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In connection with the fourth-order Bessel-type differential equation
(Lay)(x) = (zy" (2))" = (927" +8M ~'2)y'(z)) = Azy(z) (x> 0)

two expansion theorems are established, the convergence being pointwise or in a L?-setting. If the positive parameter M tends to zero,
these two expansion theorems reduce to the classical Hankel transform of order zero. In a previous paper the authors have proved that in
one of the introduced Lebesgue-Stieltjes Hilbert function spaces, the differential expression 2 1L, gives rise to exactly one self-adjoint
operator Sps. In this paper it is proved, together with the corresponding expansion theorems, that Sj; has a complete eigenpacket. The
orthogonality property of this eigenpacket is reflected in a distributional orthogonality on which the expansion theorems are based.

1 Introduction

Let H be a Hilbert space. For every self-adjoint operator A in H von Neumann’s theorem guarantees the
existence of a family (E(X))xer of projection operators (unique to some normalisations) such that

Au = /00 A dE(N)u (u € D(A)).

—00

In the hope of finding a substitute that is in specific situations more amenable to computations, Rellich,
in his New York lectures of 1950/51, generalised Hellinger’s concept of ”eigendifferentials” as follows [8, p.
162].

Let A be a symmetric operator in H. A family (¢)),cr of elements in D(A) is called an eigenpacket
of A if it has the following properties:

(i) The mapping A — ¢, from R into H is continuous.
(73) There is some A\g € R with ¢, = 0, and for every A € R

A
A 1 dd, = Ay
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2 Fourth-Order Bessel equation

where the integral term has to exist as a Riemann-Stieltjes integral. (In his later Gottingen lectures
Rellich strengthened the second requirement [9, p. 69].)

If A is self-adjoint, (E(A))rer as above, A\g € R and v € H, then

ér =4 EN —EX)— Y [E(N)—EMX—0)] v (AeR)
Ao<Ai<A

is an eigenpacket of A [8, p.166]. Note, however, that ¢y =0 (A € R) if 0.(A), the continuous spectrum of
A, is empty.
In the simple case

Au = —u" with D(A) = C*(R) ¢ H = L*(R)

the expansion theorem is given by the Fourier transform. There are two distinct (non-trivial) eigenpackets,

generated by sine and cosine, [8, p. 246 f], reflecting the fact that o(A) = 0.(A) = [0, c0) has multiplicity
two [1, Chapter 6, Sections 85, 86, 89D].
In this paper we are concerned with Bessel’s equation
2-1/4
vi-1/4)

(ru)(z) = —u" (@) + ©—

(z) = Au(x) (x > 0), (1)

and its fourth-order analogue, equation (4) below. For v > 0 the L.h.s. of (1) gives rise to a distinguished
self-adjoint operator in L?(0,00), the Friedrichs extension F,. It is positive and, according to a result of
Rellich [11, Sections 3, 5], the functions in its domain behave at 0 like the principal solution of (1), i.e.

D(F,) = {f € C'((0,00)), f" € AC1c((0,00))| )
f,mf € L?(0,00) and lim,_.o f(x)/(a:l/z_”) =0}

if v > 0, and by

D(FO) = {f € Cl((ov OO)), f/ € AC]OC((O7OO))‘ (3)
fymof € L?(0,00) and lim, o f(x)/ ("% In(z)) = 0}

if v=0. Forany v >0
o(F,) = 0.(F,) = [0,00)

(cf. [5]). The expansion theorem associated with these operators is Hankel’s theorem, which can be for-
mulated as follows [13, p. 240].

THEOREM 1.1 Let a > —1/2 and p > 0. If f € L'(0,00) is of bounded variation in a neighbourhood of j,
then

1 oo o
UG+ 0+ 7= 0= [ stz ([ moVAS ) an) d

More generally, one has the following result which is a special case of a result of Watson, [13, p. 221f]
and [12, p. 291ff].

THEOREM 1.2 Let a > —1/2. The operator H, : L*(0,00) — L%(0,00) defined by

fr—gp):= % /000 f(x) (/Ou Vitxd,(tr) dt) dx for almost all p > 0,
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is unitary with H;1 = H,,.

