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whereN € N andx is a spectral (eigenvalue) parameter, and are orthogonal with respect to a
bilinear form of the type 2

(p,q)u=qudu, (1.2)
R

wherep is a (possibly signed) Borel measure on the reallRnes the so-called class of Bochner—
Krall orthogonal polynomials. In this case, we writé,}>° , € BKS(N) and call{P,};, a
Bochner—Krall sequence of order N. It is known that BK$2N — 1) = ¢ and BKS2N) #
for eachN e N; however, for even integers, only the classes BX@nd BKS4) are specifically
known up to a real or complex linear change of variable. The BKS classification problemloof
determining the classes BK&V) for eachN e N is of interest and importance in, for example,11
the area of spectral theory of differential operators since examples from these classes geﬁ%rate
unbounded self-adjoint operators. For a general historical account of this classification prob]%m
see [7,8].

For later purposes, we list the contents of the classical set BKS(2) up to a real linear chahge
of variable. The determination of BKS(2), up to a complex linear change of variable, can‘be
traced back to work of Routh [34] and later to Bochner [4] and Lesky [28]. A full account of tHis

classification, in both a real and a complex linear change of variable, can be found in [21]. *®
19

20
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(C-i) {P(“ ﬁ)}n ° o the Jacobi polynomials, wherex, — 8, — (o + g+ 1) ¢ N. For each: € No, ”
y = PP (x) is a solution of the Jacobi differential equation -

(1-x2)y"+(B—a—(@+B+2x)y+nmn+a+p+1y=0. 23

24
Let a(“ /) denote the canonical orthogonalizing moment functional for these polynormy-

als. 2
27 (CHil) {Ly}52,, the Laguerre polynomials, wherea ¢ N. For eachn € No, y = Ly (x) isa o
28 solution of the Laguerre differential equation 28
2 2y +A+a—x)y +ny=0. 29
30
31

N NN NN
o g~ W N P

30

Let o} denote the canonical orthogonalizing moment functional for these polynomialg;

(C-iii) {H,}p2 o, the Hermite polynomials. For eaghe No, y = H,(x) is a solution of the ,,
Hermite differential equation 23

32
33
34 y" —2xy +2ny =0. 34
35

a Let oH denote the canonical orthogonalizing moment functional for these polynomlals

(C-iv) {y71o2,, the Bessel polynomials, where(a + 1) ¢ N. For eachm € N, y = yi(x) is a

w8 solution of the Bessel differential equation w8
2.1

39 x5y +(@+2x+2)y —n(n+a+1y=0. 39
40
41

37 37

Let o denote the canonical orthogonalizing moment functional for these ponnom|aI§
(C-v) {P(“ ﬂ)}n ° o» the twisted Jacobi polynomials, wherde + g + 1) ¢ N anda = . For

42

43 eachn € Ng, y = ﬁ,E“’ﬁ)(x) is a solution of the twisted Jacobi differential equation 43
a4 (1+x2)y"+((a+,3+2)x+i(a—ﬂ))y’—n(n+a+ﬂ+1)y=0. a4
45 45
46 Let a(“ /) denote the canonical orthogonalizing moment functional for these polynons-

47 als. 47
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(C-vi) {H,}*® ne o the twisted Hermite polynomials. For eaeke No, y = H,(x) is a solution of
the twisted Hermite differential equation

Y +2xy — 2ny =0.

Leto,; denote the canonical orthogonalizing moment functional for these polynomials.
6
Together, the moment functionals listed in (C-i)—(C-vi) are calledcthsesical moment func- 7
tionals. For properties of the polynomials listed in (i)—(iv), see [5,36]. For a discussion of the
twisted polynomials in (C-v) and (C-vi), see [21] where these polynomials are first introduced.
There are several conjectures in the mathematical literature pertaining to the BKS classifica-
tion problem. One of these Magnus’ conjecturg32] (see also Conjectures 4.3 and 5.3 in [7}1
and Conjecture 7.1 in [8]) which states that any Bochner—Krall sequence necessarily is orttzog-
onal with respect to a moment functional that is the sum of a classical moment functional pdus
one or two point masses located at the finite end point(s) of the interval of orthogonality. Mere
specifically, this conjecture asserts thathf, }7°  is orthogonal with respect to the bilinear formas
(1.2) and are solutions of the differential equation (1.1), then 16
17

1
2
3
4

(P, @) = (o, pq) + (v, pq), o

whereo is a classical moment functional and 19
m(a) m(b) 20

v=>Y 18P @ —a)+ ) 28 (x = b) (1.3) =

k=0 k=0 22

for some non-negative integevs(a) andm(b). In (1.3), we assume that ; = O (respectively, 2

cr.2 = 0) if a = —oo (respectivelyh = o0). To this extent, the authors in [23] prove, among*
other results, the following theorem concerning Bochner—Krall sequences of polynomials gf'ﬁat

are orthogonal with respect to the moment functional
27

T=0+v, (1.4)
where 29
m  mg 30
v::Zch’jS(/)(x—xk); (15) =

k=1 j=0 32

. 4 o o - .33
that is to say, the perturbation moment functionak a distribution of finite order and finite a
support. -
Theorem 1.1 [23, Theorem 4.2]Suppose = o + v is a quasi-definite moment functional, Wherej
o is a classical moment functional that satisfies the moment equation

