ORTHOGONAL POLYNOMIALS SATISFYING PARTIAL DIFFERENTIAL
EQUATIONS BELONGING TO THE BASIC CLASS

J. K. LEE AND L. L. LITTLEJOHN

ABSTRACT. We classify all partial differential equations with polynomial coefficients in z and y of
the form
A(@) s + 2B, Yty + CW)yy + D(@)us + By)u, = An,
which has weak orthogonal polynomials as solutions and show that partial derivatives of all order
are orthogonal.
Also, we construct orthogonal polynomials in d-variables satisfying second order partial differ-
ential equations in d-variables.

1. INTRODUCTION

There are many characterizations of classical orthogonal polynomials ([1, 2, 7, 9, 15]). If a set
{P,(z)}>2, of polynomials in one variable is an orthogonal polynomial set (OPS) relative to a
moment functional o, then, for example, the following statements are all equivalent.

(1) {Pn(z)}52, satisfies a second order ordinary differential equation

(L.1) a(@)y"(x) + B()y () = Ay,

where a(z) = az? +br +c # 0, B(x) = dv + e and A\, = an(n — 1) +dn # 0 for all
n > 1.
(ii) o satisfies the equation
(a(z)o) = B(x)o
for some polynomial a(x) of degree < 2 and f(x) of degree < 1.
(iii) {P)(x)}>2, is weakly orthogonal.

We can see that {P,(lk) (z)}°°, (k > 0) is an OPS (in fact, relative to a moment functional o*(z)o)
satisfying a second order ordinary differential equation

(1.2) a(@)y”(z) + [kd (2) + B(2)] ¥ () = pa(k)y.

The type of the ordinary differential equation (1.2) is same as that of the ordinary differential
equation (1.1). Lyskova [14] generalized this property to the polynomials in several variables.
Lyskova posed and solved the problem: Determine A;;(x) and B;(x) so that partial derivatives of
any order of polynomial solutions to the partial differential equation

d 0%u d ou
(13) ijZZI A”<X)m + Z B,(X)sz = Anl, Aij(X) = Aji(X),X = (.%'1, <o ,l'd)
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satisfy the partial differential equation of the same type as (1.3), where deg A;;(x) < 2, deg B;(x) <
1 and A, is the eigenvalue parameter depending on the multi-index n = (nq,ng,--- ,ng) € N¢ :=
{(n1, -+ ,ng)|n; € No,1 < i < d}. Lyskova called this class of partial differential equations the
basic class.

Theorem 1.1. [14] The partial differential equation (1.3) belongs to the basic class if and only if
the coefficients in (1.3) have the form

Aij(X) = G T;T; + bijﬂji + cijxj + fi]’,

Bi(x) = gizi + hi,

Az‘j(x) = Aji(X), (1<4,5<d).

Moreover, if uw is a polynomial solution to the partial differential equation (1.3), then ul® =

% (e € N4, |a| = a1 + -+ + aq) satisfies the partial differential equation

d OA;; d DA, A
N ij _
(1.4) gzjl Aij(x) axz 8% + ; S (x) + 23}}7% o ()5, = #n(a)u.

Lyskova did not discuss the orthogonality of partial derivatives of orthogonal polynomials satis-
fying the partial differential equation (1.3) although he gave a method of finding the orthogonality
region and the weight function for orthogonal polynomials satisfying the partial differential equation
(1.3).

If a;j = a and g; = g for all 1 < 4,57 < d, then the eigenvalue parameter of the differential
equation (1.3) depends only the degree of polynomial solutions. In fact, we have the differential
equation

d
(1.5) ijZZI(axixj +dijxi + eijzi + fij) 3fb’z + Z 9z + hi) =— = A\,
where A, = an(n — 1) + gn. The important work about orthogonal polynomials and the partial
differential equations (1.5) was done by Krall and Sheffer[6] for the case d = 2 in 1967. In fact, they

classified, up to a complex change of variables, all weak orthogonal polynomials in two variables
which satisfy the partial differential equation of the form

(1.6) A(@,Y)uaa + 2B(@, y)uay + C(@,y)uyy + D(@)us + E(y)uy = Anu,

where A(x,y) = ax?+diz+e1y+ f1, 2B(z,y) = 2axy+doz+eay+ f2, Clx,y) = ay?+dsz+e3y+ f3,
D(z) = gxr + hy and E(y) = gy + hy under the assumptions that A\, # A, for m # n and
4f1fs — f2 # 0. There were discovered many weak orthogonal polynomials satisfying the partial
differential equations of the form (1.6). For some weak orthogonal polynomials among them, the
orthogonality was not explained. Recently, their orthogonality has been discovered by authors [8].

