (x, y)}3° such thatH, := (o, P,PT) is nonsingular for
eachn € Np.

o N o g b~ W N

Proof. See [8,12]. O

9

From Definitions 2.1 and 2.2, it follows that a B8, (x, y)}32 is an OPS (respectively °

a positive-definite OPS) relative to if and only if (o, ®,®!') = H,8,, ,, whereH, :=

(o, @, @) is a nonsingular (respectively positive-definite) diagonal matrix. 12

Forany PS@®,(x, y)};2 . there is a unique moment functioraldefined by the condi-
tions

13
14
15
(U, 1) = 17 (O’, ¢m,n) 0 (m +n= 1) 16

In this case, we caly the canonical moment functionaf a PS{®, (x, y)}> ;. Note that v

ifa PS{®,(x, y)}°2, is a WOPS relative to, theno is necessarily a constant multiple of

the canonical moment functional 6, (x, y)}72 . 2

21
3. Resultsfor theclassical orthogonal polynomials zz
In this section, we review some fundamental results concerning the classificatiori:of
(one-variable) sequences of polynomial solutions to second-order ordinary differe%ial
equations of the form (1.6) that are orthogonal with respect to bilinear forms of tge
type (1.7). In addition, we review an important technique of constructing orthogonagg—
ing weights for these polynomials; these results are crucial for the constructions that %/gyill
take place in the next section.
In an extension of the Bochner classification, Kwon and Littlejohn [15] showed that, ﬁp
to areal linear change of variable, there are six distinct sequences of polynomial solutlgps
to second-order differential equations of the form (1.6) that are orthogonal with respec} to

the bilinear form (1.7). These polynomial systems are the: o

35

(1) Jacobi ponnomiaI{;P,f“”S)(X)}, which satisfy the differential equation 36
(1—x2)y”~|—[(,3—oc)— (@ + B +2x]y =ry, 37

38

and are an OPS (respectively a positive-definite OPS) if and orly -8, —a — B — 3o

1¢ N (respectivelyy, 8 > —1). 40

(2) Laguerre ponnomiaI{sLﬁ,"‘)(x)}, which satisfy the differential equation 41

42
43
and are an OPS (respectively a positive-definite OPS) if and ortwi€ N (respec- 44
tively o > —1). 45

xy +(@+1—x)y =iy,
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(3) Bessel polynomial{sB,Sd’e) (x)}°2 5, Which satisfy the differential equation 1
2
x%y" + (dx 4+ e)y = Ay, 31
and are an OPS if and onlydf£ 0 and—(d 4+ 1) ¢ N, but are never a positive-definite 4
OPS. 5
(4) Hermite polynomial§ H, (x)}, which satisfy the differential equation 6
/) / 7
Y'=2xy' =1y, .
and are a positive-definite OPS. 9
(5) Twisted Hermite polynomial§H,, (x)}, which satisfy the differential equation 10
Y+ 2xy =y, .
and are an OPS but are not a positive-definite OPS. 13
(6) Twisted Jacobi ponnomial{s‘v’,f“’ﬂ ) (x)}, which satisfy the differential equation 14
(14+x2)y" + (@ + B +2x +i(e—B))y =1y, i
and are an OPS if and only #(« + 8 + 1) ¢ Ng anda = g8 but are never a positive-
definite OPS. 18
19
In [13] (see also [18]), the following result is obtained: 20

Theorem 3.1. Suppose that the second-order differential equaibf) has a sequence of ,,
polynomial solutiong p,, (x)}°° ;, whereded p,) = n for eachn € No. Then{p, (x)};2yis 55
an orthogonal polynomial sequence with respect to a distribuieghD’(R) if and only if

each of the following conditions is satisfied -
(i) w acts on the set of all one-variable polynomidls, zj
(i) (w,1)#£0, 28
(i) w satisfies the first-order differential equati¢ealled the weight equation 29
a()w’ + (ay(x) —a1(x))w=u (x €R), (3.2) =20

whereu € D’'(R) is a distribution that acts orP; and satisfiegu, x") = 0 for all 22

n € Np.
Remark 3.1. The weight equationi3.2) is equivalent to the following infinite system of
moment (recurrence) equations:
(an + d)wy+1+ (bn + e)wy, + cnw,—1 =0 (n € Np); (3.3) a7
hereas(x) = ax? + bx + ¢, a1(x) = dx + e andw, = (w, x") for eachn € No.
Remark 3.2. A distributionu, with the properties given in Theorem 3.1, is callepady-

nomial killer. Any nontrivial functiong:R — R satisfying fR x"g(x)dx =0 (n € Np)
generates a polynomial killer through the formula