H, 5 is the Fourier sine, H_ , the Fourier cosine transform. For a vector space analogous to the Schwartz
test function space, where the Hankel transform also acts as an automorphism, see [16, Sections 5.2 to
5.4].

In [6] a hierarchy of higher-order differential equations is introduced which have solutions with orthog-
onality properties similar to the classical Bessel functions. The simplest of these equations is

(Lary)(@) := (23" (2))" = (927" + 8M ~'2)y/ () = Azy(z) (z > 0) (4)
where M > 0,
A= NN 48M )
and A € C, one solution being
JM(z) == 14+ M(N/2)?|Jo(Ax) — 2M (A/2)*(Mx) L (Az). (5)

The r.h.s. of (5) is defined for > 0. Note that if we multiply (4) by M/8, let M tend to zero and replace
A2 by A, we obtain

—(zy/(2))" = Aay(z) (x> 0),

which is equivalent to (1) with v = 0 via u = z'/?

The monotonic increasing function

Y.
[ —M/2ifz =0
m(x) = { %xz ifz>0 (6)

gives rise to a Borel measure on [0, c0), again described by m. We write L?([0, c0);m) for the Hilbert space
(of equivalent classes) of functions f : [0,00) — C with

/Oolf(x)|2x dr < oo.
0

The scalar product is defined by

(f,0)m = 5MF(0 / f(@)g(@)r dr,

the norm being ||f|,. := [(f, f)m]"/?. (We note in passing that L2([0,00);m) can also be viewed as the
direct sum of the Hilbert spaces M C and L*((0,00);).) It is in this Hilbert space L*([0, 00);m) that the
Lh.s. of (4) generates exactly one self-adjoint operator Sy;. The domain D(S)y) is given by

D(SM) = {f € 03((0700))7f(3) € ACloc((Oa OO))’
fra~ L f € L*((0,00); 2)}.

It may be shown that for any f € D(Sy) the following properties hold:

(i) For r =0,1,2 the derivative f(") has a continuous extension to 0.
(i4) At the endpoint 0 the function f has the boundary values f'(0) =0
and lim, _o(zf® (z)) = 0.
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The operator Sy is positive and given by

—16M~1f7(0) if 2 = 0
(Snf)(x) = { oY (Larf)(x) if 2> 0.

Moreover, o(Syr) = o.(Sar) = [0, 00).

For the proof of these properties of the operator Sy see [3] and [7].

In this present paper we derive, in Section 2, an orthogonality result (cf. also [6, (4.1)]) for the Bessel-
type functions (5) and show that it can be interpreted as an orthogonality relation for an eigenpacket of
Sar. Associated with Sy is a generalised Hankel transform which for M = 0 reduces to R~ HyR where
R is the operator of multiplication by the square root. Pointwise convergence of this generalised Hankel
transform is studied in Section 3, while a Hilbert space setting is considered in Section 4. These results
were announced in [4].

2 Orthogonality results

We start by interpreting Theorem 1.1 as a distributional orthogonality, an observation which, in one way
or another, can be found in the literature (e.g. [2, pp. 15, 86], [10, p. 367]).

PROPOSITION 2.1 Let o > —1/2, 1> 0. Then
A / JaOD) Ja(pz)z dz = 50— 1) (A > 0)
0

in the sense of distributions on C§°((0,00)), i.e. with

b
Jola Ao pt) = A / Jo(\2)Ja(pi) dz (b 0) (7)
0
we have

im [ " e (N dA = plu) (¢ € CER((0,00)). (®)

b—oo

Proof Changing the order of integration on the Lh.s. of (8), we have

/Ooo Tola, A, w)p(A) dA = # /Ob Jo(pz)/px </OOO Ja(A2)VAZVAp(N) dA) da.

By Theorem 1.1, the r.h.s. tends to ¢(u) as b — oo. O
We frequently take advantage of the well-known asymptotic behaviour of the Bessel functions.

