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Abstract

H.L. Krall and I.M. Sheffer considered the problem of classifying certain second-order parti
ferential equations having an algebraically complete, weak orthogonal bivariate polynomial s
of solutions. Two of the equations that they considered are(

x2 + y
)
uxx + 2xyuxy + y2uyy + gxux + g(y − 1)uy = λu,

and

x2uxx + 2xyuxy + (
y2 − y

)
uyy + g(x − 1)ux + g(y − γ )uy = λu.

Even though they showed that these equations have a sequence of weak orthogonal polynom
tions, they were unable to show that these polynomials were, in fact, orthogonal. The orthog
of these two polynomial sequences was recently established by Kwon, Littlejohn, and Lee s
an open problem from 1967.

In this paper, we construct explicit weight functions for these two orthogonal polynomia
quences, using a method first developed by Littlejohn and then further developed by Han
and Kwon. Moreover, two additional partial differential equations were found by Kwon, Littlej
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and Lee that have sequences of orthogonal polynomial solutions. These equations are given(
x2 − x

)
uxx + 2xyuxy + y2uyy + (dx + e)ux + (dy + h)uy = λu,

xuxx + 2yuxy + (dx + e)ux + (dy + h)uy = λu.

In each of these examples, we also produce explicit orthogonalizing weight functions.
 2005 Published by Elsevier Inc.

Keywords:Second-order partial differential equation; Bivariate orthogonal polynomials; Weak orthogonal
polynomials; Polynomial killers; Weight functions

1. Introduction

In 1967, Krall and Sheffer [12] (see also [19]) considered, and solved, the pro
of classifying all weak orthogonal polynomial solutions (see Definition 2.1) satisf
second-order partial differential equations of the form

L[u] := A(x,y)uxx + 2B(x, y)uxy + C(x, y)uyy + D(x,y)ux + E(x,y)uy

= λu, (1.1)

where the eigenvalue parameter is a function of only the degree of the polynomial so
Up to a complex linear change of variable, they showed that there are nine distinc
orthogonal polynomial systems to the differential equation of the form (1.1). They f
necessary and sufficient conditions for the existence of these polynomial solutions
differential equation (1.1) and expressed these conditions in terms of an infinite s
of recurrence relations for moments of the corresponding (weak) orthogonalizing m
functional. These conditions were later rewritten in a simpler form by Littlejohn [19
ing the classical Lagrangian symmetry equations and the moment equations ass
with (1.1). Although Krall and Sheffer identified all differential equations which h
weak orthogonal polynomials as solutions, they only partially succeeded in showin
the polynomial solutions are, in fact, orthogonal.

In a recent paper, Kwon, Lee, and Littlejohn [14] explained the orthogonality fo
weak orthogonal polynomials found by Krall and Sheffer. More specifically, the au
in [14] showed that the polynomial solutions{φm,n(x, y)}∞m,n=0 to the partial differentia
equations

x2uxx + 2xyuxy + (
y2 − y

)
uyy + g(x − 1)ux + g(y − γ )uy = λy, (1.2)(

x2 + y
)
uxx + 2xyuxy + y2uyy + gxux + g(y − 1)uy = λu (1.3)

are orthogonal. Furthermore, in [14], they found new second-order partial differential
tions having weak orthogonal polynomials as solutions:(

x2 − x
)
uxx + 2xyuxy + y2uyy + (dx + e)ux + (dy + h)uy = λu, (1.4)

xuxx + 2yuxy + (dx + e)ux + (dy + h)uy = λu. (1.5)

These equations were omitted from the Krall–Sheffer classification since a complex c
U
N 45of variable will transform these equations into ones found by Krall and Sheffer. However,
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even though these changes of variable will preserve the orthogonality of the corresp
orthogonal polynomial solutions, the positive-definiteness of the orthogonalizing mo
functionals will not be preserved; consequently, we feel that it is necessary to distin
these equations and orthogonal polynomial solutions.

Because all these partial differential equations have polynomial solutions closely r
to the Bessel polynomials, we will say that these polynomial solutions are ofBessel type.

This two-variable Krall–Sheffer classification mirrors the well-known one-dimensi
classification due to S. Bochner in 1929 [2] (see also Lesky [16]), who determined,
a complex linear change of variable, all sequences of polynomials which satisfy a se
order ordinary differential equation of the form

a2(x)y′′ + a1(x)y′ + a0(x)y = λy (1.6)

and are orthogonal with respect to a bilinear form of the type

(f, g) =
∫
R

f (x)g(x) dµ, (1.7)

whereµ is a real, finite, signed Borel measure with finite moments of all orders. In a
recent extension of this classical result, Kwon and Littlejohn [15] reconsidered this
sification problem from a real linear change of variable point of view. This classifica
which is crucial in the developments of this paper, will be further considered in Sec
below.

In this paper, we construct real orthogonalizing weight functions for the orthog
polynomials satisfying the partial differential equations given in (1.2)–(1.5). Consequ
orthogonalizing weights are now known for seven of the nine polynomial systems st
by Krall and Sheffer as well as the new polynomial systems satisfying the partial diff
tial equations (1.4) and (1.5). We shed some light on a real orthogonalizing weight fu
for the orthogonal polynomials satisfying the partial differential equation (1.3) withg > 0
but, unfortunately, we are unable at this time to produce an explicit weight functio
these polynomials wheng > 0.

The contents of this paper are as follows. In Section 2, we recall the basic definitio
terminologies for orthogonal polynomials in two variables and review some of their
facts. In Section 3, we revisit the one-dimensional classifications due to Bochner and
as well as review some key constructions of weight functions in this situation. Sec
deals with a general constructive technique for two-variable orthogonalizing weigh
bivariate orthogonal polynomial solutions to second-order partial differential equa
Lastly, in Section 5, we apply this general method to construct explicit weights fo
orthogonal polynomial solutions to equations (1.2)–(1.5).