(A(x)a) = B(x)o, (1.6) 30

where0 < degA) < 2 and deg B) = 1 and wherev is a non-trivial real moment functional
defined in(1.5). SupposgQ,,}>° 0 is a sequence of polynomials orthogonal with respect to 1o

and, for eachn € Ng, y = 0, (x), is a solution of the real differential equation 45

. 44

Za,(x)y“)oc) =Ay(x) L7) 4

j=0 46

for some choice, say= 1,, of the eigenvalue parameter numifsee Remarlt.1). Then 47
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(i) suppv) C {x e C| A(x) =0} so thatm € {1, 2};
(i) A(x) dividesazy (x);
(i) if xo € supfv) is a zero of orderg > 1 of apy(x), thenxg is a zero of orderg — 1 of
azy-1(x);
(iv) the moment functional must be either the Jacobi moment function A orthe Laguerre
moment functionadré"‘) or the twisted Jacobi moment functioraé]“’ﬂ); furthermore,
@) ifo= o}“’ﬁ) then either—1 or 1 (or both) belongs to the support of. If 1 € supgv)

(respectively—1 € suppv)), thena (respectivelys) must be a non-negative integer
moreover, in this case, the moment functionalecessarily has the form

m(—1) m(1)
=0+ 3 8P+ D+ Y e8P -1,
j=0 j=0

wherem(—1) andm (1) are non-negative integers. Furthermore-ifl ¢ suppv) (re-
spectively,l ¢ supgv)), thenc; _1 =0for j =0,...,m(-1) (respectivelyc; 1 =0
for j =0,...,m(1)); otherwise, we have

m(—1) m(1)

D lejal+ ) lejal #0;
j=0 j=0

(b) ifo = oé"‘), thenO e suppv) anda must be a non-negative integenoreover, in this
case, the moment functionalhecessarily has the form

m(0)
T= aL(a) + Z ;.08 (x),
=0

wherem (0) is a non-negative integer and WheZe’l’.fg lcjol #0;
(c) if o = a}“’ﬂ), theni and —i € suppv), wherei = 4/—1; moreover, in this case, the
moment functionat necessarily has the form

m(i) m(i)
(@.B) i . - i .
T=0; +ch,i8(])(x—l—l)—i—ch,icS(])(x—1),
Jj=0 Jj=0
wherem (i) is a non-negative integer and WheE;f’;’g lcjil #0.

Remark 1.1. We note that iff 0, (x)},2; is an orthogonal polynomial sequence satisfying).1.7
it is well known that necessarily each coefficieptr) is a polynomial of degree i. Writing

i
a;(x) = Ze,,q,xf (0<i <2N),
j=0

it is also well known that the value of the eigenvalue paramktera,, corresponding to the
eigenfunctionQ, (x), is necessarily given by

An=Loo+nlr1+nn—Lloo+---+nn—-1)---(n —2N + 1Dloyonv (n€Np).

30
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In [23], the authors refine Theorem 1.1 in the case when the perturbation moment functional

v has order zero (that is, eaety, = 0 in (1.5)). Before stating this result, we note that the
Koornwinder—Jacobi polynomial{so,f“’ﬂ’M’N)}jf’:O are orthogonal on the intervah1, 1] with
respect to the weight distribution

Wa Brep.co(X) = (L= )L+ x)P + MS(x — 1) + N8 (x + 1),
while the Koornwinder-Laguerre polynomiaﬂsﬁ"A};‘;O are orthogonal on the intervgd, co)
with respect to the weight distribution

Wo, A(X) =x%F 4+ AS(x).

10
For further information on these two Koornwinder polynomial sequences, see the contribugjon
[14] where these polynomials are introduced and studied.

3
4
5
6
7
8
9

12

Theorem 1.2 [23, Theorem 4.9]Let {Q,}° ; be an orthogonal polynomial sequence with re—if1
spect to the moment functional 5
T=0+c18(x —a) + c28(x — b). (1.8) 16

Then{Q,};2 , € BKS(2N) for someN € Ny if and only if 17
18

(a) whency = c2 =0, theno, subject to the parameter restrictions listed(@-i)—C-vi), is one 19
of the classic moment functionals 20

(i) the Jacobi moment functionaﬁ“’ﬁ); za

(i) the Laguerre moment functionaf’);

(iii) the Hermite moment functionaly; ot
(iv) the Bessel moment functlonﬁéf‘ ; -

(v) the twisted Jacobi moment functiora%ff”ﬂ); 26

(vi) the twisted Hermite moment functiorg} ; 27

(b) when|c1| + |c2| # 0, theno is either the Jacobi moment functiona) ) or the Laguerre 28
moment functionadré“), or the twisted Jacobi moment functionajﬁ""ﬁ), subject to the fol- 22
lowing constraints 2

@) if o = o}“’ﬁ), thena = -1, b = +1 and if c; # O (respectivelyc, # 0), thena e Ng
(respe_ctivelyﬁ € No). In other words, the polynomial§0,}° , are Koornwinder— .