Remark 1 For v > 0 there exists a continuous function R, defined on [1, 00) say, with the property that
sR,(s) is bounded for s > 1 and

1/2
Jy(s) = <£) [cos(s — (vm)/2 —m/4) + R,(s)] (s > 1)

s

[15, Section 7.3].
We also note the following estimate
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[15, p. 48 (6)].
In the sequel M denotes a non-negative real number.

LEMMA 2.2 Forwv,a,s > 0 we define

= / ’ Vst (st) dt
0

14 M(s/2)?

¢3(8) ::/0 JtN[(S)HT\/(%t/W dt.

Let 0 < a < 8 < 0. For any ¢ € (0,1) there is a C > 0 such that

C C
[Wi(s)l = = (1€ {1,2}) and [¢3(s)| < B

fora € o, B] and s > 1/a.

Proof In view of Remark 1 the assertion concerning v, is clear from

Pi(s) = % {/Oa/a vz J,(z) dx + <%>1/2 /a‘/i[cos(x — (vm)/2 —7/4) + R, (z)] da:} .

As for 19, we can write

_ [ (s/2) ¢ Ji(st)
—/0 VstJy(st) dt—2M1+M(S/2)2 5 dt.

The second integral can be taken care of by using the estimate (9) on a compact interval and Remark 1
outside. The same argument applies to

Wa(s) = #{/Oa VaJo(z) du 2M/ 5 $/i/2 Ji/(? dx}.

THEOREM 2.3 Let v > 0. The functions defined by, for all x > 0,

/ Vat,(xt) dtif A >0
ifA<O0

form an eigenpacket of the Friedrichs extension F, of —d*/dx?+ (v?>—1/4)x=2 in L?(0,00). If f € L*(0, c0)
s a function with

(f;02) =0 (A €R), (10)
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then f =0 a.e on (0,00), i.e. the eigenpacket is complete in the sense of [8, p. 170]. Moreover, if 0 < \; <
Ao < 00,0 < py < pg < 0o and the intervals Iy := [/ A1,V 2], I2 := [\/u1, /2] have at most one point in
common, then

(¢>\2 - ¢A1’ ¢N2 - ¢,U«1) = 0. (11)

Proof Let A > 0. On account of Lemma 2.2 we have ¢, € L?(0,00). Furthermore,
lim ||, — ¢al| =0
H—A

by Lebesgue’s theorem, since there is a neighbourhood I of A where ¢, can be dominated by an L?-function
independent of y € I.
For z > 0 we find

2 _ VA
)+ = o = [ Vet e i (12)

using Bessel’s equation. Changing the order of integration in

/0 ' ( /0 v VatJ,(xt) dt) du,

we see that the r.h.s. of (12) can be written as

A A
Aba () — /0 bu() dp = /0 1 dgu(z). (13)

Owing to Lemma 2.2, the Lh.s. of (13) is in L?(0, c0).

To complete the proof that ¢, € D(F),), we have to check that the limits in (2) and (3) are indeed zero,
but this follows immediately from the estimate (9).

In the case when (10) holds, we have g = H, f = 0 by Theorem 1.2. Hence f = 0.

By virtue of an abstract result [8, p. 164f.], any eigenpacket enjoys the orthogonality property (11), but
it is instructive to view (11) as a consequence of Proposition 2.1. Take a sequence (¢;) of non-negative
functions in C§°(R) with

. A B lif x € int([l)
Jim i(@) = {0 if 2 € R\,

and a similar sequence (¢y) for the interval I5. In the notation of Proposition 2.1 we have

i | b ([ Vatntae a) ([~ vatesyons as) ds

= limp_ /Ootl/2<pi(t) (/ws_l/ka(s)fb(u, s,t) ds) dt.
0

0

The right hand side equals, by Proposition 2.1,

/000 @i ()i (t) dt.
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Then in the limit ¢,k — oo we therefore find

((b)\z - ¢A17¢u2 - (Z)Ml) = (X117X12)

where x7,, x1, are the characteristic functions of the intervals I, I5.

O

The two orthogonality results in Proposition 2.5 below which use the Bessel-type function (5) reduce to
the single relation of Proposition 2.1 with o = 0 when M = 0. We first present the identities that are at

the basis of these orthogonality results.