2. Preliminaries

We denote the set of all polynomials in one variablex by P1 and the set of all polyno
mials in the two independent variablesx andy by P2. By a bivariate polynomial system
U
N 45(PS), we mean a sequence{φn−j,j (x, y) | n ∈ N0; j = 0,1, . . . n} of polynomials with real
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coefficients such that degφm,n = m + n for all m,n ∈ N0 and{φn−j,j }nj=0 is linearly in-
dependent modulo polynomials of degree� n − 1. This independence is equivalent to t
statement that the matrix(an,j

i )ni,j=0 is nonsingular for eachn ∈ N0, wherean,j
i (0� i � n)

are the coefficients in the expression

φn−j,j (x, y) =
n∑

i=0

a
n,j
i xn−iyi + lower degree terms.

For eachn ∈ N0, it is convenient to view{φn−j,j }nj=0 as the(n + 1)-dimensional column

vectorΦn := (φn,0, φn−1,1, . . . , φ0,n)
T and the PS{φn−j,j (x, y) | n ∈ N0; j = 0,1, . . . , n}

as the sequence{Φn(x, y)}∞n=0 of column vectors. Lastly, we say that the PS{Φn(x, y)}∞n=0
is monic if, for eachn ∈ N0 and 0� j � n, φn−j,j (x, y) = xn−j yj + lower order terms.

For i = 1,2, a linear mappingσ : Pi → C is called amoment functional. Wheni = 1,
we refer the reader to [15] for various properties of one-variable moment functionals
action of a moment functionalσ on a polynomialφ ∈ P2 is denoted by〈σ,φ〉 instead of
the customaryσ(φ). Similarly, we define the action of a moment functionalσ on a matrix
Q = (Qi,j ), where eachQi,j ∈ P2, through the formula

〈σ,Q〉 = (〈σ,Qi,j 〉
)
.

For any moment functionalσ , we define the first partial derivatives ofσ , as moment func
tionals, by

〈σx,φ〉 := −〈σ,φx〉, 〈σy,φ〉 := −〈σ,φy〉 (φ ∈P2), (2.1)

and define multiplicationψσ , whereψ ∈ P2, to be the moment functional defined by

〈ψσ,φ〉 := 〈σ,ψφ〉 (φ ∈P2). (2.2)

Definition 2.1. A PS {Φn(x, y)}∞n=0 is called a weak orthogonal polynomial syste
(WOPS) if there is a nonzero moment functionalσ such that

〈σ,φm,nφk,l〉 = 0 if (m,n) �= (k, l).

In this case, we say that{Φn(x, y)}∞n=0 is a WOPS relative toσ . A WOPS{Φn(x, y)}∞n=0
relative to σ is called an orthogonal polynomial system (OPS) if〈σ,φm,nφk,l〉 =
Km,nδm,kδn,l where eachKm,n is a nonzero constant andδm,k denotes the Kronecker del
symbol. IfKm,n > 0 for eachm,n � 0, then we say that{Φn(x, y)}∞n=0 is a positive-definite
OPS relative toσ .

Definition 2.2. A moment functionalσ is called quasi-definite (respectively positiv
definite) if there is an OPS (respectively a positive-definite OPS) relative toσ .

The following algebraic characterization of orthogonality for polynomials in two v
U
N 45ables is important to the study of orthogonal polynomials in more than one variable.
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Theorem 2.1. For a nonzero moment functionalσ , the following conditions are equivalen:

(i) σ is quasi-definite;
(ii) there is a unique monic WOPS{Pn(x, y)}∞0 relative toσ ;

(iii) there is a monic WOPS{Pn(x, y)}∞0 such thatHn := 〈σ,PnPT
n 〉 is nonsingular for

eachn ∈ N0.

Proof. See [8,12]. �
From Definitions 2.1 and 2.2, it follows that a PS{Φn(x, y)}∞n=0 is an OPS (respectivel

a positive-definite OPS) relative toσ if and only if 〈σ,ΦmΦT
n 〉 = Hnδm,n, whereHn :=

〈σ,ΦnΦ
T
n 〉 is a nonsingular (respectively positive-definite) diagonal matrix.

For any PS{Φn(x, y)}∞n=0, there is a unique moment functionalσ defined by the condi
tions

〈σ,1〉 = 1, 〈σ,φm,n〉 = 0 (m + n � 1).

In this case, we callσ thecanonical moment functionalof a PS{Φn(x, y)}∞n=0. Note that
if a PS{Φn(x, y)}∞n=0 is a WOPS relative toσ , thenσ is necessarily a constant multiple
the canonical moment functional of{Φn(x, y)}∞n=0.

3. Results for the classical orthogonal polynomials

In this section, we review some fundamental results concerning the classificat
(one-variable) sequences of polynomial solutions to second-order ordinary differ
equations of the form (1.6) that are orthogonal with respect to bilinear forms o
type (1.7). In addition, we review an important technique of constructing orthogon
ing weights for these polynomials; these results are crucial for the constructions th
take place in the next section.

In an extension of the Bochner classification, Kwon and Littlejohn [15] showed tha
to areal linear change of variable, there are six distinct sequences of polynomial sol
to second-order differential equations of the form (1.6) that are orthogonal with resp
the bilinear form (1.7). These polynomial systems are the:

(1) Jacobi polynomials{P (α,β)
n (x)}, which satisfy the differential equation(

1− x2)y′′ + [
(β − α) − (α + β + 2)x

]
y′ = λy,

and are an OPS (respectively a positive-definite OPS) if and only if−α,−β,−α−β −
1 /∈ N (respectivelyα,β > −1).