In this paper, we classify, up to a real change of variables, all partial differential equations (1.6)
which are in the basic class, i.e., e; = dg = 0 on the basis of the classification by Krall and Sheffer
and show that partial derivatives of any order of orthogonal polynomial solutions to the partial
differential equations in the basic class are also orthogonal. Also, some examples of orthogonal
polynomials in d-variables satisfying the partial differential equation (1.5) are considered under the
restriction that the coefficient A;; of (L does depend on z; and x; only.
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2. PRELIMINARIES

Through the paper, we use the multi-indices Ng := {a = (a1, -+ ,aq)|a; € No,1 <43 < d } of
nonnegative integers and the lexicographic order on Ng. We denote the space of all polynomials
in variables x = (x1,29,--- ,24) of degree less than or equal to n by II¢ and the space of all

polynomials by II¢. Then
mmnd:<”+d)
" d

and

rd = dim{r € 1% degm = n} = < n+;l— 1 > .
A basis {¢01(X)}|02|:0 for TT¢ is called a polynomial set (PS) if deg ¢, = || and ®,,(x) := {9a(%) }aj=n

d ., where |a| = Zj:o a;. We write a

PS {¢a(x)}|a|=n by the rd-dimensional column vector ®,(x), and a PS {¢q (x)}mzo by a sequence

(lexicographically ordered) is linearly independent modulo II

{®(x)}22, of column vectors of polynomials. A PS {®,(x)}°, is monic if ¢(x) = x* modulo
H|da\—17 where x* = z{* - - - 27* for each o € N¢. The normalization of a PS {®,(x)}52 is the monic
PS {P,(x)}5> defined by

Pu(x) = G ' Pu(x),
where G, is an (n+ 1) X (n+ 1) nonsingular matrix which is the leading coefficient of ®,(x) in the
expression

®,,(x) = Gpx" modulo II¢_,
where x” = (2", 2" 1y, --- ,y™)T is a vector of monomials of degree n for each n > 0.
Given any PS {®,,(x)}%,, we can define a linear functional (moment functional) o on I1¢, called

n=0"
the canonical moment functional of {®,,(x)}22,, by the condition
1 if ja| =0,

“ﬁﬂ:{OiﬂMzL

We denote the action of a moment functional o on any polynomial = by (o, 7). For a matrix
Q= (Qy)iZ, j~, (Qij € I1%), the action of o on Q is defined to be the matrix given by
(0,Q) = ({0, Qij>);n:1,jn:1 .
It is very convenient to define formal operations on moment functional o
multiplication by a polynomial: (¢o,7) = (0, ¢r), = II%
and
partial derivatives: (9,.0,7) = — (0,0p,7), mel? (1<i<d).
Definition 2.1. Let {®,(x)}>2, be a PS.

(1) {®n(x)}02 is an orthogonal basis (OB) relative to o if there is a nonzero moment functional
o such that (o, paq) =0 for any o € N3 and q € H|da\71'

(i) {Pp(x)}5% is called a weak orthogonal polynomial set, in short WOPS, relative to o if
there is a nonzero moment functional o such that (o, paps) = Kobap for o, € Ng. In
particular, if Ko # 0 (respectively, K, > 0) for each o € N&, then {®,(x)} is called an
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orthogonal polynomial set ,in short, OPS (respectively, a positive-definite OPS) relative to
o.

Definition 2.2. A moment functional o is quasi-definite (respectively, positive-definite) if there is
an OPS (respectively, a positive-definite OPS) relative to o.

In the following, we give two theorems fundamental in the study of orthogonal polynomials in
several variables.

Theorem 2.1. For a nonzero moment functional o, the following statements are all equivalent.

(i) o is quasi-definite.

(ii) Ap(o) :=det Dy(0) # 0 for each n > 0, where Dy(c) := (aa+5)|7;‘:0 %‘:0 is called the n-th

Hankel matriz and o, := (0,Xx%) is the a-th moment of o for each o € Ng.

(iii) There is a unique monic OB {Pp(x)}7 .

(iv) There is a monic OB {Py(x)}52 such that (o, P, (x)PL(x)) is nonsingular for each n > 0.
Theorem 2.2 (Favard’s Theorem). [16] Let {®,(x)}72, be a PS. Then the following statements
are all equivalent.

(1) {®n(x)}02 s an OB relative to a quasi-definite moment functional o.
(i) {Pp(x)}2, satisfies the three term recurrence relations, i. e. , there are matrices Ap; :
rd xrd 1, By ird xrd and Cpi i rd x rd_, for allm > 0 such that

$Z¢’n<X) = Am-CDm_l(x) =+ Bm‘I)n(X) =+ C’m@n_l(x), (Z = 1, cee ,d)

and rank(Cp1, Cha, -+ ,Cpq) = r;’lL for each n > 0. Here M : m X n means that M is an
m X n matrix.

3. ORTHOGONAL POLYNOMIALS IN TWO VARIABLES AND PARTIAL DIFFERENTIAL EQUATIONS
IN THE BAsic CLASS

We consider the following partial differential equation
Az, y)Uge + 2B(x,Y) Uy + C(z,y)uyy + D(2)us + E(y)uy
= (az® + d1z + e1y + f1)Uae + (2azy + dax + €2y + f2)Uay + (ay® + d3z + €3y

+fB)Uyy + gxuy + gyuy
= \u.

(3.1)

We say that the partial differential equation (3.1) is admissible if there exists a sequence {\,}22
such that for A = A, there are exactly (n + 1) linearly independent polynomial solution of degree
n. It is easy to see that (3.1) is admissible if and only if A\,, = an(n — 1) + dn for each n > 0 and
Am # Ap for m # n. Now on, we will assume that

Af1fs — f3 #0.