(u, p) =/¢(X)g(x)dx (¢ € D)), M
R
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where D(R) is the space of infinitely differentiable, real-valued functions with compact

support. For example, Stieltjes [22] showed that the function

(3.4)

oy = ¢ sinG . x>0,
, x <0,

2

o g b~ W

generates a polynomial killer (see also [23, p. 126] as well as [3, Chapter 2, Section5]);

that is to say,

/x”g(x) dx =0 (neNp).
R

Remark 3.3. The general Bessel ponnomia{s’,ﬁd’E)(x)};ﬁo seem to depend on two »

parameterd ande. In fact, a change of variable= 2x /e transforms the differential equa-
tion (3.1) into the differential equation

Y +@dt+2)Y =n(n+d—1Y. (3.5)

We denote the polynomial solutions of Eq. (3.5){lyf{—2(t)}§°:0. These two notations for
Bessel polynomials are used interchangeably throughout this paper.

8
9
10
11
12

14
15
16
17
18
19
20
21

In [13], the authors effectively use Theorem 3.1, with the polynomial killer generat&d

by (3.4), to construct a weight function for the simple Bessel polynorfidis:)}. Maroni,

23

in [20], extended the range of the technique used in [13] to general Bessel polyncthi-

als {y¢(x)} for a > 12(2/m)* — 2. For the general Bessel case, the corresponding weight

equation (3.2) is
x°w' — (ax + 2w =u, (3.6)

whereu is a nonzero polynomial killer.

30
We remark that a general technique for constructing weight functions for orthogoglal

26
27
28
29

polynomials in one variable has been developed by Duran [5]. Consequently, from_his
constructive technique, it is possible to construct orthogonalizing weight functions for the
general Bessel polynomials where R satisfies—(a + 1) ¢ N. We remark, however, that _,
the weight functions that Duran obtains for the Bessel polynomials are not as explicif.as

the ones obtained by Kwon et al. [13] or Maroni in [20].

4. Real weight functionsfor bivariate orthogonal polynomials of Bessel type

Suppose that for a (possibly signed) weight functiorix) on [a, b],

(i) x™w1(x) € LY(a, b) for eachm € Ng and
(i) {pn(k; x)}, is an OPS relative to the weight functip**(x)w1 (x) on the interval
(a, b) for eachk € Ng, wherep (x) is a positive function on the intervéd, b).

36
37
38
39
40
a1
42
43
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Also, supposéq, (y)}o2, is an OPS with respect to the (possibly signed) weight fune-
tion w2(y) on the intervalc, d) such that 2

p*(¥)gr(y/p(x)) is a polynomial int andy of degreek for eachk € No.  (4.1)
To guarantee the validity of (4.1), we assume that

(@) p(x) is a polynomial of degre€ 1 or

(b) p(x) = yax2+ Bx +y (82— day # 0) and{g, (M)}52 o is a symmetric OPS (that is,
gn(—=y) = (=1)"q,(y) for eachn € Np).

From the one-variable polynomial sequenéps(k; x)}>° , and{g,(y)};2,, we can !

define a new bivariate sequence of polynom{as(x, y)}°° ; through the formula 12
btk (X, ¥) = pu—i(k: ) p* )i (y/p(x))  (O<k <n). (4.2) 14

Theorem 4.1. Let {®,(x, y)}>2, be the polynomial sequence defined @2). Then 16
{Dn(x, ¥)}2 Is @ PS moreover,{®, (x, y)},2, is an OPS with respect to th@ossibly 17

signed weight function 18
wx, y) = wiwz(y/p(x)) @3)
onthe domaimlR ={(x,y) |a <x <b,cp(x) <y <dp(x)}. 21
22
Proof. To prove this theorem, we show that fat n € Ng and 0< i <m, 0< j <n, 23
24
// Gm—ii (X, V)Pn—j j(x, Yw(x, y)dxdy 25
26

R
b d 27
. 28
= 8m.nbij / Ph_i (s 1) p? ) wa(x) dx / a2 (w2(y) dy. (4.4)
a c 30
We first show that 31
. ) i+j+1 1 32
Pm—i (i3 X) pa—j(j; x)p" ™/ T ()wi(x) € L (a, b). (4.5) 4

Using the notation| f (x)||2 = |fa” £2(x)p(x)wi(x)dx|Y2, we see from condition (i) and
the Cauchy—Schwarz inequality that

b
f Pm—i ({5 X)p" ™ (X) pu—j (j; X) p (X) w1 (x)

a

<)o' @) pm—i @ ) |5 07 () pu—yj Gz )|
b 1/2; b 1/2 42
/ i3 )p? ) wa(x) dx / P (i 0)p™  ()wa(x) dx a3

a a
< 00. 45
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Define the transformatiofi: R — D = (a, b) x (¢, d) by

T(x,y)=(x,y/p(x).
ThenT is a bijection ofR onto D with the Jacobian determinanty (x, y)| = 1/p(x).