(2) Laguerre polynomials{L(α)
n (x)}, which satisfy the differential equation

xy′′ + (α + 1− x)y′ = λy,

and are an OPS (respectively a positive-definite OPS) if and only if−α ∈ N (respec-
U
N 45tively α > −1).
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(3) Bessel polynomials{B(d,e)
n (x)}∞n=0, which satisfy the differential equation

x2y′′ + (dx + e)y′ = λy, (3.1)

and are an OPS if and only ife �= 0 and−(d + 1) /∈ N, but are never a positive-defini
OPS.

(4) Hermite polynomials{Hn(x)}, which satisfy the differential equation

y′′ − 2xy′ = λy,

and are a positive-definite OPS.
(5) Twisted Hermite polynomials{Ȟn(x)}, which satisfy the differential equation

y′′ + 2xy′ = λy,

and are an OPS but are not a positive-definite OPS.
(6) Twisted Jacobi polynomials{P̌ (α,β)

n (x)}, which satisfy the differential equation(
1+ x2)y′′ + (

(α + β + 2)x + i(α − β)
)
y′ = λy,

and are an OPS if and only if−(α + β + 1) /∈ N0 andᾱ = β but are never a positive
definite OPS.

In [13] (see also [18]), the following result is obtained:

Theorem 3.1. Suppose that the second-order differential equation(1.6) has a sequence o
polynomial solutions{pn(x)}∞n=0, wheredeg(pn) = n for eachn ∈ N0. Then{pn(x)}∞n=0 is
an orthogonal polynomial sequence with respect to a distributionw ∈D′(R) if and only if
each of the following conditions is satisfied:

(i) w acts on the set of all one-variable polynomialsP1,
(ii) 〈w,1〉 �= 0,

(iii) w satisfies the first-order differential equation(called the weight equation)

a2(x)w′ + (
a′

2(x) − a1(x)
)
w = u (x ∈ R), (3.2)

whereu ∈ D′(R) is a distribution that acts onP1 and satisfies〈u,xn〉 = 0 for all
n ∈ N0.

Remark 3.1. The weight equation(3.2) is equivalent to the following infinite system o
moment (recurrence) equations:

(an + d)wn+1 + (bn + e)wn + cnwn−1 = 0 (n ∈ N0); (3.3)

herea2(x) = ax2 + bx + c, a1(x) = dx + e andwn = 〈w,xn〉 for eachn ∈ N0.

Remark 3.2. A distributionu, with the properties given in Theorem 3.1, is called apoly-
nomial killer. Any nontrivial functiong :R → R satisfying

∫
R

xng(x) dx = 0 (n ∈ N0)
generates a polynomial killeru through the formula

〈u,ϕ〉 =
∫

ϕ(x)g(x) dx
(
ϕ ∈ D(R)

)
,

U
N 45

R
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whereD(R) is the space of infinitely differentiable, real-valued functions with comp
support. For example, Stieltjes [22] showed that the function

g(x) =
{

e−x1/4
sin(x1/4), x � 0,

0, x < 0,
(3.4)

generates a polynomial killer (see also [23, p. 126] as well as [3, Chapter 2, Sectio
that is to say,∫

R

xng(x) dx = 0 (n ∈ N0).

Remark 3.3. The general Bessel polynomials{B(d,e)
n (x)}∞n=0 seem to depend on tw

parametersd ande. In fact, a change of variablet = 2x/e transforms the differential equa
tion (3.1) into the differential equation

t2Y ′′ + (dt + 2)Y ′ = n(n + d − 1)Y. (3.5)

We denote the polynomial solutions of Eq. (3.5) by{yd−2
n (t)}∞n=0. These two notations fo

Bessel polynomials are used interchangeably throughout this paper.

In [13], the authors effectively use Theorem 3.1, with the polynomial killer gener
by (3.4), to construct a weight function for the simple Bessel polynomials{y0

n(x)}. Maroni,
in [20], extended the range of the technique used in [13] to general Bessel poly
als {ya

n(x)} for a � 12(2/π)4 − 2. For the general Bessel case, the corresponding w
equation (3.2) is

x2w′ − (ax + 2)w = u, (3.6)

whereu is a nonzero polynomial killer.
We remark that a general technique for constructing weight functions for ortho

polynomials in one variable has been developed by Duran [5]. Consequently, fro
constructive technique, it is possible to construct orthogonalizing weight functions fo
general Bessel polynomials whena ∈ R satisfies−(a + 1) /∈ N. We remark, however, tha
the weight functions that Duran obtains for the Bessel polynomials are not as expl
the ones obtained by Kwon et al. [13] or Maroni in [20].

4. Real weight functions for bivariate orthogonal polynomials of Bessel type

Suppose that for a (possibly signed) weight functionw1(x) on [a, b],

(i) xmw1(x) ∈ L1(a, b) for eachm ∈ N0 and
(ii) {pn(k;x)}∞n=0 is an OPS relative to the weight functionρ2k+1(x)w1(x) on the interval
U
N 45(a, b) for eachk ∈ N0, whereρ(x) is a positive function on the interval(a, b).
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Also, suppose{qn(y)}∞n=0 is an OPS with respect to the (possibly signed) weight fu
tion w2(y) on the interval(c, d) such that

ρk(x)qk

(
y/ρ(x)

)
is a polynomial inx andy of degreek for eachk ∈ N0. (4.1)

To guarantee the validity of (4.1), we assume that

(a) ρ(x) is a polynomial of degree� 1 or
(b) ρ(x) = √

αx2 + βx + γ (β2 − 4αγ �= 0) and{qn(y)}∞n=0 is a symmetric OPS (that is
qn(−y) = (−1)nqn(y) for eachn ∈ N0).