Theorem 3.1. If a monic PS {P,(z,y)}32, satisfies a partial differential equation of the form

(3.1), then the canonical moment functional o of {Py(z,y)}2, satisfies the equation

(A0)ea + 2(B0)ay + (Co)yy — (Do) — (Eo)y

(3.2) = [(A0)s + (Bo)y — Dol + [(Bo), + (Co), — Eol, =0,
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which is written, in terms of the moments oy, = (o, z™y") for m,n >0, as the following;

Apn t = AntnOmn + [domn + esn(n — 1)]omn—1 + [dim(m — 1) + eamn]opm—1n
+fim(m — 1)om 20 + fomnoy 101+ fan(n —1)0m 2
+61m(m — 1)O'm727n+1 + dgn(n — 1)0-m+1,n72
=0.

(3.3)

Furthermore, (3.2) has a unique solution up to a multiplication constant if (3.1) is admissible.

Theorem 3.2. [6] Let o be the canonical moment functional of a monic PS {P,(x,y)}52, satisfying
an admissible partial differential equation (3.1). Then the following statements are equivalent.

(1) {Pp(z,y)}22, is a WOPS relative to o.
(ii) Milo] :=(Ao)y + (Bo)y — Do = 0.
(iii) Msfo] := (Bo), + (Co)y — Eo = 0.
(iv) zMs[o] — yM;[o] = 0.

3.1. Classification of Partial Differential Equations in the Basic Class. In this section, we
consider the partial differential equation in the basic class
(3.4) (a2’ + diz + f1)Use + (2azy + dox + €2y + f2)Uay + (ay® + €3y + f3)uyy + gTUL + gyuy = Au

and identify all differential equations having weak orthogonal polynomial solutions by using Theo-
rem 3.2 and a real linear change of variables which preserves the orthogonality of polynomials.

The statement (iv) in Theorem 3.2 is written, in terms of the moments {o,,,} of o, as the
following expressions

Dy = —[d2(m —n) + 2e3(n — 1)|omn—1 + [2di(m — 1) — ea(m — n)|opm—1n

(3.5) +2f1(m — 1)om—2n — fo(m —n)om—1n-1—2f3(n — 1)omn-1
=0.

Doy = Do = D3y = Dog = 0 give us the following necessary conditions for the partial differential
equation (3.1) to have a weak OPS as solutions:
2da f1 + (e2 — 2d1) f2 = 0,
(d2 — 2e3) f2 + 2e2f3 = 0,
(d1 — e2)[(dida — 2dge3 + eze3) fo — a(f5 — 4f1f3) =0,
(e — do)[(d1da — 2daes + eges) fo — a(f3 — 4f1f3) = 0.

If dy — e2 = da — e3 = 0, then from (3.6) we have the equation for d; and ds:

(o 25 ()= ()

which implies that d; = dy = ey = e3 = 0 since 4f1f3 — f2 # 0. In this case, we have a partial
differential equation

(3.6)

(3.7)

(3.8) (ax® + f1)uge + (2azy + fo)uzy + (ay® + f3)uyy + grus + gyuy, = M.

Note that any real linear change of variables

<§) - @ f’;) (;C) (AD — BC £0)
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transforms the differential equation (3.8) into the differential equation
(a&? + fi)uge + (2a€n + f3 Yugy + (an® + f3)uyy + g(Eug + 1un) = A,
where f} = A2f1—|—ABf2—|—B2f3, fo = 2AC f1+(AD+BC) fo+2BD f3 and f3 = 02f1+CDf2—|—D2f3.

Theorem 3.3. The partial differential equation (3.8) is transformed, by a real linear change of
variables, into the partial differential equation of the form

(3.9) (ax2 + 1) Uge + 2azyug, + (ay2 + f3)uyy + gz + gyu, = Apu

with fif3 # 0. Furthermore, we can take (i) fi = f5 if f2 —4f1f3s <0 and (ii) ff =1, fi = -1 if
f3 —4f1f3>0.

Proof. Suppose that f7 —4f;f3 < 0. Let u & iv be complex roots of F(t) = f1t2 + fot + f3. The

transformation
&\  [(u 1\ [z
n) \v 0)\y

make ff = f5 = B0 20 and g3 = 0.

Next, suppose that f2 —4f;f3 > 0 and fi # 0. If fo # 0, then the transformation

6)-(2 1) ()

makes f; =1, f5 =0 and f§ = —1, where u;(i = 1,2) are distinct real roots of F'(t). If fo =0,
then we already have fif3 < 0. By the transformation

)=(m 1)),

we have f; = f5 =0 and f5 # 0. For completion of proof, we follow the next argument.
Finally, if f3 —4f1f3 > 0 and f; = 0, then fo # 0 and the transformation

(=(4 7))

makes f{ =1, fy =0 and f3 = —1. Thus theorem is proved. O

Theorem 3.4. If (dy — e2)? + (d2 — e3)? # 0 and the partial differential equation (3.4) has a weak
OPS as solutions, then it is transformed into one of the following partial differential equations:
(3.10) (diz + f1)ugs + (e3y + f3)uyy + grug, + gyuy = gnu,