Since, by (4.5) pi—i (i3 x) pu—j (j; ) p" F 1 (x)wi(x) € L(a, b) andg; (y)q; (y)w2(y) €
L(c, d), we have, by change of variables,

b d
f Pim—i (i3 %) puj (5 ) p T 0w (x) dx / qi()q; Mwa(y)dy

:// F(x,y)dxdy
D

=//(FoT)(x,y)|JT(x,y>|dxdy
R

© 0 N o g b~ W N P

N L O T
N o O h W N B O

= / / Pim—i (i3 X) pu—j (3 ) p' T () w1 (x)gqi
R

=
© o

x (y/p())q;(y/p())wa(y/p(x))dxdy

=//fbm_i.i(x,y)¢n—j,,,'(x,y)w(x,y)dxdy,
R

NN
w N B O

where F(x,y) = pm—i(i; ) pn—j (j: ) p () w1(x)gi (¥)q; (»)w2(y). Then we have 24
(4.4) from the orthogonality ofp, (k; x)}7° o and{g,(y)}72 5, which completes the proof 25
of the theorem. O 26
27
Remark 4.1. In [24], Xu considered a situation similar to Theorem 4.1 under the stricter
assumption that eachy; (x) is positive and nondecreasing for each 1,2. We note 20
that Theorem 4.1 can be formulated using quasi-definite moment functionals and more
orthogonal polynomials including the twisted Jacobi, twisted Hermite, and Bessel poly#io-

mials [14]. 32
33

Remark 4.2. For the weight functionw (x, y) defined in (4.3), we have faf € P2, 34
b d 35

36

(wx, y), p(x, y)) = / p(x)wl(X)[ / ¢>(x,p<x)y)wz(y>dy] dx. o

a c 38

In particular, if we takep (x, y) = x™y", we have the following expression for the momentg°
of w(x, y): 40
41

W = (w(x, y), x"y") 42

b d 43

= /xmp”“(x)wl(x)dx / Y'wa(y)dy (m,n € No). (46) *

45

a c
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If at least one of these iterated integrals is not well defined, then we agree that these iterated

integrals will be regularized (see [6]). 2
3

Consider the second-order partial differential equation 4

5

L[ul:= Auxx +2Buyy + Cuyy + Duy + Euy = Ay, 4.7 &
whereA(x, y) = ax2 + dix + e1y + f1, 2B(x, y) = 2axy + dox + eoy + f2, C(x,y) = '
ay? + dsx + e3y + f3, D(x) = gx + h1, E(y) = gy + ho andi, = an(n — 1) + gn; the z

various letters refer to real constants.

R
= o

Definition 4.1 (See[12]). The partial differential equatiod.7) is called admissible if
Am # Ay fOrm #£n.

B e
2w N

If a PS{®,(x,y)} satisfies a partial differential equation of the fo(th7), then the
canonical moment functional of {®, (x, y)}5° satisfies

B e
N o oo

L*[0]:=(A0)xx + 2(B0)xy + (Co)yy — (Do)y — (Ec)y =0. (4.8)

[
o]

Furthermore, (4.8) has a unique solution up to a constant multigheds is admissible;
for further information, see [12,19].

NN
O ©

Theorem 4.2 (See [8,19]) For an OPS{®,,(x, y)} relative to a moment functional, the
following statements are equivalent

NN
A W N

() {®,(x,y)} satisfies the partial differential equatiaqd.7).
(i) The moment$u,, »} of o, defined by, , := (o, x™y") for eachm, n € Ny, satisfy
the recurrence relations

NN
o N o O

0= Bm,n = 2[a(m +n) + g]Mm,n+1 +meam—1n+1+ [mdy + zneS]Mm,n

N
o

+ mfZH/mfl,n + 2”f3/vLm,nfl + 2nd3ﬂm+l,n71 (49) 30

31

0= Cm,n = Z[Q(m +n)+ g]ﬂm—i—l,n + [2mdy + neZ]U«m,n + ”dz,um+l,n—l -
+ szllum—l,n + anMm,n—l + 2melﬂm—l,n+l~ (410) 33

w
i

(i) o satisfies the moment equations

w W
o O

Mi[o]:=(Ao) + (Bo)y, — Do =0, (4.11)

w
J

Mjlo]:=(Bo)x + (Co)y — Eo =0. (4.12)

W W
© 00

(iv) L[-]o is formally symmetric on polynomials in the sense that

ABD
=]

(L[p]o, q) == (L[q]o, p) forall p,q € Po.