From the one-variable polynomial sequences{pn(k;x)}∞n=0 and {qn(y)}∞n=0, we can
define a new bivariate sequence of polynomials{Φn(x, y)}∞n=0 through the formula

φn−k,k(x, y) = pn−k(k;x)ρk(x)qk

(
y/ρ(x)

)
(0� k � n). (4.2)

Theorem 4.1. Let {Φn(x, y)}∞n=0 be the polynomial sequence defined by(4.2). Then
{Φn(x, y)}∞n=0 is a PS; moreover,{Φn(x, y)}∞n=0 is an OPS with respect to the(possibly
signed) weight function

w(x,y) = w1(x)w2
(
y/ρ(x)

)
(4.3)

on the domainR = {(x, y) | a < x < b, cρ(x) < y < dρ(x)}.

Proof. To prove this theorem, we show that form,n ∈ N0 and 0� i � m, 0� j � n,∫ ∫
R

φm−i,i (x, y)φn−j,j (x, y)w(x, y) dx dy

= δm,nδi,j

b∫
a

p2
m−i (i;x)ρ2i+1(x)w1(x) dx

d∫
c

q2
i (y)w2(y) dy. (4.4)

We first show that

pm−i (i;x)pn−j (j ;x)ρi+j+1(x)w1(x) ∈ L1(a, b). (4.5)

Using the notation‖f (x)‖2 = | ∫ b

a
f 2(x)ρ(x)w1(x) dx|1/2, we see from condition (i) an

the Cauchy–Schwarz inequality that

∣∣∣∣∣
b∫

a

pm−i (i;x)ρi+j (x)pn−j (j ;x)ρ(x)w1(x)

∣∣∣∣∣
�

∥∥ρi(x)pm−i (i;x)
∥∥

2

∥∥ρj (x)pn−j (j ;x)
∥∥

2

=
∣∣∣∣∣

b∫
a

p2
m−i (i;x)ρ2i+1(x)w1(x) dx

∣∣∣∣∣
1/2∣∣∣∣∣

b∫
a

p2
n−j (j ;x)ρ2j+1(x)w1(x) dx

∣∣∣∣∣
1/2
U
N 45< ∞.
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Define the transformationT :R → D = (a, b) × (c, d) by

T (x, y) = (
x, y/ρ(x)

)
.

ThenT is a bijection ofR onto D with the Jacobian determinant|JT (x, y)| = 1/ρ(x).
Since, by (4.5),pm−i (i;x)pn−j (j ;x)ρi+j+1(x)w1(x) ∈ L1(a, b) andqi(y)qj (y)w2(y) ∈
L1(c, d), we have, by change of variables,

b∫
a

pm−i (i;x)pn−j (j ;x)ρi+j+1(x)w1(x) dx

d∫
c

qi(y)qj (y)w2(y) dy

=
∫ ∫
D

F(x, y) dx dy

=
∫ ∫
R

(F ◦ T )(x, y)
∣∣JT (x, y)

∣∣dx dy

=
∫ ∫
R

pm−i (i;x)pn−j (j ;x)ρi+j (x)w1(x)qi

× (
y/ρ(x)

)
qj

(
y/ρ(x)

)
w2

(
y/ρ(x)

)
dx dy

=
∫ ∫
R

φm−i,i (x, y)φn−j,j (x, y)w(x, y) dx dy,

whereF(x, y) = pm−i (i;x)pn−j (j ;x)ρi+j+1(x)w1(x)qi(y)qj (y)w2(y). Then we have
(4.4) from the orthogonality of{pn(k;x)}∞n=0 and{qn(y)}∞n=0, which completes the proo
of the theorem. �
Remark 4.1. In [24], Xu considered a situation similar to Theorem 4.1 under the str
assumption that eachwi(x) is positive and nondecreasing for eachi = 1,2. We note
that Theorem 4.1 can be formulated using quasi-definite moment functionals and
orthogonal polynomials including the twisted Jacobi, twisted Hermite, and Bessel po
mials [14].

Remark 4.2. For the weight functionw(x,y) defined in (4.3), we have forφ ∈P2,

〈
w(x,y),φ(x, y)

〉 =
b∫

a

ρ(x)w1(x)

[ d∫
c

φ
(
x,ρ(x)y

)
w2(y) dy

]
dx.

In particular, if we takeφ(x, y) = xmyn, we have the following expression for the mome
of w(x,y):

wm,n := 〈
w(x,y), xmyn

〉
=

b∫
xmρn+1(x)w1(x) dx

d∫
ynw2(y) dy (m,n ∈ N0). (4.6)
U
N 45

a c



ARTICLE IN PRESS
S0022-247X(05)00605-0/FLA AID:10386 Vol.•••(•••) [DTD5] P.10 (1-19)
YJMAA:m1 v 1.40 Prn:11/07/2005; 11:02 yjmaa10386 by:R.M. p. 10

10 J.K. Lee, L.L. Littlejohn / J. Math. Anal. Appl.••• (••••) •••–•••

1 1

2 2

3 3

4 4

5 5

6 6

7 7

8 8

9 9

10 10

11 11

12 12

13 13

14 14

15 15

16 16

17 17

18 18

19 19

20 20

21 21

22 22

23 23

24 24

25 25

26 26

27 27

28 28

29 29

30 30

31 31

32 32

33 33

34 34

35 35

36 36

37 37

38 38

39 39

40 40

41 41

42 42

43 43

44 44

45

iterated

f

dif-
C
O

R
R

E
C

T
E

D
 P

R
O

O
F

If at least one of these iterated integrals is not well defined, then we agree that these
integrals will be regularized (see [6]).