LEMMA 2.4 For b > 0 we have, for A\, u > 0,

A1+ M()\/2)?%]72 {/bjy(z),]y(z)z dz + %M}
0
b
= [1+ M(u/2)2J\[1 + M()\/Q)Q]_l/o Jo(Az)Jo(pz)z dz

LML+ M (0/2)])72Jo(Ab) Jo(1ub)

— (M /2)2N2[1 + M (N/2)?] 21 (Ab) J1 (ub),

and for x,y >0

/ R R AL+ M2 dn
0

2M  (b/2)?

b
_ y/o To(eN)JoAA dX = ===

Proof From (5), the property Jj = —J; and
Ji(s) + s L1 (s) = Jo(s) (s > 0),
see [15, p. 45], we derive the identity

TM ()M (2)z = [L+ M(V2)2)[L + M (/)2 Jo(Az) Jo(u2)2

P L) do(i2)) - 20022 L LR () ()

integration of which yields

b

b
/0 Jf\‘J(z)Jy(z)z dz = [14+ M(N\/2)?][1 + M(M/Q)Q]/O Jo(Az)Jo(pnz)z dz

FAMITo D) Jo(b) — 1] — 2 /2 LA (D) a (b)),

which is (14).

51 (bzx)J1(by).

(14)

(15)

(16)
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From the definition of J )J\” together with (16) we conclude

My 3 (@) I3 (y) _ 2M (\/2)?  d
T +AM()\//\2)2] = AyJo(Az)Jo(Ay) + o { Wd}\(Jl()\x)Jl()\y))

+J1<Ax>J1<Ay>[ MOD' (A2) }}

L+ MO/222 1+ M()\/2)?2

which integrates to (15). O

PROPOSITION 2.5 Let p,x > 0. Then, see also [6, Section 4, Corollary 4.3,
AL+ M()\/2)3 {/ TM () IM ()2 dz + M}:é(/\—u)()\>0)

and

o JM (g A
v [ =) >0

in the sense of distributions on C§°((0,00)), i.e. with

Y b
(M, A, p) = m/o I (2) ) (2)z dz,

b M () JM (y) A\
st = 15

defined for all b > 0, we then have

o0

(M)A

1 o0
I A +-M | — 22T g\ =
o ) A0 0k 300 [ S = e
and
Jim i hy(M, x,y)p(y) dy = ¢(x)

for all ¢ € C§°((0,00)).

Proof We multiply (14) by ¢(\) and integrate with respect to A. Using Remark 7 and the functions defined
in (7), we then have, as b — oo,

> 1 °° P(A)A
/0 (M. A, 1)p(N) d>\+§M/O T

-t [ a0 i 0 ()

Owing to Proposition 2.1, the first term tends to ¢(u) as b — oo.
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The second assertion follows immediately from

/OOO ho(M,z,y)p(y) dy = /OOO £5(0,2,9)p(y) dy + O (%) ,

3 Generalised Hankel transformation: pointwise convergence

Lemma 2.4 can be simplified notationally by introducing the monotonic increasing function

A T A2
"= | a7 = s 20 "

It is important to evaluate the following discontinuous integral.
LEMMA 3.1 For M > 0 we have
*° 2/M if y=0
M _ Y
/0 T W) d”(A)_{ 0 if y>0.

Proof Since JM(0) = 1, the first claim is clear from (17).
For y > 0 the integral is absolutely convergent. Observing, from [15, p. 38],

MyJ{ (Ay) + J5(Ay) + Aydo(Ay) =0 (A > 0) (18)

we can write

* M) AN~ B | 2M(A/2)?
v R ann = | { T MOVIE A MO

5 J(’)()\y)} dX

> d A 1 2M(N\/2)?
= JH(\ — — dA
/0 0(Aw) {d)\l TMOV22 1+ MOV2E Ly MR [
which proves the second assertion. O

The next result offers two expansion theorems that both reduce to Theorem 1.1 with o = 0 when M = 0.