42

Theorem 4.3. Let{®, (x, y)} be an OPS satisfying the admissible second-order partial dif
ferential equation4.7). Then a nontrivial distributionw € D'(R?) is an orthogonalizing 44
weight of{®, (x, y)} if and only ifw has the following properties 45
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(i) (w,1) #0;
(i) w is a distribution which acts of,, the space of bivariate polynomials
(i) fori=1,2, M;[w] is a polynomial killer in two variableghat is to say,

(Mi[w],xmy"> =0 foreachm,neNg(i=1,2).
Proof. (=) Let w be an orthogonalizing weight for an OR&,,(x, y)}72, satisfying a

partial differential equation of the for.7). Clearly, (i) and (ii) are obvious. Using Defi-
nitions 2.1 and 2.2, part (iii) follows from the observations that

—2(Ma[w], x™y") = By.n =0,

© 0 N o g b~ W N P

R
= o

and

[
N

—2(Ma[w], xy") = Cyp.n =0,

whereB,, , andC,, , are defined in (4.9) and (4.10).
(<) This is clear from Theorem 4.2.0

B e
a > w

16

In the following, we show how to construct polynomial killers in two variables usmjd

one-variable polynomial Killers.
19

20
21
22

Theorem 4.4. Let g : (0, 00) — R be a nontrivial function such that"g(x) € L(0, co)
for eachn € Ng and

o0
23
/x”g(x)dx:O (n € No); ”
0 25
that is, g generates a polynomial killer. Lét: (¢, d) — R be any function such thath ¢ 26
LY(c,d) forall p € P1. Then 27
28
Ki(x,y) =g(x)h(y/x), Ka(x,y) =g(x)(y/x)h(y/x) -
generate two-dimensional polynomial killets € D'(R) in R = {(x,y) | x >0, cx < 30
y < dx} in the sense that 31
32
(ui, p(x,y)):= // P, V)Ki(x,y)dR=0 (pePp i=12). 33

34
35
36
37
38

Proof. Let D ={(x,y) |x >0, ¢ <y <d} andS: R — D be the transformation defined
by

S(x,y)=(x,y/x). 39
Thens is aC-bijection of R onto D and|Js(x, y)| = 1/x. Sincex”t"+1g(x) € L1(0,00)  *°
andy"h(y) € L(c, d), we havex" "1y ¢ (x)h(y) € LY(D) and 4

: d :
0= [ g / yhndy= [ / L g (h(y) dx dy “
0 45

D=S(R)
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=//xm "g(xX)h(y/x)dxdy = //x’"y"Kl(x,y)dxdy.
R R
Thatis,K1(x, y) generates a polynomial killer iR.
Similarly, we have
d

0= / g (x) dx / Y h(y)dy = / / Lyl (h(y) dx dy

¢ D=S(R)
=//xm_ly”+lg(x)h(y/x)dxdy=//xmy"K2(x,y)dxdy,
; g
and the proof is complete.O

© 0 N o g b~ W N P

e
w N P O

14

We now recall a classical result, extending Boas’ moment theorem (see [3, pp. 74—7%])
on the multi-dimensional moment problem [1] which states that for any seqt{;;eg}%‘ -0

17
of real numbers, there exists a signed Borel meagura R* such that

18

19

o = /X“ du(X) (a € N’é; X=(x1,Xx2,...,Xk) € Rk), (4.13) 0

Rk 21

whereN’é ={(ag, 00, ...,ar) |o; =0, o; € Ng}, x* = xillxgz x,‘:" and|a| = Z;‘Zlai. 2

From this fact, the orthogonality for any OR®,(x)} in k variables can be written in #

integral form as 2

25

[ 0008300 d1100 = Kb ape 2
27

28

where. is a signed Borel measure @¥, K, is a nonzero constant for eaahe N’5 and 2
8a,p is the Kronecker Dirac delta function defined by 30
s { 0 (@#p) *
“PT11 @=48). >

33
By Theorem 4.3, in order to find a real-valued weight function for an @P.3x, y)} ,,

satisfying a second-order partial differential equation (4.7), we need to solve the systerg of

nonhomogeneous weight equations 36
(Aw)y + (Bw)y — Dw=uj, (4.14) 87

38

(Bw)y + (Cw)y — Ew =uy, (4.15) 39

where eachy; (i =1, 2) is a two-dimensional polynomial killer. Conversely, if we can findo
a distributionw, which acts orP,, satisfying Egs. (4.14) and (4.15), theris a real weight 41
foran OPY @, (x, y)}72 . 42
Similar to the situation with one-variable classical orthogonal polynomials, the weight
function for a positive-definite bivariate OPS can be found by simultaneously soty-
ing (4.14) and (4.15) witl; = 0 in the distributional sense. In the case of a quasi-definite
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(specifically, non positive-definite) OPS, however, the simultaneous distributional solution
of (4.14) and (4.15) with¢; = 0 does not necessarily produce a real-valued weight for an
OPS (see [19]). 3
Before discussing explicit weight functions for the four bivariate OPS’s of Bessel type
for the partial differential equations (1.2)—(1.4), and (1.5), we discuss further pertinent
information concerning the Bessel polynomi&lg (x)} that we will require in the con-
structions below. 7
For—(a+1) ¢ N, Favard's theorem [3, pp. 21-22] and a result of Duran [4] guarantees
that the Bessel polynomials? (x)} are orthogonal on the real line with respect to signee
weight function from the Schwarz clasgR); furthermore, any such weight function mustzo