Jacobi polynomials 2

(iiy if o = af’), thena =0, b = o0, c2 =0, anda € Np. In other words, the polynomials 55

22
23

{On};2, are Koornwinder—Laguerre polynomials 36
(iii) if o = a}“’f”, thena = B € No, a = —i, b = +i, andcy = &. In this case, we call the a7
orthogonal polynomial$Q,,}°>° , twisted Jacobi-type polynomials. 38

39

We note that, prior to the publication of [23], J. Koekoek and R. Koekoek (see [11,12]) é-
plicitly computed differential equations f¢Q,,}°° ; in cases (b)(i) and (b)(ii) above. They use
a clever combination of properties of certain special functions together with the symbolic geo-
gram MAPLE and an important new technique called theersion formuladue to Bavinck and 43
Koekoek [2], to compute these differential equations; see also [1] and [13] for further detailss4

The significance of Theorem 1.2 is that the authors in [23] prove thadrihepolynomials 45
in the Bochner—Krall class that are orthogonal with respect to a moment functional of the fe¢m

(1.8) are the ones listed in Theorem 1.2. 47
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There are other effective methods, discovered earlier, that have been used to compute differ-
ential equations for polynomials in the Bochner—Krall class with respect to weights of the ferm
(1.8). For example, Krall devised a method, based on the classical Green’s formula in differehtial
equations, to compute differential equations; this method was used by Shore [35] and later by
Littlejohn and Shore [30] to compute some of the first higher-order differential equations for var-
ious Koornwinder—Jacobi and Koornwinder—Laguerre polynomials; this method is known in¢he
literature asShore’s techniqueAnother method was developed by Littlejohn (see [29]) using the
weight or symmetry equations to find the differential equation for polynomials orthogonal with
respect to a known weight function. This technique relied orasamptiorihat the differential ©
equation could be made Lagrangian symmetric. Later, Kwon and Yoon [26] showed in fact that
everydifferential equation in the Bochner—Krall class is Lagrangian symmetrizable. 1

The purpose of this paper is to introduce a new, and effective, way of constructing differential
equations in the case when the perturbatidmaspositiveorder. This new method is based on?3
earlier results of Kwon and Yoon in [27] and is closely connected to the theory of the Darbétix
transformation. Significantly less calculations are needed with this method compared to the éther
techniques described above. After we develop this new method, we consider several exaftples
where this technique is applied. 7

The contents of this paper are as follows. In Section 2 we discuss, and review, several getieral
facts about the calculus of moment functionals and their connections to the Bochner—Krall éfas-
sification problem. Section 3 consists of a brief discussion of the results in [27] and details2bur
new construction technique. Following the results in this section, we discuss three examplé&s in

detail to illustrate this new method. 22
23

24
25

2. Preliminaries

Let P be the space of all real polynomials in the real variablend denote the degree of *°
a polynomialz (x) by degr) with the convention that d€f) = —1. By a polynomial system *’
(PS), we mean a sequence of polynomigis(x)}°>° , with deg,) = n, n € No, the set of non-
negative integers.

We call a real-valued linear functionalon ? amoment functionaand denote its action on a *°
polynomialz (x) by (o, 7). For a moment functionat, we call the number 3

29

32
oy = (U, x”) (n € Np), 33

thenth momentf o. We say that a moment functionalis quasi-definit§respectivelypositive-
definitg if its moments{o; } 7 ; satisfy the Hamburger condition

35
36
Ay (o) = det[oi+j]§fj:0 #0 (respectivelyA, (o) > 0) (2.1) 3

38

for everyn € No. Any PS{¢,(x)}7°, determines a moment functional (uniquely up to a 4
non-zero constant multiple), calledcanonical moment functionalf {¢,(x)};°, through the ,,
conditions “n
(0,¢0)#0 and (o,¢,) =0 (n=>1).

42
43

Definition 2.1. APS{P,(x)},2, is called an orthogonal polynomial system (OPS) (respectiveIS/;

a positive-definite OPS) if there is a moment functionaatisfying 4

(0, PpPy) = Ky  (m,n € Npg), 4
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where{K,};° , are non-zero (respectively, positive) constants &pdis the Kronecker delta 1
symbol. In this case, we say tha, (x)};° , is an OPS relative to and callo anorthogonalizing 2
moment functionadf { P, (x)}72 ;. 3

4

Due to the representation theorems of the Hamburger moment problem by Boas [3] and Duran

[6], any moment functionad has an integral representation of the form 6
00 00 7
(o,7) = / m(x)dp(x) = / T(x)¢(x)dx (7 €P), z

—00 —00

10
whereu is a finite, signed Borel measure @nand¢ (x) is a smooth, rapidly decaying function 1,
in the Schwartz spac&(R). Hence, for any OP§&P, (x)}72 , there is a distribution (x) relative 1,
to which { P, (x)};° , is orthogonal. In this case, we cail(x) a distributional orthogonalizing 13

weightfor { P, (x)}22 . 14
For a moment functionat, a polynomialz (x), we define the derivative’ and the product 5
o to be the moment functionals defined by 16
(0/.¢)=—(0.¢)) and (70,¢)=(0,7¢) ($€P). v