(22 — o) Uy + 2xyugy + (y? — Yy + [(a+B+v+3)z — (a+1)]u,
H(a+B+7+3)y— (B+ Dluy = A,

(3.11)

( ) T Uy + 2xyugy + y(y — Duyy + g(x — Dug + g(y — 7)uy = A,
(3-13) flum: + f2uwy + f3uyy + gxuy + gyuy = gnu,

( ) TUge + 2yuxy + Yuyy + (ga: + hl)ux + (gy + h2)uy = gnu,

( ) TUge + 2yuxy + (gx + hl)ux + (gy + h2)uy = gnu.
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Proof. We have three cases from (3.6) and (3.7):
Case 1: 2d2f1 + (6’2 — 2d1)f2 = 0, (dg — 263)f2 + 2€2f3 = 0, a = f2 =0.
It is easy to see that dy = eo = 0 since fi f3 # 0. Then we obtain (3.10).
Case 2: 2d2f1 + (62 — 2d1)f2 = 0, (dg — 263)f2 + 262f3 = 0 and (dldg — 2d1€3 + 6263)f2 =
a(f3 —4f1f3)(# 0).
In this case, we can show that

d262 = 2af2(7$ 0)
and (3.4) can be written as

+(2az + €2)(2az + 2d1 — €2)Uge + 5= (2ax + €2)(2ay + da) gy
+4ia(2ay + d2)(2ay + 2e3 — da)uyy + grug + gyu, = Apu.
If (di — e2)(d2 — e3) # 0, then we have the partial differential equation (3.11) through the
transformation

5 a + d2 a 4 dg
= €T y == .

€9 — d1 2(62 — d1> " €9 — d3y 2(d2 — 63)

Similarly, if dy — ea = 0 but d2 — e3 # 0, then we have the partial differential equation (3.12)
through the transformation

2a a do
=—x+1, = + .
f " 2(d2 — 63)

Yy
€2 es — d3
Case 3: 2d2f1 + (62 — 2d1)f2 =0, (d2 — 263)f2 + 262f3 =0, a=0 and didy — 2d1ez + ese3 =0 .
If fo =0, then we are reduced to Case 1 with dies = 0.
If fo # 0, then we have daea(fs — 4f1f3) = 0, which implies that

d2€2 =0.
If do = e2 = 0, then d; = e3 = 0 and we obtain (3.13). Thus we may assume that
d2 = Oa €2 7& 07

which implies that
2dy = ea(# 0), eaf3 = esfo.

If e3 # 0, then the differential equation (3.1) becomes

J3

=)

es

3
(dl.I + fl)uzm + 2d1(y + Ugy + 63(3/ + zg)uyy + grug + gyuy = gnu,

which is transformed into the partial differential equation (3.14) by the change of variables

_2diz+ fi eyt f3
E—T, n=—s—.
1

If e3 = 0, then f3 = 0 and we have the partial differential equation
(dix + f1)ugs + (2d1y + f2)uazy + gzu, + gyu, = gnu,
which is transformed into the partial differential equation (3.15) by the linear change of variables

2dix + f1
527,
1

2
€3

n = 2d1y + fo.
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In the following, we identify all partial differential equations which can be obtained from Theorem
3.3 and Theorem 3.4 by a suitable real linear change of variables. According to the form of
polynomial solutions, we divide them into three groups. We refer [10] for the classical orthogonal
polynomials such as the (twisted) Jacobi, Laguerre, (twisted) Hermite and Bessel polynomials.

I. OPS’s related to the (twisted) Jacobi polynomials (see [6, 8])
If a # 0 in (3.9), we may assume that a = 1. By the real change of variables z = m& and

y = /| f3|n, the differential equation (3.9) is transformed into the differential equation

(€% + sgn f1)uge + 26nugy + (7% + sgn f3)un, + géue + gnu, = A,

where sgnz = 1 if z > 0 and sgnx = —1 if x < 0. Thus we have the differential equations
(3.16) (1‘2 — Dtgy + 22Yuszy + (y2 — Duyy + grue + gyuy = A\pu;
(3.17) (22 + Dty + 22yuzy + (Y2 + Duyy + grus + gyuy = Au;
(3.18) (2% 4+ Dtge + 22yuzy + (4% — Duyy + gous + gyuy = Au

The polynomial solutions to the differential equation (3.16) are called circle polynomials which are
expressed by Gegebauer polynomials. For g > 1, they are orthogonal with respect to the weight
function w(x,y) = (1 — 22 — y2)% in the unit disk. (3.17) and (3.18) could not be obtained in
classification by Krall and Sheffer because they used a complex change of variables. Now we have
the explicit expression of their polynomial solutions in terms of the twisted Jacobi polynomials.
Another differential equation realted to the Jacobi polynomials is

(332 — T) Uy + 20YUgy + (?/2 — Yy + [(a+ B+ 7+ 3)r — (o + 1)]u,

(3.19) +Ha+B+y+3)y — (B+ Duy, = M,

which has polynomial solutions which are orthogonal with respect to the weight function w(z,y) =
%y (1—2—19)" in the triangle {(z,y)|z,y, 1—z—y > 0}. We can give a explicit form of polynomials
by Jacobi polynomials.
II. Product of the classical orthogonal polynomials in one variable

We may assume that ¢ = 1 in the differential equation (3.10). If d; # 0 and e3 = 0 in the

differential equation (3.10), the real change of variables diz + fi = —d3¢ and y = /| f3|n gives us
the differential equation
(3.20) —&uge + sgn fauyy + (£ — a — Lug + nu,y = Au (B+1=—f/d3).