necessarily satisfy the distributional differential equation 11
12

xw—(ax—l—Z)w-u 1

whereu is a polynomial killer. For > 12(2/7)* — 2 ~ —0.02893, Maroni constructed the 14

following explicit weight functionw, (x) for {yg (x)}: 15
0’ X g 0’ 16

= 17

Wa(x) {x“ exp(—2/x) [ 17 2exp(2/t — tY4) sintY* dt, x>0, 6

this result generalizes the work of Kwon et al. [13]. 19
Let @ @?) (¢) be a distributional weight in Schwartz space for the Bessel polynomials
{B(” ) ()52, satisfying the following nonhomogeneous differential equation: 2
22

(P @D ) =lat + bl P (1) + G (1), (4.16) 2

whereG @) (1) is a nonzero polynomial killer witlr £ 0, —1, ... andb # 0. Such a dis- **
tribution @ ) does exist (see Section 3). The mome{mtfﬁ’b)};’lozo of @D (1) satisfy
the recurrence relation

(n+ a)u(a b 4 bu(“ h=0 n=>0), (4.17) =28

29

whereu'@?) .= (@b ) = [o t"w @D (1) dt. In fact, we have %

(a,b) I'(a)(=b)" s

un = TrH T N 32
I'n+a)

33

34

5. Examples 35

36

We are now in position to construct orthogonalizing weights for the polynomial soki-
tions to Egs. (1.2)—(1.5) for certain ranges of the equations’ parameters. 38
39
Example 5.1. We first consider the second-order partial differential equation defined
in (1.2) where we assume that¢ {1,0, —1,...}. As mentioned earlier, Krall and Shef- 41
fer showed that this equation has at least a WOPS of solutions. In fact, as shown in Ee4],
Eq. (1.2) has an OP®, (x, y)},° , of Bessel type as solutionsgf+-n # 0 andgy +n#0 43
for eachn € Np. In fact, the polynomial solutions, corresponding to the eigenvalue para-
meteri = A, =n(n — 1 — g), are specifically given by 45
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ik, ) = BT o LV gy/x) (neNo, 0<k<n), x,y>0, 1

(5.1) 2

3

Where{B,(,g_“,tZk’_g)(x)} and{LiV_l(y)} are Bessel and Laguerre polynomials, respectively
(see Section 3). Fqr, y > 0, we define the functiow(x, y) on D = {(x, y) | x, y > 0} by

o

w(x,y) = w(gfl’fg)(x)efg%xlfgyygyfl. (5.2) j
Then °
9

Mi[w(x, y)] = (x*w)  + (xyw)y — (gx — g)w .

— G(g—ls—g)(x)e—g'}.xl—gyygy—{ 12

Ma[w(x, )] = yw)x + (2 = y)w), = (g — gy)w i
—Gg1-9 (x)e—gﬁxZ—gyygy—Z 15

are both polynomial killers irD = {(x, y) | x, y > 0} by Theorem 4.4. Thug(x,y)isa 17

real-valued weight function for the OR®,, (x, )}, defined by (5.1). 18
Next, we claim that iff > 0 andy <0 with gy ¢ {0, =1, —2, ...}, then the regulariza- 1o
tion w4 (x, y) of (5.2) defined by 20
00 21

(i (x, 1), $(x, ) = / xe EE O e g (x, xy)) dx (63)

0 24

is a real weight for an OP8P,, (x, y)}°2 ; in (5.1). (See [6] or [21] for the definition of the %
regularizationy§” ~ Lof yer-1)

If we set
28
v = (y¥ ey (n e No), 29
30
then the sequende;, }° , satisfies the recurrence relation 2
gni1— (1+gy)va=0 (n€No), (54) >
and the moments ab (x, y), by (4.6), can be written as 34

m n) (g—1,—g)

Wm,n = (w+(x y), x um+n+1 Un 36

sincep(x) = x. Using the definition (2.1) for the derivatives of moment functionals, we
see that by using (4.17) and (5.4),