Consider the second-order partial differential equation

L[u] := Auxx + 2Buxy + Cuyy + Dux + Euy = λnu, (4.7)

whereA(x,y) = ax2 + d1x + e1y + f1, 2B(x, y) = 2axy + d2x + e2y + f2, C(x, y) =
ay2 + d3x + e3y + f3, D(x) = gx + h1, E(y) = gy + h2 andλn = an(n − 1) + gn; the
various letters refer to real constants.

Definition 4.1 (See[12]). The partial differential equation(4.7) is called admissible i
λm �= λn for m �= n.

If a PS {Φn(x, y)} satisfies a partial differential equation of the form(4.7), then the
canonical moment functionalσ of {Φn(x, y)}∞0 satisfies

L∗[σ ] := (Aσ)xx + 2(Bσ)xy + (Cσ)yy − (Dσ)x − (Eσ)y = 0. (4.8)

Furthermore, (4.8) has a unique solution up to a constant multiple if(4.7) is admissible;
for further information, see [12,19].

Theorem 4.2 (See [8,19]). For an OPS{Φn(x, y)} relative to a moment functionalσ , the
following statements are equivalent:

(i) {Φn(x, y)} satisfies the partial differential equation(4.7).
(ii) The moments{µm,n} of σ , defined byµm,n := 〈σ,xmyn〉 for eachm,n ∈ N0, satisfy

the recurrence relations

0= Bm,n := 2
[
a(m + n) + g

]
µm,n+1 + me2µm−1,n+1 + [md2 + 2ne3]µm,n

+ mf2µm−1,n + 2nf3µm,n−1 + 2nd3µm+1,n−1 (4.9)

0= Cm,n := 2
[
a(m + n) + g

]
µm+1,n + [2md1 + ne2]µm,n + nd2µm+1,n−1

+ 2mf1µm−1,n + nf2µm,n−1 + 2me1µm−1,n+1. (4.10)

(iii) σ satisfies the moment equations

M1[σ ] := (Aσ)x + (Bσ)y − Dσ = 0, (4.11)

M2[σ ] := (Bσ)x + (Cσ)y − Eσ = 0. (4.12)

(iv) L[·]σ is formally symmetric on polynomials in the sense that〈
L[p]σ,q

〉 = 〈
L[q]σ,p

〉
for all p,q ∈P2.

Theorem 4.3. Let{Φn(x, y)} be an OPS satisfying the admissible second-order partial
ferential equation(4.7). Then a nontrivial distributionw ∈ D′(R2) is an orthogonalizing
U
N 45weight of{Φn(x, y)} if and only ifw has the following properties:
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(i) 〈w,1〉 �= 0;
(ii) w is a distribution which acts onP2, the space of bivariate polynomials;

(iii) for i = 1,2, Mi[w] is a polynomial killer in two variables; that is to say,〈
Mi[w], xmyn

〉 = 0 for eachm,n ∈ N0 (i = 1,2).

Proof. (⇒) Let w be an orthogonalizing weight for an OPS{Φn(x, y)}∞n=0 satisfying a
partial differential equation of the form(4.7). Clearly, (i) and (ii) are obvious. Using Defi
nitions 2.1 and 2.2, part (iii) follows from the observations that

−2
〈
M2[w], xmyn

〉 = Bm,n = 0,

and

−2
〈
M1[w], xmyn

〉 = Cm,n = 0,

whereBm,n andCm,n are defined in (4.9) and (4.10).
(⇐) This is clear from Theorem 4.2.�
In the following, we show how to construct polynomial killers in two variables us

one-variable polynomial killers.

Theorem 4.4. Let g : (0,∞) → R be a nontrivial function such thatxng(x) ∈ L1(0,∞)

for eachn ∈ N0 and
∞∫

0

xng(x) dx = 0 (n ∈ N0);

that is,g generates a polynomial killer. Leth : (c, d) → R be any function such thatph ∈
L1(c, d) for all p ∈ P1. Then

K1(x, y) = g(x)h(y/x), K2(x, y) = g(x)(y/x)h(y/x)

generate two-dimensional polynomial killersui ∈ D′(Ř) in Ř = {(x, y) | x > 0, cx <

y < dx} in the sense that〈
ui,p(x, y)

〉 := ∫ ∫
Ř

p(x, y)Ki(x, y) dŘ = 0 (p ∈P2; i = 1,2).

Proof. Let Ď = {(x, y) | x > 0, c < y < d} andS : Ř → Ď be the transformation define
by

S(x, y) = (x, y/x).

ThenS is aC1-bijection ofŘ ontoĎ and|JS(x, y)| = 1/x. Sincexm+n+1g(x) ∈ L1(0,∞)

andynh(y) ∈ L1(c, d), we havexm+n+1yng(x)h(y) ∈ L1(Ď) and

0=
∞∫

xm+n+1g(x)dx

d∫
ynh(y) dy =

∫ ∫
xm+n+1yng(x)h(y) dx dy
U
N 450 c Ď=S(Ř)
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=
∫ ∫
Ř

xmyng(x)h(y/x)dx dy =
∫ ∫
Ř

xmynK1(x, y) dx dy.