1

The following results are immediate consequences of these definitions. 19
Lemma 2.1[19,22] Leto andt be moment functionals. Then for a polynomi&k) and a real 22
numbera, we have 2
() Leibniz' rule (7 (x)o) =7x'(x)o + 7 (x)o’; ij
(i) o’ =0ifand onlyifo =0. »s
If o is quasi-definite andiP, (x)}72 ; is an OPS relative to, then zj
(i) 7(x)o = 0if and only ifx(x) = 0 -
(iv) (z, P,) =0,n >k + 1for some integek > O if and only ift = ¢ (x)o for some polynomial I,
¢ (x) of degree< k. a
Consider a linear differential equation: 22
N ' N i o 34
LIyl =Y )y D) =Y "> "t jx/yD (x) = kyy(x), 22)
i=1 i=1;=0 36

where(; ; are real constants ang = £1in+---+Lyyn(n—1)---(n— N +1). We callan OPS  ¥7
{Pn(x)}72, aBochner—KrallOPS (BKOPS) of ordeg N if { P, (x)};° , satisfies the differential 38
equation (2.2) of ordeN. 39
Necessary and sufficient conditions for an OPS to satisfy the differential equation (2.2) were

found first by Krall [17], of which another simpler proof can be found in [22]: we state this reséfit
for later purpose. 42

43
Proposition 2.2 (see [16,17,22,31] et{P,(x)};° , be an OPS relative to. Then the following 44
statements are equivalent. 45

46

(i) {Pu(x)}52, is a BKOPS satisfying the differential equati@2). 47
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(i) The momentéo, }; 2, of o satisfyr :=[(N + 1)/2] recurrence relations

N
i—k—1 .
Rifo]= ) (-1 (’ )(zka)UZkD =0 (*k=01,...,r—1. (2.3
) k
i=2k+1
(iii) o satisfiesV + 1 functional equations

Z( D' ( )(ﬂ )P =to (k=0,1,....N). (2.4)

© 00 N O 0 b~ W N P

[
o

Furthermore, if any of the above equivalent conditions hold, tNea 2r must be even.

e
[

Proof. See Theorem 2.4 in [22].O 5

Wheno is a classical moment functional [20,33] satisfying (1.6), then it is well known thé"t
an OPY P, (x)}2 , relative too satisfies the second-order differential equation
16

A(X)P)(x) + B(x)P,(x) = <En(n - DA (x) + nB/(x)) P,(x) (neNp). (2.5)

18

Clearly, by iteration, BK&) c BKS(2N) for eachN e N. In [24, Proposition 1], the fol- 19
lowing related result is shown: this result is useful in our construction technique that we stvall

introduce in the following section. 21
22

Theorem 2.3. Assume thaf P, (x)}2, is a classical OPS satisfying the differential equatiores
(2.5) If {P,(x)}2 , also satisfies a differential equati@®.2) of orderN =2r (r > 1), thatisto 24
say, 25

L{Py)(x) = hn Py(x)  (n € Np), 2
27
thenL[-] must be a linear combination of iterations of the differential equatib). 28

29
We now consider a point-mass perturbation= o + v of a classical moment functional at

finitely many points, where a1

m  mg ) 32
v=>"%"cr 8V —x0) (2.6) 4

k=1 j=0 34

is a distribution with finite suppoftx;};*_; in C andcy ; € C. 35

36

Lemma 2.4 [23]. Leto be a quasi-definite moment functional. If for some polynomial), 37
7 (x)o = v, wherev is as in(2.6), thenz (x) =0andv =0. 38
39

Proof. Let ¢(x) = [y (x — xx)™*L. Then ¢ (x)v = 0 so thatp (x)m(x)o = ¢(x)v = 0. 40
Hence, by Lemma 2.} (x)7(x) =0sothatr(x) =0andv=0. O 0
42

3. Construction of differential operators 13
44

In this section, we show how to construct], as given in (2.2), having as eigenfunctions arn,
OPS{ 0, (x)},2, orthogonal to a moment functionalof the form 6

T=0 4+, (3.1 4
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whereo is a classical moment functional amdh distribution with finite support. It is, however, 1

open whether an OPS in the Koornwinder class is a BKOPS. 2
From hereon, we assuni#, (x)}>° , is a monic OPS relative to and 3

; | i :

Lo[-]= Za,- (x)D' = Z Zaijxf D' (D=d/dx) 32 |

i=0 i=0 j=0 ,

a linear differential operator of ordérwith polynomial coefficients; (x) (ax(x) # 0). For non- ¢
negative integers > 0, let 9
10

W= aii(n+r)isr, n=0, @3 =

i=0 12

where 13

B
o b

R ifi =
"OFT V=D n—i+ 1) ifixl

N
~N o

Then for eactz > 0, Lo[Pn(i)r (x)] is either 0 ifa,, = 0 or a polynomial of degree with leading
coefficientw,, if a;,, #0.