39

(M3 0] 3") = ((P0), + ey )y — (g3 — ghws x"y) ;“i

= —(m +n+ w0, y), ")+ glwi (e, ), 27" e

(g-1-9) (g-1,-9) 43
=[O +n+gu, 5" +guy it o 44

=0, 45



© 0 N o g b~ W N P

AOBA DA B DN B OWOW W W W W W W WWNDNDNDNDNDNDNDNDNDNR R R B B B B R R
a M W M P O © © N O O~ W RN P O © © N 0 00 W NP O © ® N O A w N P O

50022-247X(05)00605-0/FLA AID:10386 Vol.ee [DTD5] P.15 (1-19)
YJMAA:m1 v 1.40 Prn:11/07/2005; 11:02 yl' | laa1038 by:R.M. p. 15

J.K. Lee, L.L. Littlejohn / J. Math. Anal. Appise (eeee) ecee—see 15
and 1
2
(Ma[w (e, ] x"y") = (Gyw)e + (07 = y)w+), — (8y — gP)w, x™y") 3
= —(m+n+@)fwy (x, y), "y ‘
5
+ (n+ gy){we(x, y), x™y") .
—1,— —1,—
= _(m +n+ g)u,(ng+n+2g) Un+1 + (n + g)/)”£5+n+lg) Un 7
(n+gy) ~1,- —1- °
= [—(m +n+ g)ufng+n+2g) 4 guff+,1+lg)]vn 9
10
=0.

11
ConsequentlyM; (w4 (x, y)] (i =1, 2) is a polynomial killer. Thus, fog >0,y <0 and 12
gy ¢{0,—-1,-2,...}, we see from Theorem 4.3 that, (x, y) is a real weight for the OPS 13
{Dn(x, y)}2, defined in (5.1). 14

15
Example 5.2. We now consider the second-order partial differential equation defined
in (1.3), where we assume¢ {1,0, —1,...}. Krall and Sheffer showed that this equa-17
tion has at least a WOPS as solutions but failed to show that these polynomial solutiongsare
orthogonal. In [14], the authors showed that (1.3) has an @&, y)};° , of Bessel type 10
of solutions ifg + n # 0 for eachn € Np; more precisely, this OPS is explicitly defined inzo

D={(x,y)|x,y> 0} by 21
22

BT () k([ -4%) if g <0, 23

Gn—kk(x,y) = (e42k.—g) . ) (5.5) 2
B8 (y)y"Hk(\/gf) if g>0, 2

26
where{B}i{ZZk’_g) (y)} and{H;(x)} are Bessel and Hermite polynomials, respectively. Faf

eachn € Ng and 0< k < n, ¢p—i k (x, y) satisfies (1.3) whea =21, =n(n — 1+ g). For
g < 0, we see from Theorem 4.3 that the functiotx, y) defined by 29
g2 30
w(x,y):eZT‘zw(g*l’fg)(y) 31

32

is a real-valued weight function for the OPS in (5.5) since -

2

&
Mi[w(x, »)] = ((x® + y)w), + Cxyw)y — gxw = ;G(g_l"g)u)ez»z o

35
36
37
38
39

and
2

Ma[w(x, )] = yw)e + (y2w), = (gy — gw = GE L8 ()22

are both polynomial killers inD = {(x, y) | x, y > 0} by Theorem 4.4. In the case that4o
g > 0, we are unable, at this time, to find a real weight function for this OPS since the real
weight function for the twisted Hermite polynomial is unknown at this time. 42
43
We remark that the constructions in Examples 5.1 and 5.2 answer open questions pased
by Krall and Sheffer in 1967 (see [12] and [19]). 45
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Lastly, we construct real-valued weights for the two OPS'’s of Bessel type discovetred
recently in [14]. 2
3
Example 5.3. Consider the partial differential equation defined in (1.4). In this case, this
equation has an OP®, (x, y)}°2 , of Bessel type as solutionsdf+n #0,e —n#0, s
d + e +n #0 for eachm € Ng andh # 0, defined explicitly by

bnt i (x, y) = PUATTETLme D o0 9y — x)* BTN (y /(1 — 1))

(<]

7
8

(0<k<n); (5.6) o
here{ P t#~1=¢=D (1)} and{B*™"(y)} are, respectively, Jacobi and Bessel poly®
nomials. The eigenvalue parameter corresponding,tq i (x, y) is given byr =4, = 1
n(n — 1+ d). We define a distributiomw, on the interval0, 1] by 12

——] d+e—2 ; 13

X 1—x) (x)dx ifd+e>—1 e<0,
(wl’ ¢(x)> — /O L y ¢2 - 14
(Wplx—¢H (1 —x)?*e74],¢(x)) otherwise 15
whereWp[x (1 — x)¢*¢~?]is the distribution obtained by regularizing the integral
1 18
/x_e_l(l—x)d“_z(b(x) dx 19