That is,K1(x, y) generates a polynomial killer iňR.
Similarly, we have

0=
∞∫

0

xm+n+1g(x)dx

d∫
c

yn+1h(y)dy =
∫ ∫

Ď=S(Ř)

xm+n+1yn+1g(x)h(y) dx dy

=
∫ ∫
Ř

xm−1yn+1g(x)h(y/x)dx dy =
∫ ∫
Ř

xmynK2(x, y) dx dy,

and the proof is complete.�
We now recall a classical result, extending Boas’ moment theorem (see [3, pp. 74

on the multi-dimensional moment problem [1] which states that for any sequence{µα}∞|α|=0

of real numbers, there exists a signed Borel measureµ on Rk such that

µα =
∫
Rk

xα dµ(x)
(
α ∈ N

k
0; x = (x1, x2, . . . , xk) ∈ R

k
)
, (4.13)

whereN
k
0 := {(α1, α2, . . . , αk) | αi � 0, αi ∈ N0}, xα = x

α1
1 x

α2
2 · · ·xαk

k and|α| = ∑k
i=1 αi .

From this fact, the orthogonality for any OPS{Φn(x)} in k variables can be written i
integral form as∫

Rk

φα(x)φβ(x) dµ(x) = Kαδα,β, α,β ∈ N
k
0,

whereµ is a signed Borel measure onRk , Kα is a nonzero constant for eachα ∈ N
k
0 and

δα,β is the Kronecker Dirac delta function defined by

δα,β =
{

0 (α �= β),

1 (α = β).

By Theorem 4.3, in order to find a real-valued weight function for an OPS{Φn(x, y)}
satisfying a second-order partial differential equation (4.7), we need to solve the sys
nonhomogeneous weight equations

(Aw)x + (Bw)y − Dw = u1, (4.14)

(Bw)x + (Cw)y − Ew = u2, (4.15)

where eachui (i = 1,2) is a two-dimensional polynomial killer. Conversely, if we can fi
a distributionw, which acts onP2, satisfying Eqs. (4.14) and (4.15), thenw is a real weight
for an OPS{Φn(x, y)}∞n=0.

Similar to the situation with one-variable classical orthogonal polynomials, the w
function for a positive-definite bivariate OPS can be found by simultaneously
U
N 45ing (4.14) and (4.15) withui ≡ 0 in the distributional sense. In the case of a quasi-definite
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(specifically, non positive-definite) OPS, however, the simultaneous distributional so
of (4.14) and (4.15) withui ≡ 0 does not necessarily produce a real-valued weight fo
OPS (see [19]).

Before discussing explicit weight functions for the four bivariate OPS’s of Bessel
for the partial differential equations (1.2)–(1.4), and (1.5), we discuss further per
information concerning the Bessel polynomials{ya

n(x)} that we will require in the con
structions below.

For−(a + 1) /∈ N, Favard’s theorem [3, pp. 21–22] and a result of Duran [4] guaran
that the Bessel polynomials{ya

n(x)} are orthogonal on the real line with respect to sign
weight function from the Schwarz classS(R); furthermore, any such weight function mu
necessarily satisfy the distributional differential equation

x2w′ − (ax + 2)w = u,

whereu is a polynomial killer. Fora � 12(2/π)4 −2� −0.02893, Maroni constructed th
following explicit weight functionwa(x) for {ya

n(x)}:

wa(x) =
{

0, x � 0,

xa exp(−2/x)
∫ ∞
x

t−a−2 exp(2/t − t1/4)sin(t1/4) dt, x > 0,

this result generalizes the work of Kwon et al. [13].
Let 
(a,b)(t) be a distributional weight in Schwartz space for the Bessel polynom

{B(a,b)
n (t)}∞n=0 satisfying the following nonhomogeneous differential equation:(

t2
(a,b)(t)
)′ = [at + b]
(a,b)(t) + G(a,b)(t), (4.16)

whereG(a,b)(t) is a nonzero polynomial killer witha �= 0,−1, . . . andb �= 0. Such a dis-
tribution 
(a,b) does exist (see Section 3). The moments{u(a,b)

n }∞n=0 of 
(a,b)(t) satisfy
the recurrence relation

(n + a)u
(a,b)
n+1 + bu(a,b)

n = 0 (n � 0), (4.17)

whereu
(a,b)
n := 〈
(a,b), tn〉 = ∫ ∞

0 tn
(a,b)(t) dt . In fact, we have

u(a,b)
n = Γ (a)(−b)n

Γ (n + a)
.

5. Examples

We are now in position to construct orthogonalizing weights for the polynomial s
tions to Eqs. (1.2)–(1.5) for certain ranges of the equations’ parameters.

Example 5.1. We first consider the second-order partial differential equation defi
in (1.2) where we assume thatg /∈ {1,0,−1, . . .}. As mentioned earlier, Krall and She
fer showed that this equation has at least a WOPS of solutions. In fact, as shown i
Eq. (1.2) has an OPS{Φn(x, y)}∞n=0 of Bessel type as solutions ifg+n �= 0 andgγ +n �= 0
for eachn ∈ N0. In fact, the polynomial solutions, corresponding to the eigenvalue p
U
N 45meterλ = λn = n(n − 1− g), are specifically given by
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φn−k,k(x, y) = B
(g+2k,−g)
n−k (x)xkL

(gγ−1)

k (gy/x) (n ∈ N0, 0� k � n), x, y > 0,

(5.1)

where{B(g+2k,−g)
n−k (x)} and{Lgγ−1

k (y)} are Bessel and Laguerre polynomials, respectiv
(see Section 3). Forg,γ > 0, we define the functionw(x,y) onD = {(x, y) | x, y > 0} by

w(x,y) = 
(g−1,−g)(x)e−g
y
x x1−gγ ygγ−1. (5.2)

Then

M1
[
w(x,y)

] = (
x2w

)
x

+ (xyw)y − (gx − g)w

= G(g−1,−g)(x)e−g
y
x x1−gγ ygγ−1,

M2
[
w(x,y)

] = (xyw)x + ((
y2 − y

)
w

)
y

− (gy − gγ )w

= G(g−1,−g)(x)e−g
y
x x2−gγ ygγ−2

are both polynomial killers inD = {(x, y) | x, y > 0} by Theorem 4.4. Thusw(x,y) is a
real-valued weight function for the OPS{Φn(x, y)}∞n=0 defined by (5.1).