If di =e3 =0 (or a =0 in (3.9)), then we have, thorough the real change of variables x = /| f1|§
and y = /| f3|n, the differential equation

(3.21) sgn fruge + sgn fauy, + Eug + nuy, = Apu.

We note that (3.20) with sgn f3 = 1 and (3.21) with sgn fi = 1 or sgn f3 = 1 are omitted in Krall
and Sheffer’s paper. If d? + e # 0, then, by the real change of variables diz + fi = —d3¢ and
esy + f3 = —e3n, we can obtain the differential equation

—&uge — ugy + (§ —a — Due + (n — B — Duy = M.
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Summarizing these, we have the set of differential equations

Ugy — Uyy + TUg + YUy = AU,
Ugr — Uyy — TUg — YUy = AplU,
Ugz + Uyy + TUg + YUy = A\pu,
Ugz + Uyy — TUz — YUy = A\pU,
LUy + YUyy + (@ + 1 —2)uyp + (B + 1 — y)uy = Apu,
Uzz + YUyy — TUz + (B + 1 —y)uy = Ay,
— Upg + YlUyy — Uy + (B + 1 — y)uy, = Ayu,
Uy + Uyy + (@ + 1 — T)uz — yuy = Ayu,
TUgy — Uyy + (@ + 1 — 2)up — yuy = Ay,

whose polynomial solutions are characterized by the following theorem.

Theorem 3.5. [4] Let {P,(z,y)}22, be a monic PS satisfying the differential equation of the form
A(2)uge + C(Y)uyy + D(x)uy + E(y)uy = Apu
Then
(a) PnO(-T»y) = Pn[)(ﬂ;’), POn(-'E,y) = POn(y); and Pmn(ﬂj,y) = PmO(x)POn(y)7 m and n > 0;
(b) {Pn(x,y)}0>q is a WOPS;
(c) For the canonical moment functional o of {Py(z,y)}>2,, the following statements are all
equivalent:
(i) o is quasi-definite (respectively, positive-definite);
(ii) {Pn(x,y)}02q s an OPS (respectively, a positive-definite OPS);
(iil) {Pno(z)}22g and {Pon(y)}oeq are classical OPS’s (respectively, positive-definite clas-
sical OPS’s).

ITII. OPS’s related to the Bessel polynomials (see [6, 8])

(3.22) Uy + 20Ytzy + Yy — Dy + g(z — Dug + g(y — 7)uy = M;
(3.23) TUgy + 2YUzy + YUyy + (92 + o + 2)uy + (gy + o — B+ 1)uy, = gnu;
(3'24) TUzy + 2yuxy + (g:E +a+ 2)“:}0 + (gy + B)uy = gnu.

We see, by Theorem 3.7 in the next subsection, that the differential equation (3.22) is closely related
to the Bessel polynomials. Apparently it seems that the differential equations (3.23) and (3.24),
which were omitted from the classification by Krall and Sheffer since they used a complex change
of variables, does not involve the Bessel polynomials. A further work shows that we can express
polynomial solutions in terms of Bessel polynomials. See [11].

3.2. Orthogonality of Partial Derivatives. Recently, we obtained some results on the partial
derivatives of orthogonal polynomials in two variables [12].

Theorem 3.6. [12] Let {®,(z,y)}5>, be an OPS relative to a moment functional o and a monic
PS {P,(x,y)}>2 be the normalization of {®n(z,y)}22y. If 0 Pno = 0 (respectively, 0y Po, = 0) for
each n > 1, then the following statements are equivalent.
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(i) o satisfies the functional equation

(3.25) (alz,y)o)s = B(x,y)o, (respectively, (a(z,y)o)y = B(x,y)0 ),

where a(x,y) (respectively, a(x,y)) is a polynomial of degree < 2 and B(x,y) (respectively,
B(x,y)) is a polynomial of degree < 1.
(ii) {Pn(x,y)}02, satisfy a system of partial differential equation

(3.26) a(m,y)@%ﬁn—&—ﬂ(a:,y)@xﬁn = Anﬁ)n, (respectively, a(x, y)6 Un+ﬂ(a: Y)0y Un =T, U n)s

where a(x,y) (respectively, a(x,y)) is a polynomial of degree < 2, B(z,y) (respectively,

B(x,y)) is a polynomial of degree < 1, A,, (respectively, T'y,) is a constant matriz of order
—

(n+1)x(n+1) formn >0 and U, = (Uno,Up—1,1, - ,Uon)T is a vector of polynomials

n > 0.