THEOREM 3.2 a) Let > 0. If g : (0,00) — R is a function with the property that

I g(M)VA

.:W(A>O)

is in L1(0,00) and is of bounded variation in a neighbourhood of u, then
Slo(u+0)+g(p—0)] = ; gy () ; Ix (@)g(X) dn(A) | @ do+ oM 9 dn.

b) Let f: (0,00) — R be a function with the property that

h(y) :== f(y)Vy (y > 0)
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is in L'(0,00). Then

[ ([ wsw an) any (19)

is zero if v = 0, and equal to $[f(z 4+ 0) + f(x — 0)] for @ > 0, provided h is of bounded variation in a

neighbourhood of x.

Proof a) Let a,b > 0. From (14) we have

/Ob‘];iw(x) (/OaJiw(x)g(A) dn(A)) x dr + (M/Q)/Oag()\) dn())

b a
= [ M Ge/272 [t g ([ ROVREIO) ) da

r /210 [T ) a

@33/
g2 [ PR

Wf()\) dA.

There is no problem in letting a — oo since VAJM (z)[1 + M(A/2)?7! is a bounded function of A and
|Jn(s)] <1 (s > 0,n € Np; see [15, p. 19]). Next, sending b to infinity, the second and third integrals on
the r.h.s. of (20) (with a = c0) tend to zero because of Remark I, while the first integral (with a = c0)
tends to 1[f(x+0) + f(u — 0)] by Theorem 1.1.

b) For z = 0, (19) reduces to the absolutely convergent integral

/Om ( /0 R k(v dy> dn(\).

Changing the order of integration, the assertion follows from Lemma 3.1.
Next, let > 0. With a,b > 0 we write (15) as

/ob‘]*M(x) (/(]ajiw(y)f(y)y dy) dn())

= ml/Q/bJo(xs)\/ﬂ (/

0 0
2M  (b/2)? @ J1(by)
— 1rmppE )/O

As before, the desired result follows by dint of Theorem 1.1. O
In order to interpret Theorem 3.2 in terms of linear operators, we propose the following result.

LEMMA 3.3 a) Let
D:={f:[0,00) = R ‘f is continuous on (0,00), (1 4+ z)vzf € L*(0,00) }.
For fe D
9= [ @) f@ do (3> 0)
0

is in C1((0,00)).
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b) For g € C3((0,0))

s in D.
Proof a) Using J; = —J), and (18), we see
d(JM(x))/dX = —[1 + M(N/2)}zJi(Az) (A, z > 0).
This together with Remark 7 shows that every A > 0 has a neighbourhood where (d(J (z))/d\) f (z)x
can be majorised by an integrable function that is independent of A.
b) It suffices to prove
f(z) = O(z73) as x — 0.

For m € Ny and v € R we have, see [15, p. 46],

(1 d ) (W T, (Az)) = 2™\ T, () (A > 0).

AdX
Hence
[ g(M)A 2M [ (\/2)?
R AR e ) A e v
ey anN? g(M)A
_E{ / [(m) WD) | T 3™
M [>®/1d)\* g(M)A
2, [(Xﬁ) (AN J(\x)) [1+M()\/2)2]2d/\},
and the assertion follows when integrating by parts. O

Let D be as in Lemma 3.3 and

A —

g MV
T3 MOJ22 isin L'(0, o0) } .

R := {g € C'((0,00))

Then we can define linear operators by

To: R — C°0,00), 9 — /0 T IM @)g(n) dn(X) (x> 0),

UO:D—>R,f'—>/OOOJ/]\W(x)f(x)x dx—i—%Mf(O) (A>0).

Owing to Theorem 3.2 b) and Lemma 3.1 we have

ToUof = f



12 Fourth-Order Bessel equation
for all f € D, i.e. Up is injective. For g € C§((0,)) C R, Tog € D and

UoTog =9
by Theorem 3.2 a), which shows that U; ! equals T on C3((0,00)). This is sufficient for our purposes (see
Remark 1 below), but we emphasise that characterisations of the range of the classical Hankel transform
exist, see [14].
4 Generalised Hankel transformation: L2-convergence

We extend T to the Hilbert space L?((0,00); n) where n is the measure generated by the function in (17).
Scalar product and norm are defined by, respectively,

(ﬁmmzAMﬂMdeMMamHﬂu:Kﬁﬁdm-

For the definition of the measure m we refer to (6).