P
© ™

Theorem 3.1. Let {Q,(x)}72, be a monic OPS relative te. Then for an integer > 0, 20
{0n ()}, satisfies the relations 21

Lo[ P}, ()] = 4 Qu(x), n>0 3.4) 2
if and only if there arek + r + 1 polynomials{b; (x)}"“ with degb;) <i + r satisfying

k+r

26

Z( 1)l< ) aior0)71)" " =bj)e, 0<j<k+r, (35) 2

28

wherea,»(x) =0fori <0. 29
30

Proof. Assume thatQ,(x)}>° , satisfies (3.4). First, 31
P 32

(@) 33

(7.0 Qn (1)) = <ZO( ' (ai—r (x)7)" Pn+r(x)> n>1, -

so that by Lemma 2.1(iv), there is a polynomhglx) of degree< r, with which (3.5) holds for 4
j = 0. Assume now that there are ponnom|H$§(x)}‘f O<e<k+rywithdegb) <j+r 4

and (3.5) holds for & j < ¢. Thenforn > ¢ + 2 38
k+r 39

0= (7,0, Q¢+10n) = <Z( 1) (Qev1ai- r":) n+r> 40

i=0 41

k+r ket

=<Z QE’LD i ( )(a o) ,Pn+r> @
j=0
(€+1) %( 1) (Cl .L_)(l —(-1) P ZQ(/) 46
Qe g+1 = s D 410 | Prtr -

i=(+1



© o N o g b~ W N P

A OD DA A BN BN DD WOWWWWW W W WWNDNNDRNDNDNDNDNNDNR B R R R R PR R
N o o b 0N P O © 00N o g b WN P O W 0o N o g b W NP O VW 0o N o o0 b~ W N P O

S50022-247X(05)01253-9/FLA AID:10853 Vol.eee(e
YJMAA:m1+ v 1.50 Prn:16/12/2005; 11:12 yjmaa1085

10 K.H. Kwon et al. / J. Math. Anal. Appéee (eeee) cee—eee

k+r
Eﬁ”< PR (z+1>(a’ ,7)iD Pn+r>,

i=0+1
so that
k+r ' i
< Z (=1 <£ + 1>(airf)(l —D Pn+r> 0, nzt+2
i=0+1

Hence, again by Lemma 2.1(iv), there is a polynorhjal; (x) of degree< ¢ 4 r + 1 with which

(3.5) holds forj = ¢ + 1, which proves (3.5).

Conversely, we assume that there are polynon{nl@l&)}k” with degb;) <

[+model] P.10 (1-19)

by:Vik p.

10

J +r satisfying

(3.5). Then for each > 0, LO[P,EQ,](x) is a polynomial of degre& n. ExpandLo[P,ffr),](x) in

terms of{ 0 ; (x)}]_:

n—1

Lo[ P2, ]) = @ Qu@) + Y _c; Q;(x).

J=0

Then

k+r
cj(r. 03)=(r. Lo[ P}, ] 0; =<Z( 1’ (Qjai—r1)®, n+r>

i=0

k+r

<Z( 1 Z( ) 0" (@i, )" ™" Pn+r>
k+r

=<U,<meQ§m)>Pn+r>=0, Oéjén—l,

m=0

29

so thatc; =0, j=0,1,2,...,n — 1. Thus{Q,(x)};2, satisfies (3.4), which completes theso
J 0

proof. O

Remark 3.1. It is shown in [27] that (3.5) is equivalent to the relations:

k+r

Z( 1)’ ( > b(x)o)(l ])—aj 0T, 0<j<k+r.

(3.6)

Theorem 3.1 implies that fQ, (x)};° , is an OPS satisfying (3.4), then the operatef-]

gives rise to a bispectral operatbr= Ly o L1 such that

{ Loo L1[Py](x) = ap—rBu—r Pu(x), n =0,
L10o L2[0n](x) =auBy Qn(x), n =0,

whereL1 = Lgo D" and

k+r

1= bi(x)D' (degh;) <i+r)

31
32
33
34

39
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for polynomialsb; (x) = Zj:O b,»jx-/ given in (3.5), and the constargg are given as

i+r
k+r
Bui=D bjjerngy, n=0.
j=0

More precisely, we have the following.

Theorem 3.2. Let{Q,(x)};2, be a monic OPS satisfyin@.4) and {b; (x)}"*r the polynomials
satisfying(3.5). Then for the Ilnear differential operatdto[-] defined

k+r

Lo[-]1= Zbi (x)D! (deg[bi) <i+ r),

{On(0)}72, satisfies

k+r
Lo[ ()] =D " bi(x) O (x) = Bu Puyr ().
i=0
so that
{ Loo L1[P,](x) = an—rﬂn—rpn(x)s n >0,
LlOLZ[Qn](x):an,BnQn(x), n >0,
whereLq1:=Lgo D".

[+model] P.11 (1-19)
by:Vik p. 11

11

(3.7)

(3.8)

(3.9)

© 00 N o o A~ W N P

NN R R R R R R R R R
P O © ® N o 0 > W N B O

22

Proof. By the same argument used in the proof of the necessity of Theorem 3.1, it is eaz§|ly
shown that for eachh > 0, L[ Q,,(x)] = Zk” b; (x)Qn’ (x) is either a polynomial of degree ,5

exactlyn + r or identically zero. We now define a RS, ()} by

Lo[Qn—r1(x) ifn> randﬁn r 70,

Pa) = { P(x)

otherwise.