(iii) {PZ(z,y)}o, (respectively, {IP’ (x,y)}22) is a monic OB, where P%(x,y) = {M}Z:o

Oy Pr— Oyl'n—k,k+1

Although we know, by theorem 3.6, that partial derivatives of a certain OPS form an OB , it
is difficult to find such an OPS explicitly if it does not arise as solutions of a partial differential
equation. Note that an OPS in theorem 3.6 do not need to satisfy a partial differential equation.

If the differential equation (3.1) is admissible, its unique monic PS of solutions has the following
interesting property.

Theorem 3.7. [4] Let {P,(z,y)}52, be a monic PS satisfying the partial differential equation (3.1).
If Ay =0 (respectively, C, = 0), then we have
(i) Pno(z,y) = Ppo(x) (respectively, Py (z, y) Pon(y)), n>0;
(ii) {Pno(z,y)}o2q (respectively, {Pon(z,y)}02,) satisfy the ordinary differential equation
A(w) Pao(x) + D(@) Po(w) = AnPao(x)  (respectively, C(y)Po, (y) + E(y) Pon(y) = AnPon(y)).
(iil) {Pno(z)}22 (respectively, {Pon(y)}5) is a classical OPS if and only if

A(—up/s2,) # 0 (respectively, C(—vy/s2n) # 0),
where s, = an + g, u, = din and v, = egn for each n > 0.
Example 3.1. [3][6] Let a monic PS {P,(x,y)} > satisfy the partial differential equation
(3.27) 3YUgr + 2Uzy — TUL — YUy + nu = 0.

Then Pon(z,y) = y" by Theorem 3.7 since C(x,y) = 0. We can check that 9.P, 11 (x,y) spans a vec-
tor space of polynomials of degree n and satisfies the differential equation (3.27) but 8;Pn+1(;c,y)
does not. For example, we consider the differential equation (3.27) with n = 2. The monic polyno-
mial solutions of degree 2 are given by
PZ,O(J:’:U) :'1’2 —6]/, Pl,l(xay) =Ty — la p0,2($>y) :y2'

Observe that OyPa(x,y) = {—6,x,2y} does not satisfy the differential equation (3.27) with n =1
and does not span a vector space of polynomials with degree 1 while 0,Po(x,y) = {2z,y,0} does.
Note that Ay # 0.
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Now we define a monic PS {P%k’e) (x,y)}52 o from a monic PS {P,(z,y)}5°, as the following: for
k,0>0

(k+1,£ o (k,é .
P’Eki!’jli(x’ ) "‘}ﬂ%f)ﬂﬂl,j(way) (0<j<n),
» + 5 .
(3.28) P’E&%’)j (2.y) = 12 P (2,y) (1<j<n+1),
Po2ji(@y) = Poojg(2,), (0<j<n)

Theorem 3.8. Let {P,(z,y)}5%, be the normalization of an OPS {®,(x,y)}5>, (relative to o)
satisfying the partial differential equation (3.1).

(i) If Cp = 0 and there exists a polynomial f(x,y) such
(3.29) Afe + Bfy = Aef, Bfe+Cfy=2B.f,
then {}P’,(f’o) (z,y)}5%, is an OB relative to fi(x,y)o and satisfies the differential equation
Atgy + 2Bugy + Cuyy + (D 4+ iAy)uy + (E + 2iBy)uy = pn(i)u
(ii) If Ay = 0 and there is a polynomial g(x,y) such that
(3.30) Ags + Bgy =2Byg, Bgy, + Cgy = Cyg,
then {P%O’j)(m,y)}zozo is an OB relative to ¢’ (x,y)o and satisfies the differential equation
Atgy + 2Bugy + Cuyy + (D + 2jBy)uy + (E + jCy)uy = pin(j)u

Proof. (i) : If a monic polynomial v = P, 1(z,y)(0 < k < n) satisfies the partial differential
equation

(3.31) Az, y)uze + 2B(x, y)tay + C(y)uyy + D(z)us + E(y)uy, = Ay,

then we can show that, by differentiating (3.31) i-times with respect to x, u(*% = 9%y satisfies the
partial differential equation

(3.32) Atgy + 2Bugy + Cuyy + (D + 1Ay )uy + (E + 2By )uy = pn(8)u, (i) = Ay + 2ai.
On the other hand, 7 = fi(x,y)o satisfies the moment equation for (3.32)

(AT)z + (BT)y = (D +iA,)T,
(BT), +(CT), = (E +2B,)r,

which implies that {]P’gf’o) (z,)}5%, is an OB relative to f'(z,y)o.
(74) : We omit the proof because it is proved in a quite similar way as (). O

In order that we can discuss the orthogonality of partial derivatives of all order of a PS, we need
to require that 8;8;Pn+i+j(:c, y) spans a vector space consisting of polynomials with degree n only,
where {IP,,(x)}52 is the normalization of a PS {®,(z,y)}22,. Theorem 3.7 tells that this is true
if Ay = C; = 0. The next theorem shows that a monic PS {P%k’e) (x,y)}02 defined by (3.28) is
an OB and satisfies a certain partial differential equation if an OB {IP,(x,y)}5, satisfies a partial
differential equation (3.4) in the basic class.
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Theorem 3.9. Suppose that an OPS {®,(z,y)}5,, relative to o satisfies the partial differential
equation (3.4) in the basic class. Let {Py(z,y)}22, be the normalization of {®,(z,y)}2%,. If a
polynomial f(x,y) satisfies the equations (3.29), and a polynomial g(z,y) the equations (3. 30) then

{IP’ i )(:U Y)}2 o satisfy the partial differential equation
(3.33) Aty + 2Bugy + Cuyy + (D 4+ iAy + 2§By)uy + (E 4 2iB, + jCy)uy = pn (45 j)u
and are orthogonal relative to the moment functional

o) = fi(z, )¢’ (z,y)0.