Next, we claim that ifg > 0 andγ < 0 with gγ /∈ {0,−1,−2, . . .}, then the regulariza
tion w+(x, y) of (5.2) defined by

〈
w+(x, y),φ(x, y)

〉 =
∞∫

0

x
(g−1,−g)(x)
〈
y

gγ−1
+ , e−gyφ(x, xy)

〉
dx (5.3)

is a real weight for an OPS{Φn(x, y)}∞n=0 in (5.1). (See [6] or [21] for the definition of th

regularizationygγ−1
+ of ygγ−1.)

If we set

vn := 〈
y

gγ−1
+ , e−gyyn

〉
(n ∈ N0),

then the sequence{vn}∞n=0 satisfies the recurrence relation

gvn+1 − (n + gγ )vn = 0 (n ∈ N0), (5.4)

and the moments ofw+(x, y), by (4.6), can be written as

wm,n := 〈
w+(x, y), xmyn

〉 = u
(g−1,−g)

m+n+1 vn

sinceρ(x) = x. Using the definition (2.1) for the derivatives of moment functionals,
see that by using (4.17) and (5.4),

〈
M1

[
w+(x, y)

]
, xmyn

〉 = 〈(
x2w+

)
x

+ (xyw+)y − (gx − g)w+, xmyn
〉

= −(m + n + g)
〈
w+(x, y), xm+1yn

〉 + g
〈
w+(x, y), xmyn

〉
= [−(m + n + g)u

(g−1,−g)

m+n+2 + gu
(g−1,−g)

m+n+1

]
vn
U
N 45= 0,
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and 〈
M2

[
w+(x, y)

]
, xmyn

〉 = 〈
(xyw+)x + ((

y2 − y
)
w+

)
y

− (gy − gγ )w+, xmyn
〉

= −(m + n + g)
〈
w+(x, y), xmyn+1〉

+ (n + gγ )
〈
w+(x, y), xmyn

〉
= −(m + n + g)u

(g−1,−g)

m+n+2 vn+1 + (n + gγ )u
(g−1,−g)

m+n+1 vn

= (n + gγ )

g

[−(m + n + g)u
(g−1,−g)

m+n+2 + gu
(g−1,−g)

m+n+1

]
vn

= 0.

Consequently,Mi[w+(x, y)] (i = 1,2) is a polynomial killer. Thus, forg > 0, γ < 0 and
gγ /∈ {0,−1,−2, . . .}, we see from Theorem 4.3 thatw+(x, y) is a real weight for the OPS
{Φn(x, y)}∞n=0 defined in (5.1).

Example 5.2. We now consider the second-order partial differential equation de
in (1.3), where we assumeg /∈ {1,0,−1, . . .}. Krall and Sheffer showed that this equ
tion has at least a WOPS as solutions but failed to show that these polynomial solutio
orthogonal. In [14], the authors showed that (1.3) has an OPS{Φn(x, y)}∞n=0 of Bessel type
of solutions ifg + n �= 0 for eachn ∈ N0; more precisely, this OPS is explicitly defined
D = {(x, y) | x, y > 0} by

φn−k,k(x, y) =




B
(g+2k,−g)
n−k (y)ykHk

(√− g
2

x
y

)
if g < 0,

B
(g+2k,−g)
n−k (y)ykȞk

(√ g
2

x
y

)
if g > 0,

(5.5)

where{B(g+2k,−g)
n−k (y)} and{Hk(x)} are Bessel and Hermite polynomials, respectively.

eachn ∈ N0 and 0� k � n, φn−k,k(x, y) satisfies (1.3) whenλ = λn = n(n − 1+ g). For
g < 0, we see from Theorem 4.3 that the functionw(x,y) defined by

w(x,y) = e
gx2

2y2 
(g−1,−g)(y)

is a real-valued weight function for the OPS in (5.5) since

M1
[
w(x,y)

] = ((
x2 + y

)
w

)
x

+ (xyw)y − gxw = x

y
G(g−1,−g)(y)e

gx2

2y2

and

M2
[
w(x,y)

] = (xyw)x + (
y2w

)
y

− (gy − g)w = G(g−1,−g)(y)e
gx2

2y2

are both polynomial killers inD = {(x, y) | x, y > 0} by Theorem 4.4. In the case th
g > 0, we are unable, at this time, to find a real weight function for this OPS since th
weight function for the twisted Hermite polynomial is unknown at this time.

We remark that the constructions in Examples 5.1 and 5.2 answer open question
U
N 45by Krall and Sheffer in 1967 (see [12] and [19]).
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Lastly, we construct real-valued weights for the two OPS’s of Bessel type disco
recently in [14].