THEOREM 4.1 a) Let g € L?((0,00);n). Then there is exactly one f € L?([0,00);m) such that

[ f 1l = llgll,, (21)
viz., the function defined by
/Oog dn ifx=0
0
To@ =f@=1" (22
ﬁ%/o o) (/O AON dt) dn()) faa 2> 0.
Moreover,
/AJ/]\W(-)g()\) dn(\) € L*([0,00);m) forall A € (0, 00)
0
and
) A 2
. M _
dn [ = [T @a0) an| i) o, (23)

b) Let f € L*([0,00);m). Then there is exactly one g € L*((0,00);n) with the property (21). This
function g satisfies

/O g dn = £(0) (24)

and is given by

L+ MN/2)° d (%, gy VR v dz
UHM =g =4 VA 7 ) = (25)
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Moreover,
/ I (@) f(x) dm(z) € L*((0,00);n) forall X € (0,00)
[0,X]
and
0 2
i — M) f(z) dm(x n =0.
Jim [l /[0 L A@I@) )| dn3) =0 (26)

Proof a) Let | € {1,2}. If (*yi(l)) is a sequence in C§°((0,00)), we define
O ) = / IM (@A) dn(\) (@ > 0 and i € N).
0

For X > 0 we then have

[ ar= [T ([T wnf 0 dnn) o i 00 dngo

By Theorem 3.2 a) (or Proposition 2.5) the term in brackets tends to

1 oo
) =531 [ an > 0)

as X — oo. Hence

o @

2
= "Yi Vi

[ —)a]

for i, k € N. Given g € L*((0,00);n), there is a sequence (v;) in C§°((0, 00)) with [|g — v;||,, — 0 as i — oc.
Using this single sequence (v;) in (27) and observing

00 2
2 2
i — vl dn ) < |l — 2
</O 1Y — Ykl n> < MH’Y Yellz, (28)

(note Lemma 3.1), we see that the corresponding sequence (f;) is a Cauchy sequence in L?((0,00); ) and
therefore convergent to an element f € L*((0,00);z). Now (21) follows when we define f(0) := [, g dn.
Next let > 0. Then

1
— M
2

fz‘(l) _ f,£2)’

(27)

L2((0,00);2) n

VA

B\ = HTW/;J%@M dt (A > 0)

is in L?(0,00) by Lemma 2.2. As a consequence, we can perform the limit i — oo in

. Y R T1OY2)
/sz(t)ﬂdt—/o 1+M(A/2)2h()\) A\

to obtain

/Ow WVt dt = /Ooog()\) (/OI T )Vt dt> dn()),
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which proves (22).
Finally, let A > 0 and replace g by ga := gx(0,a]- With the corresponding fA we then have

/Oﬂf AVt dt = /OA g(N) </Ox TV dt) dn(\).

On the r.h.s. we can now differentiate under the integral sign, since for a given hg € (0, )

1 x+h
‘5/ JM )Vt dt‘

can be estimated by a number that is independent of A € [0, A] and 0 < |h| < hg. Hence

A
falz) = / T (@)g(N) dn(N)

f.a.a. x > 0. From (27) we infer

2

1 o0
1 = P = o =l — 31| g = gn) (29)

Since
a(0) :—/O ga dn (30)
tends to f(0) as A — oo, (29) and (30) yield (23).

b) Let f € L*([0,00);m) and (cpi-”) , (cpl(?)) be two sequences in C°((0,00)). For I € {1,2} and i € N
we define

W00 = [ R ey dy+ GMEO) (> 0)
Let A > 0. From
A A [e's) 1 A
[ an= [" o) ([T 5 e an) antn) + 500500 [ an
we conclude
|0 dn= 10 (31)

by virtue of Theorem 3.2 b). This theorem (or Proposition 2.5) also shows that the term in braces in

[T = [T v ([ - i an) oo
X {%('1) - <P;(€2)] (v)x dx
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tends to cp(-l)