Proof. We can easily prove that {]P%(f Pz, y) o, satisfy the partial differential equation (3.33) by
differentiating (3.4) i-times with respect to = and j-times with respect to y. Let f(x,y) and g(z,y)
be polynomials satisfying the equations (3.29) and (3.30). We claim that o7 = fi(z,y)¢’ (z,y)o
satisfies the moment equations for the partial differential equation (3.33)

{ (AT)z + (B7), = (D + 1Az + 2 By)7,
(BT)e + (CT)y = (B4 2iBy + jCy)T.

It is quite easy to prove our claim since
(Ag)), + (Bo), = [f'g/(Ao), + (Bo),] +if "¢/ [Afs + Bfy o+ jf'g " [Ags + Bgyl o
= (D+iA; +2jBy)f'¢’c
= (D +iAy +2jB,)oD.

(3.34)

Similarly, ¢+ = fi(x,9)g¢’ (z,y)o satisfies
(BaW)), + (Ca WD), = (E + 2iB, + jC,)o9).

Thus if 7 is the canonical moment functional of {]P%(lZ Iz, )15, then o(») = 7 by the uniqueness
of solution to (3.34) by Theorem 3.1. O

To complete the discussion on the orthogonality of partial derivatives, we should be able to
show that for partial differential equations in the basic we identified in the previous subsection, the
equations (3.29) and (3.30) have nonzero polynomial solutions. Several important partial differential
equations are considered in next examples. Other partial differential equations in the basic class
are left to the reader.

Example 3.2. Consider the partial differential equation of the form
(a:p2 + f1)U)az + 202YUszy + (ay2 + f3)uyy + grUus + gyuy = Au.

We have

f@,y) = g(z,y) = fufs + afsa® + afiy?
and {ng’])(a;,y)}go:o is orthogonal relative to a moment functional

o) = (fifs + afsa® + afry®) o
Example 3.3. Consider the partial differential equation
(dll' + fl)uzx + (63y + f3)uyy + 9% + ug + gyuy = Au.

In this case, we have
flzy) =dix + f1, g(z,y) =esy+ fs
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and {IP’ i+3) (x,y)}5 is orthogonal relative to a moment functional
o) = (dyx + f1)'(esy + f3)'o.
Example 3.4. Consider the partial differential equation

(22 — o) ugy + 20YUyy + (y? — Yy + [(a+B+v+3) — (a+1)]u,
Ha+B84+v+3)y — (B+ 1)]uy = Au.

Solving the equations (3.29) and (3.30), we have
flzy) =2l -z —y), g(z,y)=y(l-z—y)
and {Pg’j)(x,y)}%‘;o is orthogonal relative to a moment functional
o) = iy (1 — 2z —y)" o
Example 3.5. Consider the partial differential equation
T2 Uge + 20ty + (= Y)uyy + (92 — 9)ua + (9y — 97)uy = Any

The equations (3. 29) and (3.30) have polynomials f(x,y) = x? and g(x,y) = xy as solutions,

respectively. Thus {IP’ ’])(

L Y) o2 is orthogonal relative to a moment functional
o) = g%yio,
Example 3.6. Consider the partial differential equation
TUgy + 2YlUgy + YUyy + (g2 + o+ B+ 2)uy + (gy + B+ 1)uy = Au.
Solving the moment equations, we have o = e9%(x — y)*y®. We see that
flay)=x—y, g(zy) =yl —-y)
and {Pg’j)(m,y)}%‘;o is orthogonal relative to a moment functional
o) = (z — y)Hylo.
Example 3.7. Consider the partial differential equation
TUgy + 2YUzy + (92 +  + 2)uy + (gy + B)uy = Au.
We have
fle,y) =y, glzy) =y
and {]P’ i3) (x,y)}5 is orthogonal relative to a moment functional o) = yit2ig,
4. ORTHOGONAL POLYNOMIALS IN d-VARIABLES AND SECOND ORDER PARTIAL DIFFERENTIAL
EQUATIONS IN THE BASIC CLASS

In this section, we investigate the relation between orthogonal polynomials in d-variables and
second order partial differential equations of the form

d d
(4.1) Liul =Y Ay a 81‘ +) " Bi( A,
ij=1 A
where x = (21, ,24) and A;;(x) = Aj;(x) for all 1 < 4,5 < d and A is the eigenvalue parameter.