Then degP,) = n, n > 0 by (3.7), and by using (3.6) we can show easily that

(o, P,Py) =0, forn#m,

which shows that P, (0)}92 5 is an OPS relative to. Hence,

Lo[On—1(x) =Bpn—r Pu(x), n=r
for B, givenin (3.7). Finally,

Lo L1[P,](x) = La o Lo[ P{"](x)

0
~ { Lo[Qn—r1(x) =ap—yBu—r Pu(x)

and

Lyo L2[Qn](x) = BnL1[Pryr](x) = nBn Qn(x),

which proves (3.9). O

n=>0,

fo<n<r—1,

26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
M
42
43
44
45

Without specific information for the orthogonalizing weight or measure of an OR&
{0n()}52 5, we have no way other than checking all the Hankel determinants given in (21)
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in order to check the positive-definiteness| o, (x)}°° ;. However, this method is complicated:
and difficult to apply and compute. The following characterization of positive-definitenessz of

such an OP$Q, (x)};2, as given in (3.4) is an alternative and efficient method. 3
4

Theorem 3.3. Let {Q,(x)}°2, be a monic OPS relative to satisfying(3.4). Assume that is 5
a positive-definite moment functional.df # 0, n > 0 for o, in (3.3), then{Q,(x)};°,isa 6
positive-definite OPS if and only if 7
fBn >0, n=0 2

for «;, in (3.3)and g, in (3.7). 10
11

Proof. Using the relations in (3.5), we have 12

k+r ) k+r ; “
(r. 02) = a;1<2 03 (-1 ( ) (i), Pn+r> g
=0 iz /
k+r ™ 17
:anl<0'7<ZQn/ bj>Pn+r> 18
j=0

= a;lﬂn<(7, Xt P,H_,), n > 0. 20
Since (o, x"*" P,4,) > 0, n > 0, it follows that{Q,(x)}72 , is positive-definite if and only if
o, B, > 0,n > 0, which proves the theorem.O

Remark 3.2. Theorems 3.1 and 3.2 in [27] were obtained under the assumptior,tiato,
n > 0 for «, in (3.3). Note that for each > 0,

(‘L’,Oan,21>=(‘L', LO[Pn(TF)r]Q”>:(U’ .BnPn2+r> &
which implies thaty,, # 0 if and only if 8, # 0.

4. Illustration

. . . . . 32
We now illustrate Theorem 3.1 with some examples. In particular, Theorem 3.1 gives risg to
a new and useful method to construct such differential operators.
In the remainder of this section, we g, (x)}:° ; be a classical monic OPS relativedaand

{0n(x)};2, @amonic OPS relative to where %

T=0+v. 4.1) w7

38

Example 1 (Krall-Laguerre polynomials l)Let o = oé"‘) be the Laguerre moment functional, 39
which satisfies the moment equation 40
(x6) = (@ + 1= x)o. @2)
Assume that there are polynomialg(x) = ax?+ bx +c, a1(x) = rx +s, and a constanip such 43
that 44
P , 45

Lo[Pn (x)] = (ax + bx + c) P/ (x) + (rx + s) P, (x) + ag Py (x) 6

=0, Qn(x), n=0, (4.3) 47
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wherew,, = a(n® — n) + rn + ap. Then Theorem 3.1 implies that there are polynomfials) = 1
boox? + borx + bog, b1(x) = bigx + b1 and a constartip such that 2
ax(x)T =ba(x)o, (4.4) j
Z(az(x)t)/ —a1(x)t =b1(x)o, 45 °
(az(x)t)” - (al(x)t)/ —ap(x)t = bgo. (4.6) j

:

The sequencgp, (x)}:° 4 is obtained from{Q,,(x)};° , via the differential operatad/o|-]:

[
o

Mol Qn1(x) 1= b2(x) Q; (x) + b1(x) @, (x) + boQn (x) = By Pu(x), n >0,

where 8, = ba2(n? — n) + b1 + bg. Since {Pu(x)}o2, satisfies the differential equation X
Mo o Lo[P,1(x) = a8 P (x), Theorem 2.3 implies thaiy(x)bo(x) = Cx? for some non-zero
constantC. Then there are three cases and we consider only the casespd®n= bo(x) = x.
Solve the relation (4.4) and then there is a constasuch that

T=0+A8(x). @4.7) 1
17

To avoid the trivial case, we assume thag 0. By substituting (4.2) into the left expression in;g
(4.5), we have that 19

e =
a » W N P

20

Z(az(x)r)/ —a1(x)t =2(x0) — (rx +s)o — A(rx +5)8(x) o1

=2a+1—x)o —(x+s)o —srAd(x) 22

=Q2a+2—2x —rx —s)o —sA8(x). 2

24

Hence(4.5) yields the relation 25

(Za +2—(r+2)x— bl(x))a =sAé(x), 2

27
and Lemma 2.4 implies 28
29

ar(x)=rx and b1(x)=2a+21) — (r +2)x. 20

Now we consider the moment equation in (4.6). Using (4.2), we expand (4.6) as 31
32

boo = [(xo)’]/ —r(xo) + ago + aghd(x) 33
=(+1Do’' —(r+1D(a+1—x)o +ago + aghd(x). 34

35

Multiplying by x and using the identityo’ = (« — x)o, we get the equation 36

(a+D(a—x)— T+ D(a+1—x)x +aox = box, 2;

which shows thatr(« + 1) = 0 andr = —1. Sincew is a non-negative integer by Theorem 1.139

we have thair = 0. o
On the other hand:réo) is represented with the weight functien* on [0, co), we have the
explicit expression for the derivative ofo), 2
43

o' =(0f”) =~ +5(x). (48)

45
46

—0 + 6(x) 4+ ago + aprd(x) = bgo. 47

Using (4.8), we simplify (4.6) into
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From Lemma 2.4, we have
r=-1, aprh+1=0, bo=ap— 1.