0 20

on the interval0, 1] (see [21]). The moments, := (w1, x™) of w; satisfy the recurrence Z

relation
23

(n+d—Dvyqp1— (n—e)v, =0, 24

and are given by 25
Fn—e)l'(d+e—1 20

n = (n—e)ld+e ) (n € Np). 27
I'nh+d-1) 28

Now define the distributiom on D ={(x,y) |0 <x <1,y > 0} by 29
(w, ¢ (x, ) = (w1, A= )@ TP (y), (x, (L - x)y)). 30
Then a calculation shows that the momentsuadre given by 22
Wi = (w, x™y") = (w1 (x), x™ (L — )" ) @Te (y), y7) 33

— 34

_ I'(m e)F(d—}-e—i—n)u(d%_e’h). 57

I'm+n+d) '

Consequently, from (5.7), we see that %

37

(Ml[w], xmy") = (((xz - x)w)x + (xyw)y — (dx + e)w, xmy”> 38

= —[(n +n + dywni1n + (€ — M) w4 ] =
I'm—e+1)I'(d+e+n)

40

=—(m+n+d v 4
( ) rm+n+d+1) ! 42
I'm—e)['(d+e+n) 43

—(e—m) Un
I'(m+n+d) 44

=0, 45
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and

(Malw], x™y") = (Cryw)s + (y2w) |, = (dy +hyw, x" ")
=—(m+n+d)wnnt1—hwmn
I'm—e)'d+e+n+1)
=) d
I'm—e)['(d+e+n)
I'm+n+d)
I'm—e)'(d+e+n)

= Tt d [(d + e+ n)vng1+ hv, ]
=0.

Thus, by Theorem 4.3y is a real weight function for the OPS defined in (5.6).

—h

n

© 0 N o g b~ W N P

=
o

e
w N P

14

Example 5.4. We now consider the partial differential equation defined in (1.5). In [141
the authors showed that this equation has an @»%x, y)} 2, of Bessel type as solutions =
ifd#0,e¢{1,0 —1,...}, andh # 0, defined explicitly by

Y

bnt i (x,y) = LAZED (—dx)xk B "”(x

) O<k<n); (5.8)
here, as before, the polynomials involved in (5.8) are Laguerre and Bessel polynomlals
this case, the eigenvalue parameéterorresponding t@, ¢ «(x, y) iS given byr = A, =

nd. Assume that/ < 0 and define the functiom(x, y) on D = {(x, y) | x, y > 0} by »

24

x¢ 2 gy @ =M (y/x) ife>1, 25

W, y) = { xf’[zedxw(e’_h)(y/x) ife<lande¢{1,0,—1,...}. (5-9) zj

If we put 28
. {f x¢2edxxm gy if e > 1, zz
| 62, amet if e <1ande ¢ {1,0,—1,...}, 21

then we see that: zz
(@) {vm};,_, satisfies the recurrence relation (for the Laguerre polynomials) z:
dvyy1— (1 —e—m)v, =0, (5.10) 36

(b) {uf,f"’”}go satisfies the recurrence relation (for the Bessel polynomials) 2;
(n+ e)un+1 — hu'e™M =0, (5.11) jz

(©) Wnn 1= (W, x™y") = Upansruesy” " by (4.6). a1

42
We claim thatw (x, y), defined in (5.9), is a real-valued weight function for the OPS defineed
in (5.8); from Theorem 4.3, it suffices to show thidt[w(x, y)] (i =1, 2) are polynomial 44
killers in D. Using (5.10) and (5.11), we see that 45
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1 (Ma[w(x, )], x™y") = =d(w, x"Ty") = (m +n + e)w, x™y") :
2 2
3 = _dwm+1,n —(m+n+ e)wm,n 3

,—h

4 = [_dvm+n+2 —(m+n+ e)vm+n+l]u§le ) 4
5 =0, °
6 6

and
7 7
8 (Mz[w(x,y)],xmy")z —m(w,xmfly’”l)—d(w,x’"y”+l)—h(w,xmy"> 8
9 9
10 = —MWpy—-1,n+1 — dwm,n+1 - hwm,n 10

— d (e,—h) _ h (e,—h)

1 = —(mumtn+1+ vm+n+2)un+1 Um+n+1Uy, 1
12 -0 12
13 13
12 Consequentlyw(x, y) is a real-valued weight function for the OPS defined in (5.8). 14
15 15
16 16
17 Uncited references 17
18 18
19 [7]119]1[10] [11] [17] 19
20 20
21 21
» Acknowledgments 22
23 23
” The first author thanks the Korea Research Foundation for the financial support (DP0019) and the sezc40nd

author for his hospitality and frequent discussions. We thank the referees for their detailed review and comments,
25 \which make the paper more complete. %
26 26
27 27
2 References 2
29 29
30 [1] C. Berg, J.P.R. Christensen, C.U. Jensen, A remark on the multidimensional moment problem, M&h.
31 Anal. 243 (1979) 163-169. 31
32 [2] S. Bochner, Uber Sturm-Liouvillesche Polynomsysteme, Math. Z. 29 (1929) 730-736. 32
33 [3] T.S. Chihara, An Introduction to Orthogonal Polynomials, Gordon and Breach, New York, 1978. 3