We say that the partial differential equation (4.1) is admissible if there is a sequence {\, : n > 0}
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of real numbers such that for A = )\,, there are precisely (n+zfl
solutions of degree n.

It is not difficult to see that if the partial differential equation (4.1) is admissible if and only if
(i) it has the form

) linearly independent polynomial

Aij (X) = ax;x; + Zi:l dgxk + fij,

B;(x) = gx; + hy,

Ap =an(n—1)+gn
and (ii) Ay # A, for m # n. The partial differential equation (4.1) has a unique monic PS as
solutions if and only if it is admissible.

Theorem 4.1. Let o be the canonical moment functional of a PS {®n(x)}7 . If {Pn(x)}02,
satisfies the partial differential equation (4.1), then o satisfies the equation

d d
(4.2) Lol = ) (Aij(x)0),, .. = Y (Bi(x)o),, =0,
ij=1 i=1
where L*[-] is the Lagrangian adjoint of L[-] defined by
d d
Ll = Y (Agow),, — 3 (Bixu),,
ig—1 i—1

Furthermore, (4.2) has a unique solution up to a multiplication constant if the partial differential
equation (4.1) is admissible.

Theorem 4.2. Let {®,(x)}°, be an OPS relative to a moment functional o. Then the followings
are equivalent.

(1) {®n(x)}02 satisfies the partial differential equation (4.1).

(ii) oL[] is formally symmetric on polynomials in the sense that

(4.3) (L[plo,q) = (L|q]o, p) for all p,q € %
(iii) o satisfies the following equations
d .
(4.4) M;lo] = ijl (Aij(x)o),, — Bi(x)o =0 fori=1,---,d.

We call M;[o] =0(1 <i < d) the moment equations for the partial differential equation (4.1).

Theorem 4.3. Suppose that the admissible partial differential equation (4.1) is in the basic class.

Let {®,(x)}52, be an OPS relative to o. Then for each o € N, {]P’;a) (%)} is an OB relative to
a moment functional

ol = f(x) - f99(x)a,
if there are polynomials fi(x) (i =1,--- ,d) such that

where A =(A;; (X))?,j:p

Bi(x) (j=1,---,d) is a column vector with components
8Aij

8.%‘ ’

(Bi(x)); = (2 - di;) (G=1,-.d
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and {IP’%O‘)(X) >, is a PS defined by

P(a+ez)<x) — %P/ga)(x% ‘B| =n-+ 1)62 7£ 07
P(O)( ) = P3(x) : normalization of {®y,(x)}52 .

Now we give examples of orthogonal polynomials in d-variables satisfying a partial differential
equation of the form (4.1) which is in the basic class.

Example 4.1. [13] Consider the partial differential equation

(4.6)
d d d
82 82 o
Z(azf— )ag—i- Z x,l‘]a 5 —i—Z Z'yj—i-’y—i-d—i-l x;— (vi+1) %:Anu.
i=1 L i,j=1,i#j R j=1 T

It is obvious that the partial differential equation (4.6) is in the basic class. By Theorem 4.2,
the partial differential equation (4.6) has orthogonal polynomial solutions (which will be called the
d-dimensional simplex polynomials) since the weight function

w(xlj"7$d)—x¥1' Q,’}d(l—xl_"_xd)’y (")/Z>—1,'7>_1)

satisfies the moment equation (4.4) in the classical sense on the simplex

{on )l >0, Y w<1).
Furthermore, (4.6) has an OPS as solutions if
ALy +1#£0,—-1,- (1<i<d),
v+ S it d—k+2#£0,-1,--- (1<k<d).
Also we see that {Pgla) (x)}9°, are orthogonal relative to the moment functional
o@ — gl -y — e — zq)1o.
since fi(x) =xi(1—21—---—xq) (i=1,---,d) satisfies the equations (4.5).

Example 4.2. [13] Consider the partial differential equation
d

(4.7) Z(l‘ —€Z 2 —|— Z %%a 81'] —I—Zgwl - = Au (g, = £1).

=1 1,7=1,i#j 1=1 i
It is obvious that the partial differential equation (4.7) is in the basic class. In the case that e; =1
(1 <i<d), the weight function

g—d—1
2

’LU(Q’,'17--~7$d):(1_$%—"'—$3) (g>d_1)

satisfies the moment equation (4.4) in the classical sense on the d-dimensional sphere. Thus the
partial differential equation (4.7) has orthogonal polynomial solutions (which will be called the d-
dimensional sphere polynomials) by Theorem 4.2. Solving the equations (4.5) for f; (i=1,---,d),
then we have

fix)=1—2a%—--. =22 (i=1,---,d).
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We see that {]P’%a) (x)}22 are orthogonal relative to the moment functional
o =1 —a?—... —22)lls,

Generally, if either ¢; = —1 for some i, or g#d—1,d—2,d—3,--- , then the partial differential
equation (4.7) has an OPS (necessarily not a positive-definite OPS) as solutions. It is not hard to
see that {P%a)(x)}%o:o are orthogonal relative to the moment functional

latf
d
#0) <1 -y wg) o

since fi(x) =1— Z?Zl giw? (i=1,---,d) satisfies the equations (4.5).
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