2

(x) — 4,0,(3) (z) as A — oo. Hence

In particular, using this relationship for a single sequence (¢;) with || f — @il[ 2 (

(1) (2)

Vil T Yk (32)

0 ’ o - <p,(€2)‘ L2((0,00)2)

0,00i7) 0 as 1 — 00, we

find that the corresponding sequence (vy;) converges to some g € L2((0,00);n). Moreover
o0

lim lvi —g| dn=0

1— 00 0

by inequality (28). In conjunction with (31) this establishes (24), and (21) results from (32).
For A > 0 and 7 € N we have

Ax%dﬂ = /Ooo%(:z‘) </OAJ%($)W%@> T dr

+3M f(0) VA

— _ ___du.
o 1+ M(uj2)2 "

Since the inner integral is in L?((0,00); z) by Lemma 2.2, we can perform the limit i — oo, and (25) follows
by differentiation.
Finally, let X > 0. If gx is the transform that belongs to fx := fx|o,x], then

= * M 1 = M X X m\xT
o) = [ @ s gMr ) = [ ) dmie)

f.a.a. A > 0, since the differentiation in (25) can be performed under the integral sign when f is replaced
by fx. If <cp§1)> , (cpl(-g)> are sequences which converge in L2((0,00);2) to f and fx, respectively, then

(%,(1)) , (71.(2)> converge to g and gx in L%((0,00);n) and from (32) we obtain

Hg - gXHn = H(]' - X[O’X])fHLz((O,OO);Z‘)

which proves (26). O
Remark 1 We have U~ = T, since these operators coincide on the dense set C3((0,00)).

Remark 2 From the known connection between the norm ||-|| and inner-product in abstract Hilbert space
it follows from (21) that if fi, fo and g1, g2 are as defined in Theorem 4.1 then

(f1, f2)m = (91, 92)n-

We conclude with an analogue of Theorem 2.3.

THEOREM 4.2 Let Sys be the self-adjoint operator generated by x= ' Lys in L2([0,00);m). For A > 0 let t),
be the unique mon-negative number with t%\(t?\ +8M 1Y) = \. Then the functions defined by

bVt M .
da(x) == /0 Tzt @ X205 )
0 it A <0

form an eigenpacket of Syr. It is complete in the following sense:
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If f € L?([0,00);m) is a function with

(f,x)m =0 (A €R), (33)
then f(0) = 0 and f(x) = 0 f.a.a. x > 0. Moreover, if 0 < A\j < Ay < 00,0 < p1 < pg < oo and the
intervals Iy := [tx,,tx,], I2 := [tu,, tu,| have at most one point in common, then

(¢)\2 - ¢>\17¢N2 - ¢M1)m =0. (34)

Proof Let A, x > 0. We start with the observation that

o @)= [ (B @) e

:/U AV
0

HTWJtM () dt

where
A(t) =t (2 +8M 1) (t > 0).

On the other hand

A - tx A \/E
/0 Pu() dp —/0 (/A(t) HTWQ)?JtM(x) du) dt

“rorw) - [ )

which proves
1
L o) = 20x@) - [ auto) d

Owing to Lemma 2.2, the r.h.s. is in L2((0, 00); ).
The power series representation of the Bessel functions [15, p. 15] gives us

1 1
JM(x) =1~— Z(t:c)?(l - thQ) + O((tx)h),
when t and x vary in compact sets. Hence

1 1
JM(0) =0, JM"(0) = 5152(1 + thz),

1 16
- T = A - _ tM//
x(LMﬁbA)( )1:0 (t) MJ (0)

for t > 0. This proves ¢\ € D(Sn).
The L?-continuity in A of ¢, follows from Lemma 2.2. Hence, (¢ )aer is therefore an eigenpacket of Syy.
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If f satisfies (33), then (25) implies

9N) = SMF(0)

f.a.a. A > 0. The Parseval relation (21) then yields

/oo @) dz=0
0

and so f =0 a.e. on (0,00). Now (33) provides us with the information that f(0) = 0.
To establish (34), we can follow the last step in the proof of Theorem 2.3, however substituting Propo-
sition 2.1 by Proposition 2.5. d
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