Example 5.3. Consider the partial differential equation defined in (1.4). In this case
equation has an OPS{Φn(x, y)}∞n=0 of Bessel type as solutions ifd + n �= 0, e − n �= 0,
d + e + n �= 0 for eachn ∈ N0 andh �= 0, defined explicitly by

φn−k,k(x, y) = P
(d+e+2k−1,−e−1)
n−k (2x − 1)(1− x)kB

(d+e,h)
k

(
y/(1− x)

)
(0� k � n); (5.6)

here{P (d+e+2k−1,−e−1)
n−k (x)} and{B(d+e,h)

k (y)} are, respectively, Jacobi and Bessel po
nomials. The eigenvalue parameter corresponding toφn−k,k(x, y) is given byλ = λn =
n(n − 1+ d). We define a distributionw1 on the interval[0,1] by

〈
w1, φ(x)

〉 =
{∫ 1

0 x−e−1(1− x)d+e−2φ(x)dx if d + e > −1, e < 0,

〈Wp[x−e−1(1− x)d+e−2], φ(x)〉 otherwise,

whereWP [x−e−1(1− x)d+e−2] is the distribution obtained by regularizing the integral
1∫

0

x−e−1(1− x)d+e−2φ(x)dx

on the interval[0,1] (see [21]). The momentsvn := 〈w1, x
m〉 of w1 satisfy the recurrenc

relation

(n + d − 1)vn+1 − (n − e)vn = 0,

and are given by

vn = Γ (n − e)Γ (d + e − 1)

Γ (n + d − 1)
(n ∈ N0).

Now define the distributionw onD = {(x, y) | 0< x < 1, y > 0} by〈
w,φ(x, y)

〉 = 〈
w1, (1− x)

〈

(d+e,h)(y),φ(x, (1− x)y)

〉〉
.

Then a calculation shows that the moments ofw are given by

wm,n = 〈
w,xmyn

〉 = 〈
w1(x), xm(1− x)n+1〉〈
(d+e,h)(y), yn

〉
= Γ (m − e)Γ (d + e + n)

Γ (m + n + d)
u(d+e,h)

n . (5.7)

Consequently, from (5.7), we see that〈
M1[w], xmyn

〉 = 〈((
x2 − x

)
w

)
x

+ (xyw)y − (dx + e)w,xmyn
〉

= −[
(m + n + d)wm+1,n + (e − m)wm,n

]
= −(m + n + d)

Γ (m − e + 1)Γ (d + e + n)

Γ (m + n + d + 1)
vn

− (e − m)
Γ (m − e)Γ (d + e + n)

Γ (m + n + d)
vn
U
N 45= 0,
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and 〈
M2[w], xmyn

〉 = 〈
(xyw)x + (

y2w
)
y

− (dy + h)w,xmyn
〉

= −(m + n + d)wm,n+1 − hwm,n

= −(m + n + d)
Γ (m − e)Γ (d + e + n + 1)

Γ (m + n + d + 1)
vn+1

− h
Γ (m − e)Γ (d + e + n)

Γ (m + n + d)
vn

= −Γ (m − e)Γ (d + e + n)

Γ (m + n + d)

[
(d + e + n)vn+1 + hvn

]
= 0.

Thus, by Theorem 4.3,w is a real weight function for the OPS defined in (5.6).

Example 5.4. We now consider the partial differential equation defined in (1.5). In [
the authors showed that this equation has an OPS{Φn(x, y)}∞n=0 of Bessel type as solution
if d �= 0, e /∈ {1,0,−1, . . .}, andh �= 0, defined explicitly by

φn−k,k(x, y) = L
(e+2k−1)
n−k (−dx)xkB

(e,−h)
k

(
y

x

)
(0� k � n); (5.8)

here, as before, the polynomials involved in (5.8) are Laguerre and Bessel polynom
this case, the eigenvalue parameterλ corresponding toφn−k,k(x, y) is given byλ = λn =
nd . Assume thatd < 0 and define the functionw(x,y) onD = {(x, y) | x, y > 0} by

w(x,y) =
{

xe−2edx
(e,−h)(y/x) if e > 1,

xe−2+ edx
(e,−h)(y/x) if e < 1 ande /∈ {1,0,−1, . . .}. (5.9)

If we put

vm :=
{∫ ∞

0 xe−2edxxm dx if e > 1,

〈xe−2+ , xmedx〉 if e < 1 ande /∈ {1,0,−1, . . .},
then we see that:

(a) {vm}∞m=0 satisfies the recurrence relation (for the Laguerre polynomials)

dvm+1 − (1− e − m)vm = 0, (5.10)

(b) {u(e,−h)
m }∞0 satisfies the recurrence relation (for the Bessel polynomials)

(n + e)u
(e,−h)
n+1 − hu(e,−h)

n = 0, (5.11)

(c) wm,n := 〈w,xmyn〉 = vm+n+1u
(e,−h)
n by (4.6).

We claim thatw(x,y), defined in (5.9), is a real-valued weight function for the OPS defi
in (5.8); from Theorem 4.3, it suffices to show thatMi[w(x,y)] (i = 1,2) are polynomial
U
N 45killers in D. Using (5.10) and (5.11), we see that
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〈
M1

[
w(x,y)

]
, xmyn

〉 = −d
〈
w,xm+1yn

〉 − (m + n + e)
〈
w,xmyn

〉
= −dwm+1,n − (m + n + e)wm,n

= [−dvm+n+2 − (m + n + e)vm+n+1
]
u(e,−h)

n

= 0,

and 〈
M2

[
w(x,y)

]
, xmyn

〉 = −m
〈
w,xm−1yn+1〉 − d

〈
w,xmyn+1〉 − h

〈
w,xmyn

〉
= −mwm−1,n+1 − dwm,n+1 − hwm,n

= −(mvm+n+1 + dvm+n+2)u
(e,−h)
n+1 − hvm+n+1u

(e,−h)
n

= 0.

Consequently,w(x,y) is a real-valued weight function for the OPS defined in (5.8).
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