Hence we have shown th®, (x)}°° , is orthogonal with respect to= 0(0) + Ad8(x) and that

1
Lo[Pn(x)] =xP/(x) —xP,(x) — XPn(x) = —(n + X) 0,(x), n=0
and

1
Mo[Qn(x)] =x Q) (x) — (x —2) 0}, (x) — <l+ X) On(x)

1
—<n+1+ —>Pn(x), n>=0.

Consequently{ 0, (x)}2° , satisfies the fourth-order differential equation

Loo Mo[Qn ()] =x*0 (x) — 2x(x — 2) 0 (x) +x(x —6- z) Q)1 (x)

o (1.1 17 1,1
+ |:< +X>x——:|Qn(x)+X< +X)Qn()€)
=<n+})<n+l+ )Qn(x)

and{P,(x)}° , satisfies the fourth-order differential equation
2
Moo Lo[ P,(x)] = x?PP (x) — 2x(x = 2)P® (x) + [xz - <6+ X)x + 2} P! (x)

211 1) 1P 1 1 1 P,
+ < +x (x — n(x)+x< +X> n (X)

= 1 1 1 P
—<n+x)<n+ +X) 1 (X).

The operatoiMy o Lg is expressed as

2 1 1
MooLo=L?+(1+=)L+=(1+=
0o Lo +(+/\) +)\<+)\>’

whereL is the Laguerre operator given lly= x D?+ (1—x)D with D = d /dx. This is the same

result as that in [9] or [18]. Note that Theorem 3.3 shows thaia(o) + A8(x) is a positive-
definite moment functional if and only ¥ is positive.

Remark 4.1. Griinbaum and Haine [9] gave the special condition ¢hat0, in order to obtain

the same result. The reason for the specialization seems due to the fact that the Krall-Lagllerre

© 00 N O 0 b~ W N P
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39

polynomials satisfying a fourth-order differential equation was found before their work (sée

[18]).

43

Example 2 (Krall-Laguerre polynomials Il)Let ¢ be a point mass perturbation of the Laguerréf4

moment functionat = oéo),

=0+ 18(x) 4 pu8'(x) (4.9)

46
a7
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for some constants andu # 0. Assume that there are polynomiadzs(x)}?zo with dega;) <i
such that
6
Lo[Pa(0)] =) ai(x) PP (x) =, O (x), n>0, (4.10)
i=0
where{Q, (x)}:2 , is the monic OPS relative to. Theorem 3.1 implies that there are polynomial
{bi (x)}®_, with degb;) < i such thatr andr satisfy the equations
6 .
Sy <l> (@) =bjx)o, j=0,1,2,...,6 (4.11)
i=j J
and
6
Mo[Q,(0)] =) bi(x) QY (x) = B Pu(x), n>0. (4.12)
i=0

Since{ P, (x)}: , satisfies the twelfth-order differential equatidfy o Lo[ P, ](x) = an B Pu (X)),
Theorem 2.3 implies thaig(x)be(x) = Cx5 for some constant. The relation (4.9) yields that
ae(x) andbe(x) are of the same degree, so we may assume:gial = be(x) = x3. By applying
the relations

k—1
k 1 .
[OIEO)]( ) _ (_1)k0150) + Z(_l)k 17§ (x) (4.13)
j=0
and Lemma 2.4 to equations in (4.11), and equating coefficients, we obtain

as(x) = (Ax + B)x?,  aa(x) = (Cx + D)x?,
az(x) = (Ex + F)x?, as(x) = (Gx + H)x

© o o o b w N B

L T e =
A w N P O

15

for some constants. Lat(x) = Kx + L. Using (4.13), we solve the equations in (4.11) to obtaiélz

as(x) = —3x3+ 5x2, as(x) = 33+ sz,
10
az(x) = —x3— (2D + 15)x2, az(x) = (D + lO)x2 - —x,
m

10 6 6D + 72
al(x):_x+_7 ag = )
T I
whereD = % — 2% and the constarit is determined by the relation

5u? — 18\ + 922 — 32u =0,
for a free parameter (1« < —8 oru > 0). Also we obtain
bs(x) = —3x3 + 132,
ba(x) = 3x3 + (D — 20)x2 + 40x,
b3(x) = —x3 4 (—2D 4 1)x*(8D + 20)x + 20,

10
ba(x) = (D + 6)x2 — <121) + =+ 102)x +12D + 120
%

31
32
33
34
35
36
37
38
39
40
M
42
43
44
45
46
47
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10 26
b1(x) = <4D + = —|—42>x —12D - =138
1%

16
bo(x) = 2D + — +ap + 24.
"

Hence forn > 0, we get

10 6D + 72
o, =—nn—1Dmn—-2)+(D+10n(n—1) + —n+ + ,
w 0

© 00 N O 0 b~ W N P

[
o

10 16
,B,,:—n(n—1)(n—2)+(D+6)n(n—1)+<4D+—+42>n+2D+—+a0+24.
I n

[
[

In this case, the fifth-order Hankel determinaty(z) = del[ri+j]EJZO oftis

e
w N

As(t) = 1+ 61 + 30 — 1054°.