[4] A. Duran, The Stielties moment problem for rapidly decreasing functions, Proc. Amer. Math. Soc. 187
34 (1989) 731-741. 34
35 [5] A. Duran, Functions with given moments and weight functions for orthogonal polynomials, Rocky Mount&h
36 J. Math. 23 (1993) 87-104. 36
37 [6] I.M. Gel'fand, G.E. Shilov, Generalized Functions, vol. 1, Academic Press, New York, 1964. 37
38 [7] V.K. Jain, On orthogonal polynomials of two variables, Indian J. Pure Appl. Math. 11 (1980) 492-501.
[8] Y.J. Kim, K.H. Kwon, J.K. Lee, Orthogonal polynomials in two variables and second order partial differen-

39 tial equations, J. Comput. Appl. Math. 82 (1997) 239-260. 39
40 [9] T.H. Koornwinder, Two-variable analogues of the classical orthogonal polynomials, in: R. Askey (Ed9,
41 Theory and Applications of Special Functions, Academic Press, New York, 1995. 41

42 [10] AM. Krall, L.L. Littlejohn, On the classification of differential equations having orthogonal polynomia),

solutions Il, Ann. Mat. Pura Appl. 4 (1987) 77-102. 3
[11] H.L. Krall, O. Frink, A new class of orthogonal polynomials: the Bessel polynomials, Trans. Amer. Maﬂﬁ.
44 Soc. 65 (1949) 100-115. 44
45 [12] H.L. Krall, .M. Sheffer, Orthogonal polynomials in two variables, Ann. Mat. Pura Appl. 4 (1967) 325-3762



© 0 N o g b~ W N P

AOBA DA B DN B OWOW W W W W W W WWNDNDNDNDNDNDNDNDNDNR R R B B B B R R
a M W M P O © © N O O~ W RN P O © © N 0 00 W NP O © ® N O A w N P O

50022-247X(05)00605-0/FLA AID:10386 Vol.ee [DTD5] P.19 (1-19)
YJMAA:m1 v 1.40 Prn:11/07/2005; 11:02 yl' | laa10386 by:R.M. p. 19

J.K. Lee, L.L. Littlejohn / J. Math. Anal. Appise (eeee) ecee—see 19

[13] K.H. Kwon, S.S. Kim, S.S. Han, Orthogonality of Tchebychev sets of polynomials, Bull. London Math.
Soc. 24 (1992) 361-367. 2
[14] K.H. Kwon, J.K. Lee, L.L. Littlejohn, Orthogonal polynomial eigenfunctions of second order partial diffeg-
ential equations, submitted for publication.
[15] K.H. Kwon, L.L. Littlejohn, Classification of classical orthogonal polynomials, J. Korean Math. Soc. 34
(1997) 973-1008.
[16] P. Lesky, Die Charakterisierung der klassischen orthogonalen Polynome durch Sturm-Liouvillesche Differ-
entialgleichungen, Arch. Ration. Mech. Anal. 10 (1962) 341-352. 7
[17] L.L. Littlejohn, D. Race, Symmetric and symmetrisable ordinary differential equations, Proc. London Magh.
Soc. 1 (1990) 334—356.
[18] L.L. Littlejohn, On the classification of differential equations having orthogonal polynomial solutions, Ann
Mat. Pura Appl. 4 (1984) 35-53. 10
[19] L.L. Littlejohn, Orthogonal polynomial solutions to ordinary and partial differential equations, in: Lectu#é
Notes in Math., vol. 1329, 1988, pp. 98-124. 12
[20] P. Maroni, An integral representation for the Bessel form, J. Comput. Appl. Math. 57 (1995) 251-260. ;5
[21] R.D. Morton, A.M. Krall, Distributional weight functions for orthogonal polynomials, SIAM J. Math
Anal. 9 (1978) 604-626.
[22] T.J. Stieltjes, Recherches sur les fractions continues, Ann. Fac. Sci. Toulouse 8 (1894) J1-122, 9 (f§95)
Al-47. 16
[23] D.V. Widder, The Laplace Transform, Princeton Univ. Press, Princeton, NJ, 1941. 17
[24] Y. Xu, A class of bivariate orthogonal polynomials and cubature formula, Numer. Math. 69 (1994) 231-24].
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45