B
o b

This shows that in order far to be positive-definite of0, c0), © < 1. However,(t,x) =1— u
should be positive becauggx) = x is non-negative of0, co). Hencet is not positive-definite
on [0, co). We can see from Tables 1 and 2 that there exists an integel such thaty,, 8, < 0.

IR
~N o

18

Example 3 (Krall-Legendre polynomials) et ¢ be a point mass perturbation of the Legendré®

moment functionat = 650,0), 20
21

7=0" 408 — 1) + 228’ (x — 1) + pad(x + 1) + p2d(x + 1), (4.14) 2

for some constants; andu;. Here we assumg, # 0. We attempt to construct an eighth- _order”
differential operator havingQ, (x)}>2, as eigenfunctions. Assume that there are ponnomlafs

{a; ()}, dega;) <i and{b; (x)}}_,, degb;) < i satisfying

26

as(x)T = ba(x)o, (4.15)
, 28
4(a4(x)r) —az(x)t =bz(x)o, (4.16)
6(aa(x)7)” — 3(az(x)7) + az(x)t = ba(x)o, (4.17) =0
4(a4(x)r)/// — 3(a3(x)t)// + 2(a2(x)r)/ —a1(x)T =b1(x)o, (4.18) z;
(a4(x)t)(lv) — (ag(x)t)w + (az(x)r)// — (al(x)r)/ + ag(x)T = bo(x)o. (4.19) =
In this case, we may assume that ::
as(x) =bs(x) = (x - 1)2. 36
37
Using the identity 38
o'=8(x+1) —8(x—1), (4.20) *
40
we can easily show the relations .
[(x? = 1)%] = 4x(x? - D)o, (a21)
[(+* = 1)°c]" = (12¢° ~ 4)o, (422) w
[(x2 = 1)%c]" =24x0 +85(x + 1) — 85(x — 1), (4.23)
xc=1)"t 240 —245(x +1) —245(x — D) +85(x +1) — 85" (x — 1). 4.24) 47

(2= 1)%]™ = (+D) -2 —1) +85(x +1) —8'(x —1).  (4.24)
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Table 1
Values ofe, andp, for » = i+ 5/u? + 8y

n=-10 n=05 n=10

Qn Bn an Bn an Bn
n=0 0.16584 —1.98695 1873863 5386174 010249 204413
n=1 —0.83416 —10.09252 3873863 7410795 110249 —2.27259
n=2 —6.38695 —30.75088 5786174 8547727 —1.55587 —1824766
n=3 —22.49252 —69.96203 7010795 8196969 —13.87259 —51.88110
n=4 —55.15088 —1337296 6947727 5758522 —41.84766 —10917290
n=>5 —11036203 —22804268 4996969 632385 —91.48110 —19612305
n==6 —194.12596 —35891218 558522 —77.81441 —16877290 —31873157
n=7 —31244268 —53233447 —69.67615 —20082956 —27972305 —48299844
n=28 —47131218 —754.30955 —18181441 —36872161 —43033157 —694.92367
n=9 —67673447 —10308374 —336.82956 —587.49056 —62659844 —96050726
Table 2
Values ofa,, andg,, for A = — %\/uz +8u

nw=-10 n=05 n=10

On Bn Qp Bn On Bn
n=0 043416 —2.61305 —30.73863 —3.86174 —0.70249 —1.44413
n=1 —0.56584 —1250748 —10.73863 —0.10795 029751 —11.12741
n=2 —7.01305 —35.84912 013826 —13.47727 —5.04413 —35.15234
n=3 —24.90748 —78.63797 —4.10795 —49.96969 2272741 —79.51890
n=4 —60.24912 —146.87404 —29.47727 —11558522 —58.75234 —15022710
n=>5 —11903797 —24655732 —81.96969 —216.32385 —11911890 —25327695
n==6 —207.27404 —38368782 —167.58522 —35818559 —20982710 —394.66843
n=7 —33095732 —564.26553 —29232385 —547.17044 —336.87695 —58040156
n=28 —496.08782 —794.29045 —46218559 —78927839 —506.26843 —81647633
n=9 —70866553 —107976258 —68317044 —109050944 —724.00156 —110889274

The relations (4.16)—(4.18) yield thag(x), a2(x), andai (x) are written as
az(x) = (Ax + B)(x — 1)?,

az(x) = C(x — 1),
Using the relations (4.20)—(4.24), we solve Egs. (4.15)—(4.19) that we have

o=+ 0+ St
T=0 3 X 3 X 3x

and

a3(x) =3(x + D(x — 1)?,

az(x) =0,
ai(x) = Z(x -1,

ap(x) = _E’

ba(x) = (13v + 3)(x% - 1),

bo(x) = 45¢% + 18 — 15,

pyy 285, 75
lx_ 4x 4’
75

bo(x) = 7¢.

ai(x)=D(x —1).

So in this case(Q,(x)};2, is quasi-definite but not positive-definite.
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